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PREFACE* 


It is due in part to the encouragement of former students of mine that 
I have decided to publish my general course of lectures on theoretical 
physics which I gave regularly during thirty-two years at the University 
of Munich. 

They were of an introductory nature, attended not only by the physics 
majors of the University and the Polytechnic Institute, but also by the 
many candidates for degrees in the teaching of mathematics and physics 
—usually in their fourth to eighth semesters—as well as by astronomers and 
some physical chemists. Classes were held four times a week and supple¬ 
mented by a two-hour problem period. Special courses in modem physics 
which were given concurrently have not been included in this series of 
books; their subject matter has found its way into my papers and treatises. 
While it is true that quantum mechanics always hovers in the background, 
reference being made to it now and then, the actual substance of these 
lectures is classical physics. 

The order of subjects, which is retained in their publication, was 

1. Mechanics 

2. Mechanics of Deformable Media 

3. Electrodynamics 

4. Optics 

5. Thermodynamics and Statistical Mechanics 

6. Partial Differential Equations in Physics 

The lectures on mechanics were given in alternate semesters by myself 
and by my colleagues in mathematics. Concurrent courses in hydrody¬ 
namics, electrodynamics and thermodynamics were taught by younger 
members of the faculty. Vector analysis was given in a separate course so 
that its systematic development could be omitted from my lectures. 

Here, as in my classes, I shall not detain myself with the mathematical 


* From the forewords to Vol. I and Vol. II, first and seoond edition. 
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foundations, but proceed as rapidly as possible to the physical problems 
themselves. My aim is to give the reader a vivid picture of the vast and 
varied material that comes within the scope of theory when a reasonably 
elevated vantage-point is chosen. With this purpose in mind I shall not 
be too concerned if I have left some gaps in the systematic justification and 
axiomatic structure of the work. At any rate, I have avoided frightening 
the student with drawn-out investigations of a mathematical or logical 
nature and distracting his attention from that which is physically interest¬ 
ing. I think that this attitude has proved its worth in my lectures; it has 
therefore been retained in the printed text. And when Planck’s lectures are 
impeccable in their systematic organization, then I may perhaps claim for 
my own lectures a greater variety of subject matter and a more flexible 
handling of the mathematical apparatus. However, I gladly refer the reader 
to the more complete and often more thorough treatment of Planck, 
especially for thermodynamics and statistical mechanics. 

The problems collected at the end of each volume should be considered 
as supplements to the text. They were presented by the students during the 
problem periods after they had worked them out and handed them in in 
writing. Elementary numerical calculations, such as are found in great 
number in textbooks and collections of exercises, have, in general, not been 
included. The problems are numbered by chapter. Sections are numbered 
through in each volume, and equations in each section. Within each volume 
references to earlier equations can thus be made by merely giving the num¬ 
bers of section and equation. 

In this second volume a fairly complete development of certain mathe¬ 
matical methods had to be given. These methods are often taken up in 
a separate introductory course on theoretical physics; their incorporation 
in Vol. II accounts for its larger size. But the actual subject of this volume 
is the mechanics of systems with an infinite number of degrees of freedom. 
The place of ordinary differential equations (governing the mechanics of 
systems with a finite number of degrees of freedom) is here taken by 
partial differential equations, the place of vector algebra by vector analysis, 
which is briefly summarized in Chap. 1. Besides, it was necessary to develop 
the fundamentals of tensor analysis, being an indispensable tool in the 
theory of elastic solids and viscous fluids. This has been done for Cartesian 
coordinates and to some extent also for orthogonal curvilinear coordinates. 

Some points may be mentioned here in which this presentation seems 
to be more complete than the one generally found in textbooks on the 
same level: In Chap. 1.2 it is proved that the curl is an axial vector (or 
antisymmetric tensor). Following 0. Reynolds we consider in II. 10 two 
laws of similitude and two corresponding invariants, viz. a dimensionless 
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number S characterizing the pressure dependence in addition to the usual 
Reynolds number. In III. 15 we discuss the quasi-elastic body (gyroscopic 
ether); its logical place is among the continuous media that are compatible 
with the fundamental theorem of kinematics in 1.1. Rather than explain 
Maxwell’s equations by a mechanical model, we want to show in this dis¬ 
cussion the fundamental difference between electrodynamics and mechanics. 
In Chap. V, Sections 27 and 28 deal with the somewhat involved problems 
of circular waves and ship waves. Complete calculations are supplied using 
the method of stationary phase which is a simplified version of the method 
of steepest descent. In the plate and jet problems of Chap. VI the dimen¬ 
sions of plate and of orifice etc. arc carried as parameters throughout the 
entire calculation. This form of analysis has perhaps a stronger physical 
appeal than the usual one which employs dimensionless quantities. Iv&r- 
man’s vortex street (32) is extended according to Maue to include the un- 
symmetrical case in which the flow is not parallel to the street. The hydro- 
dynamic theory of journal bearings is briefly dealt with in VTI.36. Rie- 
mann ’s theory of shock waves is discussed in 37 with a particular view to 
the results that Bcchert obtained in certain elementary intograble cases. 
Sec. 38 is a report, on the history and present situation of the difficult 
turbulence problem and includes also Burger’s mathematical model of 
turbulence. In VIII.43 one finds, in the problem of the helical spring, an 
exam ple of combined bending and torsion. In 44 the boundary conditions 
for an oscillating parallelepiped are discussed, and the foundations laid for 
the quantum-theoretical thermodynamics of the solid body. 

It is obvious that not all the topics found in this volume could have been 
touched upon in the brief period of one term; several of the subjects men¬ 
tioned before have in fact been added for the print. 

The second edition of Vol. II has been supplemented by a representation 
of general tensor calculus limited to three dimensions and orthogonal line 
elements. Tensor calculus does not hold an advantage over the simpler 
vector analytic formulas for the cases considered here (of. App. IV), but, 
because of its importance in the general theory of relativity, it cannot be 
entirely omitted if a fairly complete exposition of the mathematical methods 
of theoretical physics is the goal. 

The discussion of the turbulence problem, which already presented 
great difficulties in the first edition, had to be revised on the basis of so-far 
unpublished work by C. F. von Weizsacker and W. Heisenberg. My 
opinion of long standing that turbulence would finally be accounted for by 
integration of the Navier-Htokes equations in their complete, non-linear, 
form, proved wrong in the special case of “isotropic turbulence” investi¬ 
gated by the two authors; here, as in the kinetic theory of gases, statistical 
methods have shown their superiority. It was, of course, impossible to 
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review the new results in detail, but the previous representation had to be 
corrected in many places in accordance with the new point of view.- 

Munich, July 1946 Arnold Sommerfeld 


In this tr ansla tion of the second volume of Professor Sommerfeld’s “Vor- 
lesungen uber theoretische Physik”, the text of the second edition (1947, 
D. V. B., Wiesbaden) has been followed. Disregarding a few non-technical 
remarks that hold interest only for German readers, nothing has been 
omitted, and no changes have been made apart from necessary adaptations 
of the notation. Several brief footnotes have been inserted, however, to 
bridge over certain differences, mostly of a terminological nature. Topical 
references to the first volume have been supplemented by corresponding 
references to well-known American and British texts with the aim of 
making this volume independent from the preceding one, and a new index 
has been prepared. 


G.K. 
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CHAPTER I 


KINEMATICS OF DEFORMABLE BODIES 


1. A Fundamental Theorem of Kinematics 

Helmholtz establishes the following theorem at the beginning of his 
paper on vortex motions: 1 The most general motion of a sufficiently small 
element of a deformable (i.e., not rigid) body can be represented as the 
sum of 

1. a translation, 

2. a rotation, 

3. an extension (contraction) in three mutually orthogonal directions. 

The proof is based on the Taylor expansion of the relative displace¬ 
ment of two neighboring points P and 0 in terms of their original co¬ 
ordinate differences. 

Let P be a point of the volume element under consideration and 
x, y, z its coordinates in a rectangular system the origin of which, 0, lies 
within the element. In a general motion of the body the points P and 0 
will both experience changes of position, which wo denote by ?, v, f and 
£ 0 , ij 0 j fo respectively, referring to the chosen space-fixed coordinate 
system. Taylor's formula then gives for the displacement of P 


£ - £o 


+ ?L x + <>Ly + % Z + 

^ dx X ^ dy V ^ dz ^ 


( 1 ) 


= 7l0 + te X + ty y + te Z + 


_ i . o + n x + * L v + & 

- r ° + dx + by y + dz 


z + 


Introducing for brevity 
§£ = . B± 


( 2 ) 


dx 


dll 


By 


“ &12 


dr) 

Tx = (h " 


drj 

By ~ ata ’ 


itJbor Integrate dor hydrodynamischcn Gteichungcn, welehe den Wirbolbowegungon 
entsprechen. Crelles J. 55, 25 (1858). 
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we write each of the quantities a ik as a sum of an “odd” and an “even” 
term 


a a — a ki i + did 

a <k - g + 2 ’ 


‘odd” and “even” refer, of course, to the commutation of the subscripts. 
Now, (1) may be rewritten in the following form 


£ = Sn + 


0 + <V - 2 g 3i y + a 1 , _ 03, t 


+ 


_ „ i °12 + ®21 __ i ®13 *f* &31 _ 

a n x H-2- y “•-2- 


V = Vo + 


(3) 


&21 ^12 . , r\ i &23 ^32 „ 

2 x + ° +-2- 2 


+ 


^21 Ql2 


x + a 22 y + 


0&23 4“ &32 , 


f = ft) + 


&31 ®13 , Qz 2 .. , a 

2-* +-2- y + 0 


+ 


&31 + ^13 .. i #32 + &23 

-o- x H-o- 


y + a 33 z 


where terms higher than first order in x } y ) % have been omitted. Let us 
introduce the symbol s for the total change of position of P; the vertical 
separation lines in (3) indicate that the displacement s is compounded of 
three partial motions s 0 , s x , s 2 , or 


(4) 


= S 0 + S x + S 2 . 


The displacement s 0 , with the components & , Vo, So , is the same for 
all points P of a volume element and is therefore a translation . 

The central portion of the set (3), Si ; is a rotation . Upon introducing 
the vector with the components 


(5) 



Ol3 (hi 021 — #12 

<Pi> 2 ’ <p ‘ ~ 2 ’ 


and the position vector OP = r, we obtain simply 
(6) Si = 4 X r. 
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This displacement is well known from rigid body kinematics (Vol. I 2 , 
Eq. 22.3) and corresponds to the infinitesimal rotation $ (the appropriate 
notation would be 5$) whose axis and magnitude arc given by the com¬ 
ponents <p x , <p v , <p a , 3 

The infinitesimal rotation is not a vector in the proper sense, such as 
a polar vector that characterizes a translatory displacement. One may, 
nevertheless, denote it by the usual vectorial symbolism, associating with 
it a polar vector $ that points in the direction of the axis of rotation and 
has a length equal to the (infinitesimal) angle of rotation. More about 
axial vectors is found in 2. 

There is, of course, no change in the length of the vector OP due to the 
displacement Si . This is self-evident if we consider Sx from the point of 
view of rigid body kinematics, but will be shown here independently. 
The square of the distance OP is 

OP 2 = | r + s, | 2 = | r | 2 + 2r- Sl + | s t | 2 , 

but according to (6) 

r*s, - r-rt X r) = Hr X r) = 0. 

Disregarding second order terms as in (3), we find 

| r + St | 2 = | r | a - r 2 

(It will be noticed that here and in all subsequent arguments of a similar 
nature, “no change” means “no change in first approximation.”) 

In order to pass from infinitesimal to finite quantities the displacements 
must be considered in their time dependence, which amounts to introducing 
velocities instead of displacements, viz. 

(7) s = vA t, $ = g>A£, 

or in components 

£ = uAt, rj = vAt, f = wAt, 

( 8 ) 

<p x — co x A t, <p v = WyA£, (p t = o) x At . 

Hero v is the velocity of the particle or volume element considered, and 
g> its vortex vector; the physical importance of the latter quantity was 
first recognized by Helmholtz. 

a A. Sommerfeld, Vorlesungon fiber Theoretisclie Physilc, AkademiHohe Verlags- 
gesellschaft, Leipzig, 1044, Bd. I, quoted hencefort.li an Vol. I. English translation in 
press (Academic Press Inc., Now York). 

8 Soc, o.g., J. L. Synge and B. A. Griffith, Principles of Mechanics, McGraw-Hill, 
Now York, 1942 Sec. 10.5, 
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The components of the vortex vector in the system x, y, z axe according 
to (8), (5), and (2) 



A more complete analysis of this fundamental definition belongs also to 
the review of vector analysis in the following article. 

We turn now to the third partial motion s 2 indicated in the right 
hand part of our scheme (3). Here the deformability becomes significant, 
the two other partial motions having been recognized as the elements of 
the general motion of a rigid body. 

The displacement s 2 is a linear vector function of the position vector r, 
in the sense of Yol. I, 22. 4 We denote the components of s 2 by f 2 , ij 2 , f 2 , 
and introduce the notation 

£2 ^■XZ'C “1" ^xyV I 

(!0) 12 = € yx x + e vv y + 

f 2 = e tx x + e sv y + 

The meaning of the coefficients e ih follows from (2) and (3): 



The quantities e are the components of the strain tensor . The tensor 
itself may be symbolized in a similar way as the moment of inertia in 
Vol. I, 22.13b 5 by the quadratic array 



^See, e.g., L. Brand, Vector and Tensor Analysis, Wiley, New York, 1947, §§60 and 

62. 

*See, e.g., Synge and Griffith, op. c&., Sec. 11.3. 
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In the present case the tensor is symmetric (i.e., the components are 
symmetric to the main diagonal that connects the upper left and lower 
right comers), a fact which is an immediate consequence of the definition 
of the third partial motion s 3 in (3). On the other hand, the scheme of 
coefficients of the partial motion s x represents an antisymmetric tensor . 
Its definition, given by Eq. (6) or Eq. (3) (the part between the vertical 
lines), yields the array 

( A ' 

0 <Px V <Px» 

(12a) $ = <Pvx 0 <p yz , <p ih = —(phi , 

^(p gx <p My 0 j 

and our change of notation <p t = <p xv = —<p V x etc. establishes accordance 
with the double subscript notation introduced in (10). Note here that the 
antisymmetric tensor can always be represented by a vector, which is, of 
course, not true for a symmetric tensor, as will be proved in 2. 

In the analysis of the strain tensor we make use of the concept of the 
tensor quadric as in Vol. I, 22.15 in the analysis of the moment of inertia. 
Consider for this purpose the scalar product 

(13) s 2 -r = e xx x 2 + 2t xv xy + e sv y 2 + • • • = f(x, y, a). 

By putting f(x, y, z) = const, wc obtain a surface of second order, the 
strain (or deformation) quadric, also called the ellipsoid of strain or of 
dilatation; this terminology, of course, does not exclude contraction, nor 
does it imply that the quadric is necessarily an ellipsoid as in the case of 
the inertia tensor. It may be any one of the surfaces of second order, e.g., 
a hyperboloid of one or two sheets or a degenerate surface such as a pair 
of planes. 

In order to decide this, we refer the strain quadric to its principal axes. 
Upon introducing the corresponding rectangular coordinates Xi , X a , X» , 
Eq. (13) takes the form 

(14) F(X, , X 2 , X 3 ) = (l Xl + e 2 X\ + t 3 Xl = const. 


The coefficients , « 2 , «.i arc called the principal extensions (or contractions, 
if negative). 

If (13) is used, the linear vector function (10) may be rewritten in the 
form 




(15) 


1 df 
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and in terms of the principal coordinates we have the correspondingly 
simplified linear vector function 


(16) 


v -UL. _ ,x 

W1 “ 2 dX 1 ~ 11 ’ 


„ _ 1^ dF_ _ — 

~ 2 dX 2 ~ ’ 


„ _ i aF _ v 

*3 — 2 — <*■*•* 


The principal components of displacement 3< introduced here are the pro¬ 
jections of the vector s 2 upon the principal axes X { . 

The proof of Helmholtz’s theorem has been completed by the estab¬ 
lishment of relations (16), which indicate that the third partial motion is 
composed of three extensions (contractions) in the mutually orthogonal 
directions of the principal axes of the deformation quadric. In fact, any 
point P of our volume element with coordinates X t in the principal system 
is carried over, according to (16), into a point P' with coordinates 


(17) 


X{ -f- S< — X,(l + «<). 


The tensor quadric has been introduced here by formal definition, but 
a direct physical interpretation is possible when coordinate differentials 
or the equivalent direction cosines are introduced in place of the co¬ 
ordinates x, y, z [see Eq. (4.21)]. 

We now proceed from the linear extensions to the cubical extension 
or dilatation 0 which is defined as the specific change of volume (i.e. the 
volume change per unit of original volume) 


(18) 


A V' - AV 
AV 


Here AV is the original and AV' the expanded (or compressed) volume 
of the element. The calculation is easy for a volume element that has 
the shape of a rectangular cell with sides parallel to the principal axes. 
Let one corner coincide with the point 0 and denote the sides before and 
after dilatation by a ( and a' { . Then AV = Oia 2 a 3 , AV' = aia&a'a. According 
to (17), a'i = o,(l + «<)> therefore A7' = A7(l -|- «i)(l + « 2 )(1 + e 8 ) 
and, according to (18), 


(19) e - (i + 0(i + 0(1 + o- i- «. + % + *. 


(The product terms have again been omitted.) 

The representation of 0 by (19) is valid in any Cartesian system: take 
for example the original system x, y, z. We assert that there is always 

( 20 ) 


0 = + e„ . 
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For the proof we have to use certain properties of the transformation 
by which the surface / = const of Eq. (13) is transformed into F = const 
of Eq. (14). Writing the transformation in the schematic form 


x y z 


X. 

Oil 

fr 

7i 

X «? = 1, X “<fr = 0, 

( 21 ) 

x 2 

Oi2 

fr 

72 

( 21 a) a? + fr + 7? = 1 > • • • 

x s 

Oiz 

fr 

73 

«jQ !2 + frfr + 7l72 = 0, ••• 


and reading the scheme (21) from left to right (i.e., solving for the X t ), 
we obtain by substituting in (14) 

P = X = ]C «<(<*<* + fry + 7(S) 2 
= fr X + 2 xy X «<<*<fr + y 2 X) «<fr + • • • 

This expression must be identical with (13), therefore 

2 , 2,2 

€*» = OL x t 1 + a 2 e 2 + a 3 € 3 , 

( 22 ) € vv = + 02^2 + Pfl^S , 

2 , 2,2 

€« = 7 i«i + 7 a€ 2 + 7363 . 

*x V — 4 " oi 2 p2*2 4 " osa0a€$ , 

(22a) e vg = + jS 2 7 2 € 2 + Pay***, 

= 7l«l€l + 720^2 + 73«3€3 . 

On adding Eqs. (22) and taking into account the orthogonality relations 
(21a), wo finally obtain 

(23) e xx + €„y + €„ = €i + «2 + €3 • 

The result is: The siun of the elements in the principal diagonal of the 
strain tensor is independent of the choice of the system of coordinates; it 
is an invariant of the tensor . In 4 this result will be supplemented by a 
search for all invariants of a tensor. Also the relations (22a) not fully 
exploited so far will reappear there. 

By (19), (20), and (11) the dilatation 0 can be put in the simple form 
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Having established the geometrical significance of the principal ex¬ 
tensions « { , our next task is the geometrical interpretation of the general 
strain components e xx and «*„ . For the diagonal components e xx , the 
case is not different from that of the quantities «i, • • • : e xx is the increment 
in length of an x-fiber per unit of original length. If such a fiber is cut from 
the body between the points x = 0 and x = til, its length after straining 
AZ' = AZ + £ — £ 0 , whence the specific change of length is 

AZ' - AZ £ - £„ 

A Z ~ AZ * 


But the last expression is seen to be equal to 



when we substitute the special values x = Al, y = z = 0 in Eq. (1). 

For the purpose of interpreting the components e xv we consider an 
“x, 2 /-lamina” instead of an “x-fiber”. Let 0123 denote an infinitesimal 
rectangular part of the lamina with sides a and b (Fig. 1). In the process 



Fig. 1. Geometric interpretation of the strain 
component as angular change in an originally 
orthogonal volume cloment. Tho diagram gives 
the projection in the x,i/-plane. 


of straining, the points 0, 1, 2 are displaced to O', 1', 2', and the rectangle 
is deformed, into a parallelogram. (Note that displacements in z-direction 
are disregarded; think of the strained figure as projected on the *,y-plane: 
the projection 3' of the strained point 3 will then coincide with the fourth 
comer of the parallelogram subtended by O'l' and 0'2', if higher order 
terms are omitted. Note the analogous omission also in the case of the 
t« .) The angles y x and y t indicated in Fig. 1 can now be calculated, again 
omitting higher order terms: 


Yi = tg Yi = 


Vi ~ Vo 
o + £ i — £o 



dr/ 

dx 


Ya = tg Ya 


£a ~ £o = £a ~ £o = §1 
b + V 2 — Vo b dy 


(25) 


71 + Y* = ^ f • 
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In this equation, subscripts on £, 77 refer to the displaced points. The 
angle 7 = 7i + T 2 is equal to the change of the originally right angle at 
0 due to the distortion of the rectangle 0123; e xv , which is half of that 
angle, is the shearing strain or, simply the shear . The quantities e VM and 
e MX have the same significance relative to the y,z~ and z,#-laminae. 

A short compilation of the more common notations of the Strain' 
tensor follows. 


This book. e„ 

€yjf 


€ X y Gyx 


€ xx — €** 

Love and some 






American authors . e xx 

e vy 

e zs 

e X y “ e v x 

e VM = e x y 

e z % ~ ^*« 

Kirchhoff and Planck x x 

Vv 

Zn 

1 1 
2 X ' = 2 V ‘ 

1 1 

2 V‘ 2 2 * 

1 1 

2 2. - 2 

Some English authors e 

f 

g 

1 

2° 


1 

2 C 

Engineering usage . e x 



1 1 

2 T** — 2 'Y yx 

1 1 

2 Tw* 2 

1 1 

2 y** 2 


The inclusion of the factor § in our definition of the e xv , • • • is sug¬ 
gested by the system of notation of general tensor analysis, but we shall 
see in 40 that Kirchhoff ? s choice of the x y , ■ • - which sets this factor in 
evidence has a certain advantage when simple expressions for energetic 
quantities are desired. 

2. Review of Vector Analysis 

Throughout this volume we shall make continual use of vector analysis , 
that is, calculus applied to vector quantities. Thus, while familiarity with 
vector algebra and with the basic concepts of vector analysis is assumed 
on the part of the reader, a clarification of some of the fundamental points 
seems appropriate. 

First, we repeat here the definition of vector and scalar given in Yol. I, 
following 22.6. A quantity is a vector if, in an orthogonal transformation 
of the coordinate system, it follows the same transformation rules as the 
position vector r = x, y, z; it is a scalar if it is invariant in such transforma¬ 
tions. 0 

Let us put this definition to use in the proof that the quantity 0, de¬ 
rived from the vector s = x, y } z in (1.24), is a scalar. We replace s by 


6 For this definition compare II. and B. S. Jeffreys, Methods of Mathematical 
Physics, Cambridge University Press, Cambridge, 1946, Chap. 2.023. 
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an arbitrary vector A = A x , A„ , A, 7 and consider instead of 9 more 
generally the quantity 


( 1 ) 


div A = 


dA~ . dA 


dx 


+ 


dy 


+ 


dA, 

dz 


) 


called the divergence of the vector field A. 

The invariance of div A, which we now prove, amounts to the following 
equality: 


div' A 


dAx » . dAjs . dA ,. 
dx' + dy' + dz' 


div A 


For the sake of brevity, the coordinates, primed or unprimed, will be 
numbered rather than lettered. Transformation (1.21) reads in the simpli¬ 
fied notation 



X 1 

x 2 

X S 



X{ 

<*11 

<*12 

<*13 


<*<*<*1* — t 





(2a) 

k 

xi 

<*21 

<*22 

<*23 


2 <*»*<*»! = . 
i 

xZ 

<*31 

<*32 

<*33 




The meaning of the symbol 8 ti (and correspondingly 5*,) is the usual one: 

( 1 for i = j 

. 

0 for i j 

For an arbitrary function U (a:, , x a , x s ), which may at the same time be 
considered as a function of x{, x' 2 , x£ because of (2), one has 

/o\ dJJ~ _ ■V - ' dJJ_ dXh 

dx'i ~ k dx t dx'i ‘ 

This can be rewritten as 


(3a) 


dU _ dU 

dx'< ~ ^ ath d^ 


if the scheme of coefficients (2) is read vertically downward. According to 
our vector definition we may apply the transformation rule for r, that is 


7 In the original Gorman text, vectors and their components are printed in the same 
Gothic types. The more usual way of making a typographical distinction between the 
two has been adopted for this translation. 
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the scheme (2), to the vector A. Thus, on reading (2) from left to right, 
it follows 

( 4 ) , 1 <= £«<«•'!,. 

I 

We now identify the arbitrary function U in (3a) with the vector com¬ 
ponent A t . Doing this for i = 1, 2, 3 and adding leads us to 




ZEE 

* k i 


dAt 


E Z ** 


BAi 

dx k 


Here the first member is div' A and the last member div A if proper 
account is taken of the 5-symbol, hence the invariance of the divergence 
has been proved. The cubical dilatation (1.24) can now be written as 
0 = div s. 

The divergence operator derives a scalar from a vector. The gradient 
operator, on the other hand, is the simplest differential operator that 
derives a vector from a scalar. Denoting the scalar by U (a scalar point 
function as befoi-e), we construct the vector 


( 5 ) 


grad U = 


dU dU dU 

dXi ’ dxn ’ dXa 


Its vector character follows at once from (3a) which can be written 
by means of the symbol “grad” 

(5a) grad< XJ = £ ot<„ grad* TJ. 

h 

Thus tla© gradient transforms in the same way as the position vector. 

We now turn to the differential operation introduced in (1.9) for 
which the symbol “curl” is used. Writing (1.9) with this symbol, we have 

(6) B = curl A, curl, A = ^ ^ , etc., 

where B stands for 2o 8 and A for v = u, v, w. Eq, (1.6) already contains 
a definition of the vector o>. On setting as in (1.7) 


Si = ViAf, $ = oA t, 


Vi = t» X r. 


(1.6) is carried over into 

( 7 ) 


8 We shall later conic back to this factor J that is now included in the definition of B. 
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The developments in 1 make it evident that the definition of <*> by (6) 
[or (1.9)] agrees with that by (7) [or (1.6)]; this will be checked by direct 
calculation in problem 1.1. 

Let us now write (7) with the same lettering as (6); we can again use 
B instead of 2co, but we may use A also for v 1 , since in what follows we 
are only concerned with the vector character of this quantity and curl 
Yi is identical with curl v. In this way (7) becomes 

(7a) 2A = B X r. 

Our aim is to show that the quantity B has, at least in a certain sense, 
vector character. Such a proof, which furnishes a better understanding of 
the concept “curl”, is by no means superfluous although it is omitted in 
most textbooks. 

The formal proof can be based directly on the definition (6), in which 
case it amounts to a rather cumbersome calculation (problem I, 2), but 
a clarification of the issue can also be obtained if one starts from Eq. (7a). 9 
There the components of B appear as coefficients of a linear vector function, 
like the quantities e ih in (1.10). Introducing double subscripts and num¬ 
bering the vector components (instead of lettering), we write 


B x — Bi — J? 32 — 

“~B 23 ) 

H 

II 

By — B% = B\% = 


II 

A 

B, — B 3 — J?2i = 

~~Bx2 ) 

A, = A 3 


This notation for the components of B corresponds to the representation 
of $ by (1.12a); in both cases the diagonal terms (B ti , <pa ) vanish and 
the “vector” B is really an antisymmetric tensor like <p. 

Eq. (7a) now takes the simple form 

(9) 2A<=ZB<m 

t 

which we can check, say, for i — 1; we find 

2 Ai. = 2 A t = 5 u a:i + B 12 x 2 + B 13 x 3 = -B,y + B^ = (B X r), 
in agreement with (7a). 

In order to define the quantities B for the rotated coordinate system 
x', we write Eqs. (9) in this system 

2 Ai = ZB&i 

h 

fl Note, however, that Eq. (6) by no means implies Eq. (7a) in the case of a general 
vector field A. Observe the careful formulation of problem 1.1. 
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and reintroduce x and A by 

S a k&i ) Ai = oiikAk 

i k 

according to (2). This transforms (10) into 

(11) 2£«<A=EE Bigm,x,. 

k k l 

On substituting for the components A in the first member of this equation 
according to (9) which, obviously, can be written as 2 A k = B*>iXi by 
a mere relettering of the subscripts, Eq. (11) becomes 

IEj S BuiCLi&i =22 B'ufilklXl , 

k i hi 

which is an identity in the three independent variables x x , x 3 , x 3 . By 
comparing the coefficients, the following three equations between the B 
and B' are obtained 

(12) 2 Bkia.ii, = 2 B'ikftki > l = 1, 2, 3, 

* k 

from which the B' must be determined. This is done by multiplying Eqs. 

(12) with a,- 1 and summing over l. The second members of (12) add up to 

(12a) ^ 2 B'ik&ki&n — X] B'n, 2 ottiOji = ^ B'itSkj — BJ,- . 

Ik k I k 

Thus the new components B' have been found, viz. 

(13) EEW«=B!,. 

I k 

As it stands, each B’ is a linear function of all nine components B, but, 
with B t i = —B tk and B kk = 0, the number of terms reduces to three. 
Written more completely, the expressions for B' are 


(14) 


B’u = BziifXuPtit — OiW 3 ) + B i 3 (ana j3 — a(j«,i) 

+ Bt i(a < 2 a» “ otiiotit). 

Let us write out one of them, say, for i = 3, j = 2: 

B 3 t — B 3 t{o 33 Utt cfitsoiaa) + Bi 3 {a 3k ott 3 ^33^21) 
+ B 21(032® 21 — asi^aa) • 


(15) 
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The coefficients of the quantities B in (15) are nothing else but the co¬ 
factors of the elements in the first row of the determinant of the trans¬ 
formation (2). Depending on whether this determinant is +1 or —1, the 
cofactors are equal or opposite to the elements to which they belong 10 (see, 
e.g., Vol. I, problem 1.10.). Eq. (15) may therefore be rewritten as 

±B[ = a n B t + a 12 B 2 + ct 13 B t 

where the single subscript notation has been reintroduced for the B. 
In the same way B£ and B' z are obtained. The result can be written in the 
form 

(16) ± JSJ = £ a il B l , 

l 

which is exactly the vector transformation rule of Eq. (4) except for the 
ambiguity of the sign. 

Two things can be learned from this result: 

1. The quantity B = curl A behaves like an ordinary (polar) vector in a 
rotation, that is, in an orthogonal coordinate transformation with determinant 
+1, hence the general use of the simple terminology “curl vector” which 
we shall also adopt. 

2. The curl is, strictly speaking, not a polar, but an axial vector for the 
following reason: In a transition from a dextral to a sinistral system or, more 
generally, in a rotation with a subsequent change of orientation (determinant 
— 1) the new components of the curl are the negatives of the new components 
of the (polar) vector that represents the curl in the original system . 

We can now easily see why the use of double subscripts is an advantage 
in the foregoing proof: An axial vector is not appropriately represented by 
an arrow in the direction 11 of the axis; the correct symbol should be a 
circular arrow about the axis. In this way the plane of the circular arrow, 
say the y, z-plane, takes over the function of the x-axis, and a better way 
to write the left member of Eq. (6) would be 

(17) curl„, A = — - ^ . 

' ” dy dz 

The notation curl, A represents the axial vector by a polar vector. This 
is possible in pure rotation according to 1. and is indeed quite often an 
aid to the imagination. 

In this connection a well-known and often applied rule may be mcn- 
10 Cf., e.g., Brand, op. cit., §149. 

u In fact, two orientations aro possible and only one is chosen in accordance with 
the orientation of the coordinate system. 
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tioncd that helps to keep in mind the structure of the expressions (G) or 

(17) and in particular the sequence of signs in those formulas. It reads: 


(18) 


I j k 


curl A 


8_ d_ d_ 

dx dy dz 


A t A u A , 


The letters i, j, k denote here unit vectors 12 in the directions of the x-, 
y-, 2 -axes. Multiplication with 8/ dx, 8/ dy, 8/dz means differentiation with 
respect to the corresponding variable. The expansion of the determinant 

(18) yields 


(18a) 


curl A = 



dA\ JdA. _ dA\ 
dxJ T \dx dy I’ 


which represents the correct way to form the curl components. 

It should be noted, however, that the mapping of an axial upon a polar 
vector is possible only in three-dimensional space. This can be inferred 
from the number of components v which is, of course, equal to the number 
of dimensions n in the case of the polar vector, while for an axial vector 
in general 

for n — 1, 2, 3, 4, • • • 


V = 0, 1, 3, 6, • • • 

The number v is correlated with the double subscript notation of the 
axial vector: it is the number of combinations of the n directions in space 
in groups of two. That v coincides with n for n = 3 is, one might say, a 
coincidence. The number of components v = 6 in four-dimensional space 
plays a decisive part in electrodynamics, where it coincides with the 
number of components of the electromagnetic field (3 electric + 3 magnetic 
components). 

We return to our starting point, Eq. (19), which we write in vector 
form 


n(n — 1) 
* “ 2 


or 


(19) o = | curl v. 

^hc i, j, fc in tho original Gorman text have not been printed as vectors. The 
symbolic notation V « iVx + jV v + kV» has then tho character of a ‘higher complex 
number” and indicates more strongly the conceptual relationship between vectors, 
ordinary complex numbers, and Hamilton's quaternions. 
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It cannot be denied that the factor § in this formula is a flaw. The meaning 
of <o is, as we know now, the whirl or rotation associated with the velocity 
distribution v. Our formal introduction of the symbol curl in (6) implies 
that the “physical rotation” is only half of the “mathematical rotation”. 
It is not feasible to remove this paradox by absorbing the factor % in the 
definition of the curl symbol; that would have the most uncomfortable 
consequences for general vector analysis, in particular for electrodynamics. 
Nothing can be done but to point out the flaw and apologize. 

The three operators grad, div, and curl have so far been defined by 
differential operations. There exists, however, a very convenient way of 
introducing div and curl by means of integral operations. Let us start 
with the divergence. 

Visualize the vector field A as a field of flow, that is, let magnitude 
aqd direction of the flow be given everywhere by the magnitude and 
direction of A. Let the field point P be surrounded by a closed surface 
and At be the enclosed volume. If n is the outward normal associated 
with the surface element do-, A n represents the outflow per unit of surface, 
normal to the surface. On forming (1/Ar) J A n da, the limit for vanishing 
Ar (or a) becomes 

(20) div A = Lim — f A n da. 

Ar-»0 At J 

The agreement between this definition and (1) is evident in the special 
case that Ar is chosen as a rectangular cell with center P and sides Ax, 
Ay, Az (Fig. 2). If A x at the point x + Ax is expanded after Taylor and 


A 

J* 

Fig. 2. Calculation of div A by an integral over the surface of an infinitesimal 
parallelepiped. 

higher powers of Ax are neglected as before, one finds for the two re¬ 
surfaces (that is, the surfaces noimal to the re-axis) 

f A n da = J (A x (x + Ax) — A x (x)) dy dz — J Are dy dz = Ar 

and two corresponding terms for the two pairs of y - and z-surfaces; alto¬ 
gether one obtains the expression for div A. In writing (20) mathema¬ 
ticians would add the proviso that the limit indicated therein actually 
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exists. This we have omitted, since the restrictions as to continuity im¬ 
posed on the vector field by such a proviso certainly would not be more 
severe than those which are inherent in definition ( 1 ). Thus, as a definition, 

( 20 ) is certainly equivalent to ( 1 ); it should be preferred, however, as it is of 
a less formalistic nature. 

The curl can be defined by the following construction in our field of 
flow. Let an arbitrarily chosen, oriented line a pass through the point P; 
in the plane that contains P and is normal to a, draw a closed curve s 
surrounding P, and denote the enclosed area by A<r. Let A t be the com¬ 
ponent of A in direction of the arc element ds , taken in that sense of 
direction which forms a right hand screw with the axis a . Consider now 
the line integral A,ds, for which Lord Kelvin introduced the appropriate 
name circulation . The limit of the ratio of the circulation to the area Act is 

( 21 ) curl fl A = Lim - 7 - (/> A t ds. 

The agreement of this definition with the previous one, (17), can again be 
seen quite easily if the curve s is appropriately chosen. Suppose one 
wants to verify ( 21 ) for the y, z-component of the curl. The line a then 
coincides with the -(-z-direction, and s may be chosen as a rectangle 
with center P and sides Ay, Az (see Fig. 3). On expanding the contributions 


Fra. 3. Calculation of curl A by a line in¬ 
tegral over an orthogonal circuit. 



of each pair of sides as before, the first pair (which is parallel to the y- axis) 
yields 

f A, ds = J (—A„(z + Az) + A v (z)) dy - - ^ A yAz, 


and the second pair 



Altogether one obtains according to (21) 


curl, A = curl,, A = 


BA. 

dy 


dAj, 

dz 
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The other components come out if the line a is made to coincide with the 
other coordinate axes, and the results are found by cyclic permutation 
(“rotation”) of the letters. 

The “integral” definitions put geometrical meaning into the operators 
div and curl previously introduced by formal analytic means, but a 
visualization of the operation grad U is still lacking. Imagine for this 
purpose the level surfaces (that is, the surfaces U = const) and their ortho¬ 
gonal trajectories marked in space. The direction of the gradient is every¬ 
where tangential to the trajectory; its magnitude, dU/dn , expresses itself 
in the concentration of the level surfaces as they follow each other: for 
constant 8U, dU/dn is the larger, the smaller 5n. 

Compared with the original definitions (1), (5), and (17), the advantage 
of the geometrical definitions is not only their less formalistic nature, but 
also their validity in general coordinates, which permits in particular an 
easy transition to any required system of curvilinear orthogonal coordinates 
We show this for the general case of a system of three mutually 
orthogonal families of surfaces, while the more elementary special cases 
such as polar coordinates will be treated in prob. 1.3. Let p x , p a , p 8 be 
the parameters of the three families of surfaces. As a consequence of the 
mutual orthogonality, the analytic expression for the square of the distance 
of two neighbored points contains no mixed terms of the type dp* dp*. 
Following the notation g ih of the general theory of relativity, we denote 
the coefficients of the quadratic terms by g] , so that the square of the 
element of length is 

(22) ds 2 = g\ dpi + g\ dpi + g\ dpi , 

which implies in particular the following expressions for the differentials 
in the three coordinate directions: 

(23) dsx = g t dpi , ds 2 = g 2 dp 2 , ds 8 = g 2 dp 3 . 

These expressions replace dx, dy , dz, if orthogonal curvilinear coordinates 
are used instead of the usual Cartesian coordinates. The components of 
the gradient, heretofore 


now become 


, rr BU U KJ UKJ 


dU dU 
dy ’ dz 


J 


(24) 


Qi Bp i g 2 dp 2 g H dp 3 


The expression for the divergence in the new coordinates is obtained from 
(20) if the volume At is chosen as an infinitesimal cell with (curvilinear) 
sides A$ x , A s 2 , As 3 : 




[1.3] 


KINEMATICS OF DEFORMABLE BODIES 


19 


1 




(25) div A = —- --- ((Mi,A .) + — (<j, Ut A,) + 


dp. 


dp, 


The expression for the 1-component of the curl is obtained by choosing 
the surface that contains the “rectangular” circuit orthogonal to the co¬ 
ordinate direction : 


(26) 


curb A 


1 ( djOzAs) __ d(^ 2 A 2 ) \ 

g*Q* \ dp 2 dp 2 r 


The 2- and 3-components follow by “rotating” the numbers 1, 2, 3. 


3 . The Theorems of Gauss, Stokes, and Green 

It is not difficult to proceed from the integral definitions of divergence 
and curl in (2.20) and (2.21) to the integral theorems of Gauss and Stokes. 

Let the vector field A be differentiable inside the closed surface <r so 
as to establish the value of div A everywhere in the interior. The following 
integral relation then constitutes Gauss's theorem: 

(1) j div A dr - f A n da. 

Here n is the outward 13 normal associated with the surface clement da. 

To prove this relation wo divide the volume r in a number of small 
cells Ar m ; in accordance with the mathematical definition of the definite 
integral, a set of such divisions with decreasing cell size may be used to 
write the first member of (1) as the limit 

m » A f 

(la) Lim div A A r,„ , 

A/-k® m*»0 

where the value of div A may be taken at an arbitrary point of the cell 
Ar m . If the integral definition (2.20) is substituted for div A the sum in 

(la) becomes 

(lb) £ Lim j- [ A n da. 

trt At->o tir J 

There is no objection against writing the factor A r n , which is still finite, 
to the right of the limit sign; also the summation, which so far refers only 


13 This convention may cause some inconvenience, as in the case A = grad U, whore 
dU/On is then in general not defined outside of cr; wo may, however, replace d(J/On by 
—dU/dri* whore v! is now the inward normal. 
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to a finite number of terms, may be interchanged with the limit sign. 
The expression (lb) then takes the form 

(lc) Lim J]— 2 [ A n da. 

Let it now be agreed upon that the cell At which serves to define the di¬ 
vergence be identical with the cell A r m that belongs to the definite integral. 14 
At the same time let us write da m instead of da, to indicate that da m is 
now an element of the surface of Ar m . After these changes (lc) becomes 

(!d) Lim f A n da n . 

Ar*-*0 m J 

In carrying out the summation over m the parts of the <r m -surfaces that 
lie inside a cancel each other in pairs because of the opposite signs of the 
normals n. Only the contributions of the surface elements that are ad¬ 
jacent to the c-surface are left over; hence the sum in (Id) may simply 
be written 

(le) J A n da, 

where the integral refers to the surface of the originally given region in 
space as in the integral (1). Since this integral is independent of the division 
into cells A r m , the limiting process required in (Id) does not change any¬ 
thing, neither does the summation required in (la). Expression (le), as 
it stands, is therefore the value of the expression (la) which, in turn, 
was only another way of writing the volume integral on the left side of 
(1). Since (le) is identical with the right member of (1), everything is 
proved. 

The formal proof of Gauss’s theorem usually found in textbooks is 
based on a partial integration in rectangular coordinates; it can be re¬ 
placed, as we have seen, by an argument that uses only the general princi¬ 
ples of integral calculus and vector analysis. The same is true for Stokes’s 
theorem, for which we shall outline only the general idea of the proof, 
referring to the foregoing for the formal details. 

In terms of fluid flow, the second member of (1) means the outflow 
through the boundary surface (inflow, if negative). The first member of 
(1) represents the algebraic sum of the strengths of all sources or sinks, 
continuously distributed throughout the interior. The equality of the two 
members is thus intuitively evident. 

l4 To be sure, this means that the limiting processes At -► 0 and A r m —► 0 (or m —*« ) 
are carried out simultaneously, whereas the two processes should be carried out inde¬ 
pendently according to (lb). 
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In Stokes’s theorem we consider an arbitrary, in general curved, surface 
<r bounded by a closed, oriented curve s (circuit). At each surface element 
d<r construct the normal n and let it point in the direction that forms a 
right hand screw with the orientation of s . The content of Stokes’s theorem 
is then: For any vector field A, continuous in the neighborhood of <r, 

(2) J curl* A dcr = <j) A, d$. 

For a proof divide <r into small surface elements that can be considered as 
parts of the associated tangential planes, and let their boundaries s m be 
oriented in accordance with the orientation of s. Write down equation (2.21) 
for each of the elements A<r m , multiply with A<r m and sum over m. This 
leads to 

(3) Lim 2 curl, A A<r„ = Lim X Lim ^r*A, ds m . 

On making A <r — A<r m and proceeding as in Eqs. (la)-(ld), the contribu¬ 
tions of all internal boundaries cancel each other, since each segment 
belongs to two adjacent surface elements and is therefore traversed twice 
in opposite directions. Only the contributions of the external boundaries 
remain and sum up to the line integral on the right hand side of (2). In 
terms of fluid flow, Eq. (2) states: the circulation around the boundary 
curve s equals the flux of the vortex vector through an arbitrary surface <r 
subtended by s. 

The integral taken over the boundary curve vanishes if the surface 
integral in Stokes’s theorem refers to a closed surface. We indicate this 
as follows: 

(4) (j) curl, A da = 0 

where we assume, of course, the continuity of curl A, a point which has 
been emphasized before. 

If the vector A is, in particular, chosen as a gradient, A = grad U, say, 
then the differential expression 

(5) A, ds = A x dx + A v dy + A, dz 
becomes a total differential dU. In this case 

(6) j> A, ds = 0 

for any boundary curve. The first member of (2) must then vanish for 
any surface <r and any normal direction n. This implies that quite generally 

(7) curl grad U = 0, 
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a formula which can also be read from the differential definition of the 
curl, Eq. (2.6). 

The equation curl A = 0, written in rectangular coordinates, is equiv¬ 
alent to the three conditions for the differential expression A x dx A u dy 
A % dz to be a total differential [see Eq. (5)]. These same conditions already 
appeared in Vol. I, Eq. (18.17) for the existence of a potential in a force 
field; they can now be written in the comprehensive form curl A = 0. 

Note, by the way, that the operation curl grad has a well defined 
meaning, but grad curl has not, since the gradient, by its definition, cannot 
be applied to a vector. 

When Gauss’s theorem is applied to a curl vector, that is, when curl B 
is substituted for A in (1), the right member of (1) becomes an integral 
of the form (4), hence it vanishes. Consequently the expression on the 
left side of (1) is zero for any closed surface cr in r. This means that generally 

(8) div curl B = 0, 


an identity which can also be read directly from the differential definition 
(2.1) and (2.6). Again the converse symbol curl div B carries no meaning 
since the operation curl cannot be applied to a scalar. 

Let us also have a look at the symbols div grad and grad div. The 
first applies to a scalar, say U. We write 


(9) div grad U = V 2 £7. 

In Cartesian coordinates the operator V a is 


(9a) 


v dx 2 + dy 2 + dz 2 • 


In orthogonal curvilinear coordinates p, , p* , p a the relations (2.24) and 
(2.25) yield 

(9b) V 2 U - —— l-L (m*OZ) i JL(m±<IU) i £ (ffifft 9U)\ 

010203 [dpi \ 0! dpj dp 2 V 02 dpj dpa \ g 2 dpj) 

The symbol V is called the Laplace Operator or Lapladarij also the 
second differential parameter . The first differential parameter is defined by 


(9c) 


w.(vw = (|f) , + (0 + (^)' 


= L (§u \ 2 , i_ (du \ 2 , i_ (du \ 2 

£ \dpj + gt \<W + gl \dpj ■ 

Both symbols operate on scalar point functions. Other notations for the 
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Laplacian are A 2 and A, the latter mainly in French and German litera¬ 
ture . 10 

The converse symbol, grad div, applies to vectors. Let it here be 
sufficient to mention that it appears in the useful formula 

(10) curl curl A = grad div A — V 2 A. 

Caution is necessary in the application of ( 10 ) since in this formula the 
symbol V 2 = div grad operates on a vector, contrary to its definition. 
Actually, the formula refers to the Cartesian components of the vector A, 
and V 2 operates on the individual component of A, considered as a 
scalar. Accordingly, the proof of ( 10 ) must be carried out in Cartesian 
coordinates and consists in checking the equality of the two members by 
an easy calculation; the operator V can also be used. 

Formula ( 10 ), conversely, serves to transform into general coordinates 
the quantity V 2 A, which so far is only known for Cartesian components. 
We define 


(10a) V 2 A = grad div A — curl curl A. 

The right member is known in arbitrary orthogonal coordinates ac¬ 
cording to (2.24)-(2.2(>) so as to give a definite meaning to the left member. 
We shall sec this procedure applied in 9, after Eq. (18). In problem 1.4 
we discuss and interpret the difference between the correctly and in¬ 
correctly calculated components of V 2 A in cylindrical coordinates. 

We turn now to Green's theorem 16 which occupies a unique place among 

15 The sign V (read “del” or “nabla”, the lattor being the name of a Hebrew musical 
instrument of inverted triangular shape) is symbolically defined by 

r-7 . d . . d . , d 

V a is meant as a scalar product: 

il.il 

dy 2 dz 2 

The product of V with a scalar <p is the gradient of <p: The scalar product V* A, if 
evaluated according to the formal rules of vector algebra, gives the divergence of A: 

V-A = ^ ^ = div A. 

dz dy dz 

The vector product V X A means, accordingly, the curl of A; one obtains, with 
i X j « -] X i ■ k, i*i * 0, etc., as in (2.18b), 

V X A - # - it) + - ’-£) + k (^ - %) = curl A. 

1# Goorge Green, An Essay on the Application, of Mathematical Analysis to the Theories 
of Electricity and Magnetism, published in Nottingham, 1828. The theorem is an¬ 
nounced and established in full generality in art. 3 of this paper, the calculations am, 
of course, carried out in (Cartesian) coordinates, not in vectors. The notations U , V, 
used in (11), arc Green's. 


V 2 = 
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the vector-analytic integral theorems. Its applications in mathematical 
physics are very numerous. It is of fundamental importance in potential 
theory for which Green first devised it; indispensable in hydrodynamics, 
electrodynamics, and optics, it is also highly useful in pure mathema tics 
Riemann based his theory of complex functions upon the two- dimensional 
form of Green’s theorem; it is likely to turn up at any time in the calculus 
of variations and m the theory of eigenfunctions and integral equations. 
Green proved his theorem by partial integrations as it is often done at 
present. We shall derive it more simply from Gauss’s theorem which, 
apparently, was not known to Green. Let U and V be two scalar point 
functions satisfying the necessary continuity requirements (existence of 

the second and continuity of the first partial derivatives) and substitute 
for A in (1) 

(H) A = U grad V — V grad U, 

and, consequently, for A„ 

(12) A n = U — — V — 

dn dn ' 

We calculate 17 

(13a) div (U grad V) = grad U - grad V TJ div grad F, 

(13b) div (F grad V) = grad V ■ grad U + V div grad U 

and find for div A from (11) 

(14) div A = 17 div grad V - V div grad V = U V 2 F - V V a U. 

On using (14) and (12), Gauss’s theorem (1) becomes 

(15) / (C/v 2 F - VX7*U) dr = / (u g - F Hjf) da, 

which constitutes Green’s theorem in its first form. (Unfortunately, the 
nomenclature is not uniform. Many authors refer to (15) as Green’s second 

formula which seems to be the preferred usage in current American 
literature.) 

Green’s theorem is correct for any two functions U and F and any 

boundaiy <r of the volume r. Note that the positive direction of n points 
outward. 

It was assumed so far that the volume r has only one exterior boundary 
surface. If a n inner boundary exists also as in the case of a body with 

"For an arbitrary scalar and an arbitrary vector A one easily verifies the formula 
cuv y a = y div A + A • grad 
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one or more cavities, the integration on the right side of (15) must include 
the inner boundary. This happens in particular if the interior contains 
points where one of the functions U or V becomes infinite or otherwise 
singular, so that these points must be excluded from the integration by 
inner boundaries tr,- . The corresponding integrals then appear in addition 
on the right side of (15). 

If one substitutes A = U grad V, that is, A n = UdV/dn in Gauss's 
theorem, (1) becomes on account of (13a) 

(16) f grad U • grad V dr + J UV 2 V dr = f Uj^de 

which constitutes the second form of Green’s theorem (or Green’s first 
formula if the other terminology is used). On identifying U and V one 
obtains the form 

(16a) J (VU) 2 dr + f UV 2 Udr = J U^dcr, 

which contains both differential parameters (9b, c). 

The last identity leads directly to conclusions of fundamental im¬ 
portance in potential theory, which is, mathematically speaking, nothing 
else but the theory of the differential equation 

(17) V 2 U = 0 

the solutions of which are known as harmonic or potential functions . 
From formula (16a) one derives at once the following lemma: A potential 
function that vanishes on a closed surface <r and is regular inside ) vanishes 
everywhere in the interior of <r. In fact, Eq. (16a) implies 

(17a) J ( VU ) s dr = 0 inside <r 

because of (17) and the boundary condition U = 0; but (17a) requires 
VU = 0, the integrand being non-negative. This moans U — const, 
and since U vanishes on a, U = 0. 

The uniqueness of solution of the boundary value 'problem of potential 
theory can also bo proved by moans of (16a). We formulate this problem 
as follows: required an integral U of (17) that assumes given values on a 
given boundary surface and is regular everywhere inside. If there were 
two solutions U, and U 2 satisfying the conditions of the problem, the 
difference [/=[/, — f/ 3 would satisfy the conditions of the foregoing 
lemma; thus U = 0 inside a as before, and U x = U 3 . 

The result holds, with a slight modification, also in the case that 
instead of U the normal derivative dU/dn is prescribed on the boundary 
(see problem 1.6). 
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These few remarks should give a general idea of the scope of Green’s 
theorem; 20 will bring a characteristic example of how it is put to work. 

4. Some Remarks on Tensor Analysis 

One distinguishes between symmetric, antisymmetric, and general or 
asymmetric tensors. A general tensor can be considered as the sum of a 
syiMaetne and an antisymmetric tensor in exactly the same way as the 

bvJ’T-ri X" V' The a f tiSymmetric tensor ’ in turn ’ is representable 
y an (axial) vector as m (1.12a), hence we have only to deal with sym¬ 
metric tensors in tbs article. As we shall limit our discussion to second 
order tensors (i.e. tensors whose components carry not more than two 
subscripts), the representation (1.12) of the strain tensor may be taken 
as a starting point. Our remarks will be formulated so as to refer to the 

tlZ they , are of course valid for symmetric tensor of 

ond order, m particular for the stress and friction tensors of Chapter II. 

„i behi ™ of a tensor in a transformation of coordinates, which is 
so closely connected with the general significance of the tensor concept, 

of i f th r r by meanS ° f its rcpresentati on through the scheme 

rdatbn fTtb °l & hMM 7^? funCti ° n “ in (L10 >- or b y means of its 
k qUadn ° (L13) - In r6Writin S these two equations we 
replace x, y z by * * , ^ , • ■ • by ; the special vector & , 

iid obtain g VeCt ° r Symbo1 A with components A, , A 2 , A 3 , 
(1) A t — 2) , (2) £ 22 emX<Xt = const. 

i k 

We compare these with the transformed equations 

(10 a ; - £ , (2 ,) 2 2 _ CO**, 

l m 

m order to find the relations that connect the tensor components e and e'. 
1 ■ bctwee ° ^ veotor oMn ‘ x>n “ ts a “ d 

( 3 ) 


A'i - 22 <x<kA k , Ai = <x ti A ' k , 


( 4 ) 


Xi = 22 


aux'i 


Xk = 22 


&mk%m 


The comparison of (1) with (!') need not be carried out here, since the 
procedure is formally identical with the transformation of the anti- 
symmetnc tensor, carried out in (2.9)-(2.13); one has only to write 
instead of B ik , A instead of 2A, and to observe that the antisymmetry of 
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the B is not made use of until (2.14). Then the result (2.13) reads in the 
present notation 

(5) = 2^ 3C Gilfitjltkl • 

l k 

This same result can also be obtained by comparison of (2) with (2'): 
Substitute, according to (4), x { and x k in (2) and reverse the order of sum¬ 
mation. The expression 23i 23« 2* ^ikOtua mk x'ix' m = const must be 

identical with (2'), therefore 

(fi) ^lm 23 23 ^ikdl i&mle , 

i k 

which is indeed the same as (5), except for the lettering of the subscripts. 

The second method to establish the transformation rules is, of course, 
much simpler, but could not have been applied in the case of the anti¬ 
symmetric tensor of rotation. The attempt to associate a quadric with 
such a tensor fails as the quadric vanishes identically: the coefficients of 
the squares vanish (<p u = 0), the product terms cancel in pairs because 
of <Ptk = <Pki • 

Our result (6) may be expressed in form of the following proposition: 
The components of the symmetric tensor transform as the products and 
squares of the coordinates, a statement which, conversely, can be considered 
as the definition of a tensor. The corresponding statement for a polar 
vector would be: The components transform as the coordinates themselves. 

Eqs. (C) are generalizations of our previous relations (1.22) and 
(1.22a); they are sums of six terms, while (1.22) and (1.22a) are sums of 
three terms. The reason is evidently that the strain tensor was assumed 
in “diagonal form”, that is, referred to its principal axes. But a rectangular 
cell cut parallel to the principal axes remains rectangular after straining; 
its angular changes and, therefore, its shears vanish. Thus three of the 
six tensor components in (G) arc zero whenever the e refer to principal 
axes. 

We shall now discuss the invariants of a tensor, supplementing what 
was learned in Eq. (1.23) about the invariance of the diagonal sum, and 
prove first that the determinant of the coefficients of the quadric (2) is 
invariant in orthogonal coordinate transformations. 

Denoting the determinant by D wc have to show 




l 

€12 

€13 

( 7 ) 

D = 

«21 

€22 

€23 



^31 

€.32 

€33 
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where D ' stands for the determinant of the e' in Eq. (6). The proof is 
based on the multiplication theorem for determinants, which we apply 
here as follows: when the determinant of the e is multiplied with the 
determinant of the transformation coefficients a, the result can again be 
written as a determinant whose elements /S* z are cua z < . On multi¬ 
plying the determinant of the (3 once more with the determinant of the 
a, the elements of the resulting determinant are 

23 fikl&mk = 2 23 e ik<XliOLmk • 

k h i 

According to ( 6 ) this is identical with the transformed tensor component 
€•* , the determinant of which was denoted by D'. Thus we have found 

(7a) D' = D- |«.,| I** |, 

but this does not differ from assertion (7) as the determinant of the a 
equals unity. 

When the surface / = ^ 23 x * x k — const is orthogonally trans¬ 
formed into f = 23 23 e ikX'iX'k = const, the quadratic form <p = 2 
is transformed into <p' = ^3 x * 2 - (The “circle at infinity” (p = 0 which is 
the gauge quadric of Euclidean metric, transforms into itself in ortho¬ 
gonal transformations.) Consequently a specified quadric of the f amil y 
/ + = const transforms into /' + \<p' = const and the parameter X 

has the same value in these two equations of the same surface of second 
order. But since the determinant of the coefficients of this surface is also 
invariant, it follows that 

€ll + x 

C 12 

( 8 ) D, = e 2 i <22 + X <23 = D£, 

*31 <32 <33 + X 

and this must hold for any choice of the arbitrary parameter X. Thus a 
generalization of (7) has been proved. 

The determinant Z>* may now be expanded in powers of X, 

( 8 a) Dx = D + XA + X a 0 + X®. 

Here 0 is our previous diagonal sum of (1.23) and A the quadratic ex¬ 
pression 

(9) A = < 11*32 + < 22<33 + <33*H — < 12*21 — <23*32 ~ < 31*13 • 

On doing the same with D{ and denoting the coefficients by D', A', 0 ' in 
analogy to ( 8 a), we obtain because of ( 8 ) 

D + XA + X 2 0 + X s = D’ + XA' + X 2 0' + \ 3 . 
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This must hold for any value of X, therefore 

(10) D = D', A = A', 0 = O'. 

The symmetrical tensor possesses three invariants, that is, three characteristic 
scalars that are independent of the incidental way in which the tensor is 
represented by its components. The geometrical relations between the in¬ 
variants and the tensor quadric are the object of problem 1.6. The in¬ 
variant 0 is, in mechanical interpretation, equivalent to the cubical 
dilatation, as previously shown. In general, 0 is known as the first scalar 
or spur of the tensor. 

The preceding argument relates to quadratic forms in a general way 
and must be valid for the antisymmetric as well as for the symmetric 
tensor. Hence, also the antisymmetric tensor ought to have three in¬ 
variants, but the invariant 0 is identically zero (the diagonal terms 
vanish) and the determinant D vanishes (so does any antisymmetric de¬ 
terminant of odd order). There remains only the invariant A for which 
(9) supplies the special form 

(11) A = ej 3 + _|_ € J 2 ; 

which is equal to the sum of squares of the components of the associated 
axial vector. Hence in the case of the axial vector only one quantity exists 
that is independent of the choice of the coordinate system, exactly as in the 
case of the polar vector. For the polar vector this is the length and for 
the axial vector the magnitude of the “twist”, which equals the length 
of the polar vector by which the axial vector is represented. 

As in the case of the moment of inertia 18 (Vol. I, Fig. 40 a, b, c), we 
shall now discuss some particular cases of the tensor quadric. The sig¬ 
nificance of a spherical tensor quadric is evident. In terms of strain it 
means uniform extension or contraction in all directions : no shears occur 
since every axis may be considered as principal axis; all right angles are 
preserved. 

Unidirectional extensio?i, e.g., in x-direction with vanishing extensions 
in all directions normal to x is associated with the quadric x 2 = const, 
which is a pair of planes . Note, however, that this is not the state of 
strain caused by unidirectional stress in x-diroction, since an additional 
contraction normal to x is produced in that case. The strain quadric is 
then a hyperboloid of one sheet, axisymmetric with respect to the x-axis. 

A state of strain that presents some interest arises when the points 
of the body are displaced along concentric circles about an invariable axis 
in such a way that the displacements are inversely proportional to the 


u Cf. Synge and Griffith, op. cit .; Sec. 11.3 contains a table. 
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distance from the axis, r. It prompts itself to introduce cylindrical co¬ 
ordinates and to define the displacement vector by 

(12) 8r = 0, S„ = J , s, = 0. 

The strain components in the same coordinates are determined on the 
basis of formulas (26) and (28) to be derived presently; they are correct 
for arbitrary orthogonal curvilinear coordinates and yield in the present 
case 

(13) € Tip — ^2 ) €rr == € <pip = e *« = ttpi == €* r = 0. 

We now write the tensor quadric for a point r, <p, z in (local) coordinates 
£, rj, f oriented parallel to the increments dr, dip, dz : 

(14) 2 e r? gi 7 = const. 

The coefficient e rv varies with the distance r, but has a fixed value in 
Eq. (14), which refers to a certain point of the body. We may then include 
the factor 2e r9 in the constant, and have instead of (14) 

(16) £77 = const, 

an equilateral hyperbola. Hence the tensor quadric is quite generally an 
equilateral hyperbolic cylinder . The axes of the hyperbola (15) form an 
angle of 45° with the asymptotes £ = 0, 77 = 0. 

A volume element cut parallel to dr, dip , dz is after straining in a state 



Fig. 4 a. I11 the state of pure shear an originally angle of 45 ° with the 
rectangular volume element is transformed into a directions of the shear 
rhomboid. and are equal and op¬ 

posite to each other. 

of pure shear . The face that originally had four right angles is distorted 
into a rhomboid-like shape (see Fig. 4a). By setting 

s(r) = s 0 + ds, s(r + dr) = s 0 - 5s, (<p = const) 

it is seen that only 5s contributes to the distortion, while the effect of s 0 
is a mere translation (not indicated in the figure). On the other hand, the 
volume element drawn in Fig. 4b which is oriented parallel to the principal 
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axes of the tensor quadric is not only free of shear strain (as required by 
the definition of the principal axes) but also free of dilatation , 19 

This is a consequence of the “equilateral shape’’ of the tensor quadric: 
from (13) it is seen that the spur 0 vanishes; hence it must also vanish 
for the volume element cut parallel to the principal axes (invariance of 
the spur). Since 0 = *i + e 2 + e 3 and e 3 = = 0, we have e 2 = — . 

The state of 'pure shear is characterized by opposite principal extensions . 

In conclusion we derive the formulas that express the strain tensor in 
curvilinear coordi?mtes (we have already used them to obtain (13)). These 
formulas cannot be written down in such a direct way as those for grad, 
div, and curl in Eqs. (2.24)-(2.26), because there exists no definition of the 
tensor that is intuitively meaningful or carries self-evident geometrical 
invariance such as the definitions of grad, div, curl in 2. The following 
analysis** 0 should make up for that and contribute to a deeper understanding 
of the tensor quadric. It is somewhat laborious, but will prove a great help 
later, e.g. in the torsion problem, 42. 

Let ds be the distance of two neighboring points P and P f of the 
medium under consideration, let dx } dy ) dz be the differences of their 
Cartesian and dpi , dp 2 , dp z the differences of their curvilinear coordinates. 
According to (2.22) one has 

(16) ds 2 = dx 2 + dy 2 + dz 2 = g 2 dp 2 + g^dp 2 + gfdp 2 . 

In the deformation of the medium all points suffer displacements given 
by (1.10), which we shall now denote by <5q. By dq we denote, on the other 



Fig. 5. To illustrate the transformation of tho strain tensor 
in general orthogonal coordinates: a lino element dq is shifted 
along the displacement vector $q. 


hand, the relative position vector of two neighboring points before the 
deformation, so that | dq | = ds . The symbol c?5q denotes the change 
of the displacement $q caused by the transition d from one field point to 
a neighboring field point. With the notation of Fig. 5, this is the difference 
of the displacement vectors P'Q' and PQ. The symbol 8dq means, again 
in terms of Fig. 5, the change of the position vector PP' caused by the 

“Note also that this slate of strain is formally tho same as in a bar of circ ula r cross 
section subjected to torsion, but tho generators of the tensor quadric aro perpendicular 
to the bar axis in tho latter case [compare (4.13) with (42.3)]. 

"Of- K licltrami, Atmali di Mathomalica 10, 188 (1881). Opcrc Mathomatiche, 
III, 383. 
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displacement operation 8, which carries P into Q and P' into Q'; 8dq is 
thus the difference of the position vectors QQ f and PP', after and before 
deformation. But the quadrilateral PQQ'P ' supplies the vector relation 
PP' + P'Q' = PQ + QQ' or P'Q' — PQ = QQ' — PP', which is equivalent 
to the commutative relation 

(17) d8q = $dq. 

We return now to (1.10) and have in Cartesian coordinates 

ddx = € xs dx + € xv dy + e xt dz, 

(18) d8 q = - d8y = e yx dx + e yy dy + e ve dz, 

dbz = e MX dx + e My dy + e st dz. 

These relations give the change of the displacement d$q as a linear 
vector function of the Cartesian components of the vector dq. If we 
decompose dq into its curvilinear components given by (2.23), viz. 

(19) ds x = grfp! , ds 2 = g 2 dp 2 , ds 3 = Q*dp z 

we obtain again a linear vector function for d$q the coefficients of which 
are the tensor components we look for: 

dSsi = e n ds i + Ci 2 ds 2 + c 13 ds 3 , 

( 20 ) d8q = - d8s 2 = e 2 i dsi + c 22 ds 2 + c 23 ds 3 , 

d8$ 3 = c 3 i ds x + c 32 ds 2 + c 33 ds 3 . 

Our task is to calculate the “curvilinear tensor components” e ik from the 
displacement components 8q 1 , 8q 2 , 8q 3 in directions p v , p 2 , p 3 as in (1.11). 

We first determine in Cartesian coordinates the change of the square 
of the element of length ds 2 produced by the displacement 8q. From 
(16), (17), and (18) we infer 

ds 2 = dxddx + dyhdy + dzbdz 

(21) = € m dx 2 + e yy dy 2 + € tt dz 2 

+ dx dy + 2c,, dy dz + 2e ts dz dx. 

The last member is identical with the polynomial of the tensor quadric 
except for the notation of the variables dx, dy, dz that replace the former 
x, y, z . I he first member of (21) may be written in the form ds 8ds. On 
dividing by ds we obtain bds/ds which is the extension of the ds-fiber per 
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unit of length ; the variables are now the quantities dx/ds, dy/ds, dz/ds. 
Hence the tensor quadric gives directly the specific extension of the ds-fiber 
in terms of the direction cosines dx/ds, dy/ds, dz/ds and thus lends in¬ 
tuitive physical meaning to the concept of the symmetrical tensor. 

The procedure leading to Eq. (21) can just as well be carried out in 
curvilinear coordinates Pi , p 2 ,p 3 . Using (19) we write the length element 
in the form ds 2 = dsl + dsl + dsl . Eqs. (20) and (17) then yield 

2 8 ds~ = dsi Sds i 4 * ds 2 Sds 2 -|- ds 3 Sds 3 
( 22 ) = e u dsl + €22 dsl 4 - €33 dsl 


+ 2 €j 2 dsi ds 2 4“ 2^33 ds 3 ds 3 4~ 2csi ds 3 ds, . 

On dividing this equation by ds 2 the extension of the ds-fiber is obtained 
as before. 

The required relations between the «,* and the displacement com¬ 
ponents Sq, are now obtained by the direct calculation of |Sds 2 in terms 
of the ds { and subsequent comparison with the right member of ( 22 ). 
Writing (16) in condensed form, we obtain first 

(22a) | Sds 2 = 2 9< HU dpi 4- S dl dp ( Sdpi . 

i i 

Here we have to express the variations, imposed on the coefficients g t and 
on the coordinate differentials dp< by the displacement 5q, in terms of the 
variations and differentials of the coordinates themselves; in other words, 
we have to substitute in ( 22 a) 

Sg { = 5p*, Sdpt = dhpi = 2 dp k 

and obtain 

(23) $ Sds 2 = £ 2 Q< foT «P* dpi 4- J2 23 Q*< dp t dp k . 

» * op* i * op* 

Now we are ready to introduce the ds< . According to (19), we write 
dsi/g { for the dp< . The “curvilinear” displacement components 5p< are 
obviously connected with the components by 

Sq< = g<Spi , or Sq„ = g k 8p k . 

In this way the first of the two sums on the right side of (23) becomes 
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or, on carrying out the 



differentiations, 


cki ds k 


(23b) 


1 dSq t 


i k Qk OPk 


i k QiQk uPk 


Now we can compare the coefficients of ds< ds h in (22) with those in the 
sum of (23a) and (23b). Let us do this first for the diagonal terms: the co¬ 
efficient of a specified ds\ in (23a) is 


(24a) v Jfc Ml . 

* fi 7<9k dp k ’ 

in (23b), k must be identified with the given i. The coefficient is then 
simply 


(24b) -I <>Mi _ Mi Mi 

Gi &Pi g\ dpi • 

Upon adding (24a) and (24b), two terms cancel and one obtains 

(25) l.(^Mi . y Mi Mi) 

9i\dpi fit g k dpj' 

This, then, is the value of e u . Written in extenso, (25) means 



(26) * 22 = 1 (+ Ml Ml . Ml Ml) 

92 \ dp a g, dp, T gr, dpj 



In the determination of the shears e ik , we note first that (23a) gives 
no contribution. In (23b), either sum yields two terms if i and k are 
specified, viz. one term • • • ds ( ds k and another • • • ds k ds f . This amounts 
to the four term expression 


(27) 


I dSQj 1_ d dg k 

9k &Ph Pi dpi 




which, on the other hand, equals 2e,* . If we write (27) in extenso, we 
obtain 
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(28) 


€12 


€23 


€ 31 


2 \0 a dp 2 

1 (l 58q 2 , 

2 \p 3 dp 3 

1 /l 35(7;, , 

2l^^r + 



Formulas (26) and (28) can be cast in a much more comprehensive 
form if the notation of general tensor calculus is employed as in Appendix I. 

For the present we apply these formulas only to verify our Eqs. (13). 
If we specify the p, as cylindrical coordinates by setting p, — r, p 2 — <p, 
p a = z, it follows that pi = p 3 = 1, g 2 — r, and the displacement (12) 
reads 


S?i — 5<7 s — 0, 



As a consequence, only those terms in (2(5) and (28) contribute something 
that contain Sq 2 or dSq 2 /dp 1 and do not have a vanishing coefficient 
dg</dp k (note that all these derivatives vanish except dg 2 /dp, which 
equals unity). Only 6, 2 contains such terms, viz. 


J_ 35& _ 1 A 
2p, dpi 2 r 2 


and 


1 . §Jh _1 A 

2pip 2 tq2 dp, " 2 r 3 • 


Thus the system (2(5) and (28) reduces in our case to: e l2 = — A/r s , and 
all other e vanish, in agreement with (13). 

Let us finally interpret the displacement field (12) as a velocity field 
by setting 


(29) 



This motion is of fundamental importance in the theory of vortices. We 
shall see that it is irrotatioml wherever r > 0, that is, at all points outsido 
the axis. This is true in spite of our inclination to “sec” (29) as a whirl 
about the axis r = 0. The steady motion characterized by the velocity 
distribution (29) is known as a circulating motion, also as a (straight) line 
vortex or .s imph vortex. The latter terminology makes it evident that the 
points of the axis have a particular significance: they form a vortex lino, 
that is, a concentrated vortex filament. This will bo discussed more fully 
in 19, p. MO, where the irrotationality of the vortex motion will alBO be 
shown; the latter point, however, can be verified right now by means of 
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the tabulated answer to problem 1.3. One has only to identify our vector 
(29) with the vector A in the formulas giving the curl components in 
cylindrical coordinates. 

The tensor concept has been developed in this article by studying the 
behavior of a tensor in the transition from one Cartesian coordinate system 
to another. If more general transformations are to be considered, the 
methods of general tensor analysis must be employed of which a short 
account is found in Appendix I-IV. 



CHAPTER H 


STATICS OF DEFORMABLE BODIES 

5. Concept of Stress; General Classification of Deformable Bodies 

The term statics will be used throughout this book in the same sense 
as in the mechanics of a finite number of degrees of freedom, where it 
was applied according to the following definition: Statics treats of the 
forces to which matter is subjected regardless of the motion caused by 
them (cf. Vol. I, 5). 

One distinguishes between external and internal forces. Once a me¬ 
chanical system has been delimited, the internal forces of the system are 
those which obey Newton’s third law (equality of action and reaction). 
Among the external forces, gravity and centrifugal force 1 are commonly en¬ 
countered in mechanics of deformable bodies. Capillary forces occur also; 
they act between internal and surface molecules or between a solid 
boundary and the molecules of the surrounding fluid. Examples of internal 
forces are the reactions (tension and pressure forces, surface forces) that 
have their origin in the distribution of matter over a limited space. They 
play the most important part 2 in the mechanics of deformable bodies. 

In solids the reactions measured per unit of area are known as stresses ; 
in the case of fluids we usually speak of 'pressures (negative stresses).; 
both have the dimension of a force per unit area, dyne/cm 2 in the CGS 
system. 

To analyze the stress concept in the case of an elastic solid, we imagine 
a plane surface cutting through the body and consider the interaction 
between the two parts of the body across this surface. In Fig. 6 such a 
surface of separation has been drawn normal to the z-axis, and the two 
parts of the body have been disjoined for the sake of clarity in the drawing. 
On the part to the left a “positive ^-surface” has been marked by cross 
hatching. (A surface with an outward normal pointing in the positive re¬ 
direction is called positive r-surface for brevity.) We assume the z-surface 

'The proper place for the centrifugal force, which is an inertia effect, is in dynamics 
(Chap. Til), hut it may be considered in statics since it is equivalent to an external 
force for an olwervur moving with the body. 

“The distinction between external and internal forces in a specified system does not 
in general coincide with the distinction between forces of physical origin (impressed 
forces) and forces of geometrical origin (due to spatial constraints to which the system 
is subjected). 
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in this figure bounded in the shape of a rectangle with the sides Ay, As. 
The ^-surface bounding the right part of the body, which in reality co¬ 
incides with the positive x-surface, has also been cross hatched. It is a 
negative x-surface since its outward normal points in the negative x- 
direction. 

Consider now the forces which the negative x-mrface exerts upon the 
positive x-surface. When these forces are parallel to the positive re-direction 
we speak of a positive normal stress <r xx ; its magnitude equals the sum of 
the forces divided by the area AyAz. In general, however, the total force 
will by no means be perpendicular to the x-surface. We then resolve the 
force and the associated stress into components in the positive x-, y-, and 
2-directions. The y and z components are known as tangential or 'shear 
stresses and denoted by a xv , <x x , . This notation indicates the position of 
the surface by the first subscript and the direction of the stress by the 
second. 

The principle of action and reaction requires us to draw for the right 
part in Fig. 6 the stress arrows that act across the negative x-surface in 


Gi xx °*x 


Fro. 6. Normal and shear stresses acting on a volumo element of an elastic body. 
Positive and negative re-surfaces. 




opposite direction. A positive a xk means here a stress in the negative 
fc-direction. The same is true for the negative x-surface of the body element 
m the left part of the figure which is obtained by a mere displacement 
(through -Ax') of the negative x-surface considered before. In speaking 
of the entirety of quantities <r tk characteristic for a volume element, we 
use the term stress tensor although the proof of the tensor character’will 
be given in 8 only, by showing the symmetry of the <r,* and their trans¬ 
formation rules. The term stress tensor is, by the way, redundant since 
the word tensor in itself implies tension. 

The forces exerted by the surrounding elements of the body may be 
directed either toward the exterior or the interior of the body element 
under consideration. In the latter case (compression) it is more appropriate 
to speak of pressures than of stresses. We shall, however, retain the uniform 
terminology stress in the case of an elastic solid, and consider pressures 
as negative stresses. 
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Not so in tlio case of fluids. The cohesive forces in a fluid are weak, 
its “ultimate strength” under ordinary circumstances is exceedingly small 
if compared with that of a solid. In other words, the resistance of fluids 
against tension is so small that positive stresses practically never occur; 
we then prefer to deal in our equations with pressures p rather than stresses 
<7. In a sketch such as Fig. G, the positive p xx would have to be drawn as 
an arrow directed inward. 3 

The totality of pressures p ik acting upon a fluid element will again be 
called a tensor . There is, however, an essential difference between the 
normal pressures p u and the tangential pressures p ik , at least in the state 
of rest or of slow motion. A fluid layer may be moved along the adjacent 
layer without expenditure of a noticeable amount of energy provided the 
motion is slow; this means that the tangential pressures p ik are quite small 
if the two layers are slowly displaced parallel to each other. By extension, 
we must assume that the tangential pressures vanish altogether in the 
state of rest. In this way a fundamental simplification of the pressure 
tensor p is accomplished which will be applied in 6 (hydrostatics). 

For larger relative velocities of the fluid particles the complete pressure 
tensor must be studied and its dependence on the velocity gradient in¬ 
vestigated. This will be done in 10 (viscous flow). 

The concept of the fluid state is meant to .cover also gases and vapors , 
the latter two being characterized by larger compressibility. Fluids in the 
restricted sense, or liquids, are essentially incompressible. Of course, they 
yield to a certain extent if subjected to strong external forces, but their 
compressibility is very small in comparison with gases or vapors and can 
be neglected in a great number of problems; so is water often considered 
as incompressible. 

The condition for incompressibility reads 0 = 0 according to (1.24); 
on passing from the displacement vector s to the velocity vector v as in 
(1.7), wo obtain the relation 

(1) div v = 0, 

expressing the fact that the balance of outflow and inflow for a given volume 
element Ar is zero at any time. If Am denotes the mass contained in Ar, 
we have 

(2) Am = pAr 

where p stands for the density. For homogeneous incompressible fluids p 
is constant in time as well as in space. 

3 It is only consequent to invert the diroction of the arrows also for p 9V , p XB , etc. so 
that pxy is counted positive if it points in the negative ^-direction. This rule will be fol¬ 
lowed from now on. 
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nnt^? at corres P°^ ds to E q. (!) in the case of a compressible fluid where 
not the volume but the mass is preserved? The mass Am cannot decrease 
unless part of it passes through the boundaiy of the volume element Ar 

com™r\ fl T + f ^ POmt ° f itS b0Undaiy is ^Presented by the normal 
component of the vector pv. The total outflow of mass during the time 
element At is therefore [cf. e.g. (2.20)] S 


Jpv n do At = div (pv)ArA<. 


S) a^ ° ther hand ’ thC l0SS ° f maSS dUring the Same time is foimd from 

_ lf a,4t - 

Comparison with (3) yiolds the following condition for too emumvotum of 


^f + div (pv) = 0, 

i?the fom- Un<ler the Dame ° f equation °* continuity. It may be written 


( a) ft + p div v = 0 

The first term in this equation is the material differential quotient which 
will be discussed more fully at the beginning of 11. Its definition is 

(4b) IMf+-^. 

If p is constant in time and space, Eq. (4) takes again the form of the 
incompressibility condition (l). In an incompressible fnhomogene™ sflS 
(p variable in space) we have by (4b) 

dt = ® tliat is §f = “▼ • Sr ad P> 

which describes the temporal fluctuations of p at a fixed point of ob¬ 
servation, while the material rate of change of p vanishes. 

We add here Eqs. (1), (4), and (4a) spelled out in Cartesian coordinates: 

du . §v . dw 
dx i " dy " t " dz ~ 0) 


O') 
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(4') 

dp d(pu) <3(pt>) d(pw) 

dt dx dy dz 9 


(4a0 

dp . fdu dv dw\ _ 

s + 5j + tej=°- 



In problems involving capillary forces we are concerned with the fluid 
layers that are closest to the surface (surface film). The surface of separation 
introduced previously (see Fig. 6) is now to be replaced by a linear cut 
through the film. The object is again to study the reaction forces transferred 
from one bank of the cut to the other. Referring the forces to the unit 
length of the cut we speak of surface tension; its dimension is dyne/cm. 

6. Equilibrium of Incompressible Fluids ( Hydrostatics ). 

The subject of this section is, of course, not only water (“hydor” in 
Greek) but any liquid in equilibrium since differences in the rheological 
characteristics have no bearing on the state of rest : shear stresses, as already 
observed, are zero in equilibrium, or 

(1) Pa = 0, i ^ k. 

This equation actually amounts to a definition of the fluid in the state of 
rest in contrast to the state of solidification: glass which has no crystalline 
structure must be characterized physically as a fluid in the solid state for 
which Eq. (1) is, of course, incorrect. 

A fundamental conclusion from (1) is that the hydrostatic pressure is 
associated with a spherical tensor quadric. Any diameter of the quadric 
may be taken as a principal axis, because (1) must be true in any coordinate 
system. Ihc complete symmetry of the tensor of hydrostatic pressure can 
be expressed as follows. At a given point the pressure acts on any mrfacc 
element in tliet direction of its normal i, its magnitude being the same for all 
directions i; p n = p i2 = p 38 for any three orthogonal directions. Pascal 4 , 
it appears, was the first to perceive this law. 

We can summarize this result in the statement that the hydrostatic 
pressure is a scalar quantity . It will be denoted by p , as is usually done 
with omission of the subscripts that are now abundant. Note that there 
is no preferential loading of the horizontal cross sections if a vertical force 
such as gravity acts on the fluid; the same pressure p is transferred 

^Blaise Pascal (1624-1002), the great geometer (Pascal’s theorem) and mathemati¬ 
cian (Pascal’s triangle, foundation of the calculus of probabilities), a great writer and 
theologian too; he studied the laws of air pressure and at his instigation the first baro¬ 
metrical determination of an altitude was carried out, 
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through any cross-section (also a vertical one). The unidirectional char¬ 
acter of the force does not interfere with the symmetry of the pressure. 

In order, to calculate the pressure if magnitude and direction of the 
external force are given, let F denote the external force per unit of fluid 
volume, so that the dimension of F is dyne/cm 3 . Then the volume element 
Ar is acted upon by the force FAt. On delimiting the volume clement as 
rectangular cell (Ar = AxAyAz) and marking the negative z-surface by 
the value x of the ^-coordinate and, consequently, the’positive a;-surfacc 
by x + Ax, the forces in positive ^-direction are: 


on the neg. z-surface on the pos. re-surface on the vol. dement 
(2) p(x)AyAz -p( x + Ax)AyAz F x Ar 

The first and second contributions add up to 


(3a) — AxAj/Az = — At 

ox dx 


and yield after division by At 


(3b) 


dp 

dx 


+ F x 


= 0 ; 


this can be written in the form 

(4) grad p = F, 

which is correct for any direction at any point of the liquid. 

The relations (3b) or (4) for the force components obviously constitute 
a necessary condition for the equilibrium. From statics of rigid bodies a 
second condition is known requiring that the resultant moment be zero. 
This condition must also apply to non-rigid bodies, for, if wo remove or 
relax the internal constraints of a rigid mechanical system, wo obtain a 
non-rigid system with a vastly increased number of degrees of freedom. 
Hence, quite generally, any equilibrium condition for a rigid body must be 
valid a fortiori for a deformable body. 

It is, however, easily seen that the second or moment equilibrium 
condition is automatically fulfilled in the case of a liquid. The normal 
pressure cannot produce a moment about any axis. Moments about the 
»-axis, for instance, could be produced only by the shearing stresses p y , 
and p,„, but they vanish. The external force F cannot produce a moment 
either; this is certainly true when we assume a continuous distribution of 
lines of force; such a distribution can be always considered as pai'allel in 
any infinitesimal region (the field of gravity is a simple example for what 
is meant). If, on the other hand, the lines of the field F have a aingnW 
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poiat at our volume element (a point where the field lines intersect), then 
F must needs vanish there, and so does the moment of F. Eq. ( 4 ) is in 
fact not only a 7icccssary but also a sufficient condition of equilibrium. 

Eq. (4) includes a very remarkable theorem: equilibrium is only possible 
if the external force has a potential, that is, if F can be represented as the 
gradient of a scalar function. In this case we may write 

(5) F = - grad U 

where the minus sign is prompted by the relation to the potential energy, 
cf. Vol. I, appendix to 18. e The existence of the potential function U is 
not sufficient, U must also be single valued loithin the space occupied by 
the liquid. Only under this assumption is it possible to calculate p from 
(4) as a single-valued scalar point function in the form 

(®) V + V = const. 

The integration constant in ( 6 ) must be determined by special conventions 
concerning the normalization of the potential and the pressure. 

Postponing the further discussion of this theorem to the end of this 
article, we deal for the present with the regular case in which the force 
F has a single-valued potential and take gravity as an e-gamplft , Let 
^ = 0 be the surface of the liquid (call it “water” for simplicity) and orient 
the positive z-axis vertically downward. Then 

(7a) F = F,k; F m = pg = % 

(7b) U — —pgz — — 72 . 

Here 7(= pg) denotes the specific weight of the water as distinguished 
from the specific mass or density p. In writing (7b) the arbitrary constant 
in 17 has been adjusted so as to give zero potential at the surface. "We 
obtain now from ( 6 ) 

( 8 ) p = yz •+ const, 

where const is the pressure value at the surface z = 0 , equal to the at¬ 
mospheric pressure; however, p can also be given the meaning of the 
overpressure relative to the atmosphere (gauge pressure), which is more 
convenient for what follows. Let p have this meaning, theh ( 8 ) becomes 

( 8 a) p = 72 :. 

This equation contains the well known elementary rules about com¬ 
municating vessels, viz. equal pressure at equal depth in each of the 

•See o.g., T. C. Slater and N. E. Frank, Mechanics, McGraw-Hill, New York, 1947 
Sec. Ill, 2 . ' 
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interconnected vessels regardless of shape. The same equation may also 
be obtained directly from the differential formula (4). One follows the 
shape of the vessel along a broken line consisting of a series of vertical 
and horizontal segments inside the water and integrates. Along the hori¬ 
zontal segments dp — 0, along the vertical ones dp = •y dz. Summation of 
the vertical contributions gives immediately p = yz at the depth z. 

Let us insert here a few basic numerical constants: normal atmospheric 
pressure = 76 cm Hg, density of Hg 13.596 gr/cm 8 ; hence from (8a) 
P.tm = 76 X 13.596 X g gr/cm 2 = 1033 g X gr/cm 2 = 1.033 kg-wt./cm 2 ! 
One cm of a water surface carries a pressure load of about 1 kg-weight 
which makes 10 metric tons per m 2 . The height of a water column corre¬ 
sponding to 76 cm Hg would be 10.33m, since for this height p ltm = 
1033 X 1 X 0 gr/cm = 1.033 kg-wt./cm 2 where p = 1 has been used. 

We now consider an example that combines centrifugal force and 
gravity: a liquid in a drum (centrifuge) rotates with constant angular 
velocity « about a vertical axis. The centrifugal force per unit of volume is 

(9) F r Tj F T = pru ", t is a unit vector A to the axis. 

Its potential is given by 


(9a) 


U= -\prV. 


The total potential of gravity and centrifugal force is (except for a con- 
stant) given by 



From (6), the pressure in the rotating liquid is found as 

(10) p = y(z + — const. 

To determine the constant in (10) let us first mark the water level in the 
axis of the drum, i.e., at r = 0, by z 0 . If p is again the overpressure, we 
have for z = z 0 and r = 0 from (10) 

. 0 = 72 o +• const, const = —yz 0 

and in general 

(11) P = y(z-z o + r ^). 

1 he free surface, characterized by p = 0, has the equation 


( 12 ) 


z 0 — z = 


rW 

2 g 
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ft is the well known paraboloid of rotation indicated in Fig. 7. Since 2 is 
positive downward, 2 0 - 2 is the ordinate of the parabolic meridian curve 
counted positive upward. On denoting by h the difference of the water 



Fig. 7. The paraboloid sur¬ 
face of a fluid mass in rota¬ 
tion. The rise along the wall 
can be considered as velocity 
head. 



Fig. 8. The equilibrium of a prismatic hull. The 
buoyancy is the resultant of all pressure forces acting 
on the surface. 


** f he the center, and by . the circumferential 

velocity, h appears m the well known form of the velocity head, 


(13) 


h = 


2 9' 


The surfaces of constant pressure are congruent paraboloids, obtained by 
displacing the free surface vertically downward. 

Next we turn to the problem of the equilibrium of a boat where 
gravity is the only external force present. Fig. 8 represents a cross section 
normal to the longitudinal axis of the boat (positive y -axis forward). Let us 
think of the hull as a cylindrical surface with generatrices parallel to the 
y-axis. S is the center of mass of the boat, C the center of mass of the 
displaced water or of the “displacement”, when the boat is upright 

Defining the buoyancy of the boat as the resultant of all pressure 
forces acting upon the wetted surface, wo can show that this resultant 
passes through C. The point C is thus called the center of buoyancy. 

Let d<r bo a surface element of the hull. According to the simplified 
form of the hull, da - da dy where d« is the line element of the cross 
section, lhe pressure yz acts in lino with the surface normal of da, thus 
the pressure force is yz da and its vertical component is yz da cos (n 2 ) 
where »is the inward normal of da. With da cos (», 2 ) being numerically 
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equal to the projection of da upon the horizontal, the vertical component 
of the force element can be written yz dx dy. The buoyancy is then found 
as 


(14) B = y J z dx dy = yV, 

where V is the volume of the displacement; B = yV expresses, of course, 
the principle of Archimedes. The vector B points vertically upward and 
its line of action is obtained in exactly the same way as if the elements 
yz dx dy were vertical vectors; B can therefore be found as the resultant 
of the gravity forces that act upon the columns zdxdy and thus passes 
through the center of gravity C of the displacement. In equilibrium, C 
and 8 lie on the same vertical and B balances the weight of the boat W 
as indicated in Fig. 8. 

The condition B = yV = W determines the draught of the boat; 
naturally, the draught increases with the ship load. Note that also the 
horizontal components of the pressure forces acting on two opposite 
elements da x and da 2 at the same depth z balance each other. This remains 
true, even if the boat is unsymmetrically loaded, and follows imme¬ 
diately from the equality of the two projections upon the vertical plane 
cos (n x , x) d<r x = cos (n 2 , x) dan . 

_ We now want to learn something about the oscillations of the boat 
if the equilibrium position is disturbed. This is still a question well within 
the bounds of hydrostatics; for, in good approximation to reality, we may 
assume that the pressure distribution at any phase of the motion does 
not differ greatly from the hydrostatic pressure distribution that would 
prevail if this phase were a possible rest position. 

Let us apply this idea to the rolling motion of the boat (rotation 
about the longitudinal or y-axis). The symmetry plane of the boat now 
subtends a variable angle with the vertical which will be denoted by d. 
During the roll the shape of the displacement and the position of C will 
change. Assume a roll of small amplitude and let C' be the center of msiaa 
of the displacement at the end of the roll, C" the corresponding point 
when the roll has gone in the opposite direction. Let 31Z be the center of 
curvature of the curve C'C C" at the point C. (In Fig. 9, 3TC has been 
constructed in an approximate way by intersecting the normals at the 
points C' and C".) This point SflZ is known as the metacenter. Our figure 
illustrates the instant of the motion when the buoyancy B passes through 
C. As it is, B is to the right of the weight vector W which always passes 
through S. The moment M of the couple formed by B and W is indicated 
m the figure by a circular arrow that acts so as to decrease the angle of 
roll This is the necessary and sufficient condition for the stability of 
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the boat. It is fulfilled whenever the metacenter 311 is above the center of 
mass S, (so drawn in the figure). If an were below S, the moment M 
would tend to increase the disturbance and finally make the boat capsize. 



PiQ. 9. Metaccnter and restoring moment for the tilted hu ll. 

The distance between S and 3n is called the metacentric height h 
According to the figure one has for small & 

| M | = M„ = hW sin«? ~ KW&. 

The differential equation of the rolling motion is therefore the same as 
that of a compound pendulum (see e.g. Vol. I, 16).° With 0 denoting the 
moment of inertia of the boat about its longitudinal axis, 

(ls ) e* = M y = -KW&, 

and the circular frequency of the oscillations 


( 16 ) 


(0 = 


hW 

0 


Practical values of h are about 3 to 5 times the distance CS. 

The validity of the foregoing is limited, strictly speaking, to in¬ 
finitesimal amplitudes, where only one metaccnter 3TC has to be con¬ 
sidered. 9TC is actually the limiting position of the metacenter for -> 0 
In naval architecture one has to investigate the stability also for finite 

values, and takes into account that the point 317 moves in reference to 
the boat when & changes. 

We now turn to a discussion of what happens in a field of force that 
has no single -valued potential Instead of an exposition in general terms 

•Cf. Synge and Griffith, op. cit., Soc. 7.2. 
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let us consider a simple example which can be easily shown in an actual 
experiment. A weakly conducting fluid such as a solution of CuSO 4 is 
placed in a shallow cylindrical container with insulating bottom and 
conducting side wall. A copper wire runs along the axis of the container. 
A potential difference of a few volts is put between center wire and side 
wall so as to maintain a current flowing from the axis through the fluid 
and spreading out toward the wall. Let I be the current and J the vector of 
the current density, | J | being the current passing radially through the 
unit of area at the distance r from the axis. Obviously 


(17) 


i j i 


i 

2nrh 


where h is the height of the fluid layer. Now we impose a fairly homo¬ 
geneous magnetic field H whose lines of force pass perpendicularly through 
the fluid layer. The electromagnetic force acting upon a fluid element of 
unit volume is then given by 

(18) F = J X H, 

a vector that is normal to J and H and points therefore in the tangential 
direction. On introducing the polar angle <p and considering (17) and (18), 
we have 

(19) |F|-n = f A.tK. 

This force has the potential 

(20) U = —A<p. 

The negative gradient of U taken with respect to the cylindrical co¬ 
ordinates r, z is indeed zero and for the ^direction 


— grad„ U 


I W_A_ 

r d v ~ r ~ • 


Yet this potential is obviously not single-valued in the (doubly connected!) 
domain of the fluid, since it changes its value by the amount 2vA for 
each revolution of the variable about the axis r = 0. 

Since the hydrostatic pressure must be a single-valued point function, 
a pressure distribution that balances this potential in the sense of Eq. 
(6) cannot exist. Hence the fluid yields to the force F v and begins to 
move. The velocity pattern of the motion is the singlc-vortcx motion 
described in (4.29); the circumferential velocity is in our case 


I ▼ i - 


A t_ 
r p 
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where t is the time through which the magnetic field has been acting and 
p the density of the fluid. The velocity would grow continually if there 
were no friction. 

The mathematician who studies a multi-valued function tries to 
arrange its set of values in a number of different branches. He leads an 
appropriate cut through the domain of definition of the function to re¬ 
strict the possible types of curves along which the independent variable 
may be changed, and thereby establishes a single-valued branch of the 
function. We can do the analogous thing in our experiment by putting 
a separating wall (wood or cardboard) into the fluid between the axis 
and the side wall. The fluid builds up on one side and recedes from the 
other, and the potential is now a single-valued function in the domain 
of the fluid; a hydrostatic pressure p = A<p is built up so as to balance 
the potential C7, and the motion stops. The pressure distribution can be 
inferred from the shape of the surface; on one side of the separating wall, 
the level is by the amount 2irA higher than on the other side. The level 
difference is thus equal to the modulus of periodicity of the potential. 

7. Statics of Compressible Fluids 

The density of compressible gases and vapors depends on the pressure. 
Let the relation between the two have the form p = Cp n which can be set 
up in reference to a normal state p 0 , p 0 as follows: 



The curve corresponding to this equation is known in technical and 
astrophysical applications as a polytropc ; n is called the polytropic ex¬ 
ponent. 

In the isothermal state (constant temperature throughout the fluid), 
n equals 1. This is an immediate consequence of the equation of state 

(2) P = P?7\ 

where R = universal gas constant, p = molar weight 7 of the gas (e.g., 

7 As is well known the number of grains in a mole equals the sum of the atomic 
weights of the gas. Instead of molar weight the term molecular weight is frequently 
used, but wo wish to save this term in order to apply it to the actual weight (or more 
properly, the mass) of the single molecule. As It. W. Pohl has pointed out (Z.f.Phys., 
121, 5*13, MM3) l,ho definition of the mole depends on the definition of the unit of mass. 
If gr is replaced by kg, the mole changes into the “kilomolo”. The molar volume and 
Loschmidt’s number per mole (Avogadro’s number) change correspondingly (see later). 
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ii = 32 gr for 0 2 ), T = absolute temperature. In the adiabatic state (con¬ 
vective equilibrium such as results from a vigorous mixing process without 
heat exchange) n = 1.4 for diatomic gases.* In aeronautics a mean value 
of n = 1.2 is sometimes assumed (polytropic exponent of the atmosphere, 
see below). 

It is known that the exponent n = 1.4 of the adiabatic state is equal 
to the ratio Cj,/c„ of the specific heats at constant pressure and constant 
volume. This ratio follows from the first law of thermodynamics by means 
of an application of classical statistics (equipartition theorem of energy). 
The theoretical value is obtained as c p /c, = 1 + 2//, where / is the number 
of degrees of freedom of the gas molecule. Tor a diatomic molecule such 
as N 2 or 0 2 this number equals 5 (three degrees of freedom of translation 
and two of rotation; the rotation about the line connecting the two atoms 
cannot be excited for quantum-theoretical reasons), hence the value 
n = 1 + 2/5 = 1.4. 

In the case of a compressible fluid, it is convenient to follow a different 
convention in measuring the external force. Previously referred to the 
unit of volume and denoted by F, we refer the external force now to the 
unit of mass and denote it by P. Thus 

(3a) FAt = PAm, hence F = pP. 

In the case of gravity where | F | = pg we have simply 

(3b) ± | P | - P. - ±g, 

the sign depending on the choice of the orientation of the £-axis; in the 
case of the centrifugal force where | F | = prof as in (6.9) we have 

(4) | P I = ru 2 . 

The advantage of the new notation becomes apparent if wo consider the 


In CGS units the gas constant R = 8.31 X 10 7 erg/centigrado: on the other hand, if 
one uses Meter-Kilogram-Second (MKS) units as Pohl docs, the powers of ton drop out. 
In the same way as the unit of force in the MKS system is dofined by 1 Dyne = 10 B dyne, 
we can introduce as unit of energy in the MKS system 

1 Erg = 1 M^S -2 = 1M • 1 Dyn « 10 7 org «• 1 Joule. 

The gas constant is then R = 8.31 Erg/centigrado. Cf. the remarks about MKS-units 
in Vol. I, end of 1, also Slater and Frank, op, cit., Sec. 1.5. 

*The pressure distribution within the gaseous mass is such that an arbitrary 
adiabatic displacement of a particle docs not disturb its temperature equilibrium with 
the neighboring particles, cf. problem II, la. 
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equilibrium condition (0.4) which is correct for botli compressible and 
incompressible fluids. It reads now 

(5) - grad p = P, 


where the second member is a known quantity and the first member can 
be expressed in terms of either p or p, if a p, p-rolation is known. 

For the p,p-relation (1), Eq. 5 takes the form 


(6) grad (P = P, 


where 


(6a) (P = 


pi/n pl-(l/.) 

Po 1 - (1 /ri) 


The same Eq. (6) is correct for any non-polytropic p,p-relation provided 
we explain the quantity <P by 


cp - r*. 

J A P 


Here A is a fixed point, B is the variable field point with coordinates 
x } y, z. 

In the same way as (0.4), Eq. (0) implies that in a compressible fluid, 
too , equilibrium is only possible when the external force, that is in the present 
ease, the external force per unit of mass P, has a potential . On denoting 
the potential by V, we draw from (0) 

(7) grad (<P +• V) = 0, (P + V = const. 

For the field of gravity V = gz, where z is counted positive upward. 
When the poly tropic relation (.1) is used, P is given by (0), and the second 
relation (7) lakes the form 

l/n ... i 

(8) =-(const — gz). 

At z = 0, p = po (reference pressure). The constant in (8) is found from 
vJPa = const (n — 1 )/n. Eq. (8) can then be written as 


/, n ~ 1 
V - - — 


On expressing p by p we obtain 


L n - 1 po 
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Formulas (9) and (9a) represent the distribution of pressure and density 
in a polytropic atmosphere; its altitude h can be determined by setting 
p = 0 or p = 0: 


(9b) A = _JL^. 

n — 1 p a g 

By reintroducing h in (9) and (9a) these equations can now be simplified 
and read 

(10) ,=»(.-tp"- 

The distribution of the temperature can be found when the ratio p/p is 
calculated from (10) and the equation of state (2) is applied: 

(11) -f). 

According to this, the temperature distribution in the polytropic at¬ 
mosphere is a linear function of the altitude, dropping from T 0 = pp 0 /p 0 R 
to T = 0 between z — 0 and z = h. 

Numerical results for the altitude of the polytropic atmosphere are 
found from (9b): in the adiabatic case, n = 1.4, the altitude is only 28 
km; in the polytropic case, when one chooses n = 1.2, one obtains 48 
km; the altitude of the isothermal atmosphere is, of course, infinite. 

The assumption T = const is not permissible for the entire atmos¬ 
phere. In the troposphere, the lowest part of the atmosphere, there is a 
very noticeable temperature lapse as one goes up; in the stratosphere, 
tiie temperature first remains constant over a considerable interval and 
increases later on. The boundary between troposphere and stratosphere 
is located at an average height of 12 km, at the poles it is lower tha n at 
the equator. For minor altitude differences the assumption of constant 
temperature may be maintained. The pressure and density distribution 
resulting in this case is well known under the name of the barometric 
formula. Since this formula is of general interest, it will be derived directly 
from the fundamental Eq. (5). 

On setting P, = —g and writing (2) in the form 
P-Cfc C-5&, 


we obtain from (5) 
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This gives on integration 


(13) 


log p = -Cgz + log p 0 , 


' ' o r u * 'O r 

where Po is the pressure at the ground (z = 0); on solving for p, one has 

(14) p = p 0 e~ c ° l = pte-*’ 1 '**. 

The same formula holds for the distribution of the density [comp. (12) or 

p/po = v/v«\- 

(15) p = p 0 e 


-pgz/RT 


According to (13), the altitude may be read directly from a barometer if 
the instrument is furnished with an appropriate scale. 8 

One can interpret Eq. (15) in the sense of a sedimentation equilibri um 
of the air masses. It was Jean Perrin who successfully applied this idea 
to make a laboratory model of the atmosphere using a homogeneous 
emulsion of mastic droplets in water. His aim was to determine in this 
way a fundamental constant of atomic theory. That this can be done is 
evident as soon as p in Eq. (15) is replaced by Lm , where L is Losc hmi dtV 
(or AvogadroV) number, i.e. the number of molecules per mole, and m 
is the mass of the single molecule; mg would therefore be the molecular 
weight in the proper sense of the word. Eq. (15) then becomes 

(15a) p = Pl) c- Lmoe/HT . 

While it is impossible to measure directly m of an actual molecule, Per¬ 
rin’s model gas permits of a direct determination of its m (c.g. by weighing 
a sufficiently large number of mastic droplets). Eq. (15a) can then be 

8 Eq. (14) or (15) can be derived from the general Eq. (0) or (9a) by making n ap¬ 
proach the limit 1 and using 


c* = Liin 


(> + £)'• 


•Sometimes one uses the term “LoschmidtV number'* in the sense of the number of 
molecules per cm 3 and distinguishes it from “AvogadroV number" = number of mole¬ 
cules per mole, a definition of LoschmidtV number that was proposed by Boltzmann in 
a memorial address for Loschmidt. (L. Boltzmann, Populiiro Schriftcn, Leipzig 1905, 
p. 243). It is true that Loschmidt had focused his attention only on the first of the two 
numbers which he was able to estimate by several gas-kinetic methods, but he could 
have easily derived the second from the first number on the basis of AvogadroV law. 
Yet one must admit that not even the crudest estimate of the order of magnitude of 
either one of the numbers was within AvogadroV reach, if one considers the general 
state of knowledge of his time. Since the number of molecules per mole is a fundamental 
constant of all atomic physics, it appears reasonable to give a characteristic name to 
this number alone. Should it not bo the name of the man who was the first to devise 
methods for its determination? 
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used for a determination of L if the densities p and p 0 have been observed. 
The value obtained by Perrin in this way is 68 X 10 22 , which is remarkably 
close to the value L = 60.2 X 10 22 accepted today. 

When we introduce in (15a) instead of R the gas constant per molecule 10 

(15b) Jb = |, 

the exponential in (15a) becomes 

(15c) e - m " /kr = e - v/hT . 

Note that V stands here for the potential energy of a mass point m that 
has been elevated to the altitude z in the field of gravity. The right member 
of (15c) is called the Boltzmann factor ; it involves a specified energy V, 
but its physical meaning can be extended to the energy states of any 
physical system and represents, generally speaking, the relative prob¬ 
ability of such a state in reference to a standard state of equal temperature. 

The Boltzmann factor is fundamental in all statistical investigations; 
the purpose of this short digression into atomic theoiy has been to point 
to its connection with the elementary barometric formula. 

Since the molar weight /* occurs in formula (15), a possibility arises 
to separate heavy from light molecules in a mixture of gases by sedimen¬ 
tation. Practically, this cannot be done in the field of gravity, but a 
centrifugal field may be effectively used for that purpose. 

The potential of the centrifugal force (4) per unit of mass is 

(16) F= -|rV. 

According to (7) we have for the quantity CP 
(16a) (p = const + |rV. 

Here we assume w to be constant [as in (6.9a)] all over the inside of the 
centrifuge. On the other hand, the integral CP for an isothermal gas or 
mixture of gases is found from (6b) and (12) 

(17) (P = — /’^ = ^i og i. 

Here p 0 is the pressure at the axis of the centrifuge (r = 0), and the con- 

10 Usually called Boltzmann's constant although Planck, following Boltzmann's 
ideas, was the first to introduce it definitely. 
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stant in (16a) vanishes. From (16a) and (17) the pressure distribution 
inside the centrifuge is obtained: 

< 18 > 108 v, - sf • 5 r (l w)- 

The pressure is seen to increase exponentially with increasing r. 

Consider now a mixture of two gases with molar weights p x and / u 2 . 
Eq. (18) gives two different partial pressures p x and p 2 with two different 
constants p QX , p 02 that depend on the mixing ratio. The total pressure is 
p = Pi + p 2 . According to Eq. (18), the partial pressure that belongs 
to the larger molar weight increases more rapidly than that belonging 
to the smaller p, when r increases. Since for a given temperature the 
pressures and densities change proportionally, the heavier component of 
the mixture is concentrated in the proximity of the circumference of the 
centrifuge. The numerical magnitude—or rather minuteness—of this effect 
for air (21% 0 2 ,79% N 2 ) will be the object of problem II.2. 

As in the incompressible case, we may consider gravity in addition to 
the centrifugal force; the gravity potential —gz is then to be added in 
Eq. (16). Instead of (18) we have 

(19) p - p 0 exp [~gz + \ rV)}. 

The surfaces of constant pressure (hence constant density) are again 
paraboloids, but p 0 is now the pressure at the particular paraboloid 
gz = rV/2, from which the other isobaric surfaces are obtained by an 
upward or downward translation. Note that there does not exist a free 
surface toward vacuum (p = 0) since the exponential function does not 
become zero for finite values of the argument. 

Design and construction of centrifuges of enormous efficiency have 
become possible through the researches of Th. Svedberg. The speed of 
these devices which now are commercially available under the name of 
ultracentrifuges goes up to 100,000 r.p.m., the strength of the centrifugal 
field reaches 750,000g. One of the purposes of these machines is to sort 
protein molecules (molar weight about 30,000). Their principal field of 
application is in colloidal chemistry and biology where the objects of 
investigation are approximately incompressible mixtures of liquids rather 
than compressible gases. 

8. The State of Stress of an Elastic Solid 

The mathematical characterization of tho stresses in a solid body is 
complete when the stress is recognized as a symmetrical tensor of second 



00 MECHANICS OF DEFORMABLE BODIES 

order. In other words, it must be shown that the array of stresses 



/ 




Gxx 

<T xy 

<Txn 

<J — 

&VX 

c vv 

<T yz 



<T ty 

b 


is symmetric about the principal diagonal, 
^ o'** = cr yx t etc., 


[H.8] 


and that the components transform in the same way as the squares and 
products of the coordinates in passing to another Cart esian system [cf. 
Eq. (4.6)] 


The symmetry can be easily inferred from the condition of moment 
equilibrium. Let us first set up the moment about the 2 -axis which acts 
on the volume element with the sides Ax, Ay, Az, cf. Fig. 10. The normal 


\ a yy 



Fig. 10. The symmetry of the strain 
tensor. The resulting moment of the shear 
forces must vanish. 



Fig. 11. Illustrating the equilibrium of 
forces acting on a tetrahedral volume 
element. F denotes the area . 


stresses do not contribute anything to this moment since their vectors 
intersect with the 2 -axis. Consider now the tangential stresses cr x „ and 
(r vx indicated in the figure. The corresponding forces transmitted to the 
volume element and the aims of these forces are 

o 311 d <r yx AzAx, i Ay * 

A 


<r xu AyAz, 
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For the signs of the resulting moments refer to Fig. 10, observing the 
convention that the direction of a stress component be indicated by its 
second index, when it acts on a “positive” surface element (cf. p. 38). 
The sum of the moments due to <r £V and <r ue then becomes 

( 2 ) — «■»*)• 

This does not take care of the contributions of the shear stresses 
acting across the “negative” x- and ^/-surfaces of our volume element. 
Let a f xu and <r£ x be these stresses; on expanding the first in terms of Arc, 
the second in terms of A y, one sees immediately that <r xv = and 
Gux = Pyx if terms of the order Ax and Ay are neglected. The contributions 
of these stresses to the moment about the s-axis is therefore once more 
the quantity (2) if only terms of the order of magnitude At are retained. 
An additional external force F (per unit of volume) will in general also 
be present; its moment is | F | Arl where the arm l is of a smaller order 
of magnitude than the side length [see 6, after Eq. (4)]: it cannot possibly 
balance the reactive moments. Thus the equilibrium condition requires 
that the expression (2) vanishes by itself, but this is identical with the 
first symmetry condition in (1). The other two follow in the same way 
by considering moments about the x- and y- axes. 

The proof of our second point, the te?isor character of the stress , is more 
involved. It must be based on the vector character of the reactive forces 
that are transmitted across a surface element, just as the corresponding 
proof for the strain tensor was based on the vector character of the dis¬ 
placement. 

Wo first set up the conditions for the equilibrium of forces acting on 
a tetrahedron, three faces of which coincide with the coordinate planes 
while the fourth is formed by a plane of arbitrary normal direction n 
(Fig. 11). Let the area of the oblique face be F n , and F x , F v , F f the 
areas of the faces lying in the planes x = 0, ?/ = 0, 3 = 0 and consider 
these areas as projections of F n : 

(3) F m = F n (ios (n, x), F v = F n cos (n, y), F M = F n cos (n, z). 
The equilibrium condition for the ^-direction is then 11 

(4) F n a nx = F x a xx + F v <r vx + F 9 <r 9X , 
which because of (3) may bo written 

(5) _ & 1 U = <Xl<?xx + Plfux + 71<Tmx • 

ll One checks with the aid of Fig. 11 that F m , F v , F» arc negative x-, y-, ^-surfaces; 
hence, in the total ir-force, the terms with factors cr xx , <r vx , c aro originally negative. 
In Eq. (4) they have been transferred to the right side with the 'positive sign. 
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Here , 71 have been written for the direction cosines in (3) as indi¬ 

cated in the following scheme: 



n 

t 

t' 

X 

a 1 

Oi2 

<*3 

y 

0 i 

02 

03 

z 

7i 

72 

73 


Eq. (5) expresses the ^-component of the stress acting across the n- 
surface. The y- and ^-components can be determined analogously by 
setting up the equilibrium conditions for the y - and 2 -directions. One 
obtains 

( 6 ) (T nv = OL\(T tv “f“ (3i<T vj/ 7 l &*v 1 

(7) <r n * = ai<r x * + /Sjo-y, + 7 icr sg . 

The normal stress on the n-surface results now from (5), ( 6 ) and (7) by 
projecting the stress vector 

( 8 a) <7 nas i + cr nv k + <r ns l 

on the n-direction. The projection equals 

c«n = OLi<r nB + Pi<r nv + 7i(r ng 

(8) 

— + Pit?™ + 7i flr «* + 2a i/3i(T xu + 20i7 i<r ys + 27 i«i <r tx . 

The directions t and t' already introduced may be realized as the legs of 
a right angle lying in the n-surface in an otherwise arbitrary position. 
We now project the stress vector ( 8 a) also upon the directions t and t' 
and obtain the tangential or shear stress across the n-surface, resolved in 
a tr and ^'-component: 

<r n i = OL 2 (T m + p20nv + 720*th 


( 9 ) = OLiCt2<r xx + Pip2<r vv + 71720 -.. 

+ (01^2 + ai&Vzy + ( 71^2 + ]S 1 72 )<?VB + («i72 + OL 2 yi)<Tzz 

(for c ni > , change subscript 2 into 3). When numerals are introduced 
instead of the subscripts x , z and n, t f tl and a ik is written for the nine 
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direction cosines, (8) and (9) and the corresponding relation for <T ni > can 
be written in the condensed form 

^0) <r<* = Z S 0 £ { ia im (ri m . 

I m 

This equation contains no reference to the size of the tetrahedron and 
gives, therefore, normal and tangential stresses acting across an arbitrary 
n-plane through 0 in Fig. 11. Its full significance is obtained if we dis¬ 
regard the particular roles of n f t , and t r . Eq. (10) is then seen to express 
the stresses acting on a cell parallel to the arbitrary orthogonal triad 
n, t } t f by the stresses on a cell parallel to x, y , 3 . 

Since (10) has the form of the tensor transformation formulas as 
derived for the strain tensor in (4.5), we may from now on refer to the 
stress tensor and visualize the state of stress in the neighborhood of a 
point by means of a stress quadric (elipsoid, hyperboloid, etc.) Magnitude 
and direction of the principal stresses are determined by the principal 
axes of the quadric. Any state of stress can be represented for a sufficiently 
small neighborhood of the field point as the sum of three mutually “orthog¬ 
onal” tensors of simplest structure, viz. unidirectional tensions or com¬ 
pressions in correspondence with Helmholtz’s theorem for the strains in 
1 Eq. (16). 

In setting up the equilibrium condition for the infinitesimal tetrahedron 
in (4), only the reactive forces transmitted through the surfaces, but no 
body forces have been considered. This is justified since the contributions 
of the latter are proportional to the volume while the stresses have the 
order of magnitude of the areas of the faces. The situation is different if 
we now turn to the equilibrium of external and internal forces for a small 
rectangular cell* We want to establish a relation that is analogous to the 
fundamental equation (6.4) of hydrostatics. To secure equilibrium in 
x-dircction as in (0.3) wc have to consider the contributions of the normal 
stresses acting on the positive and negative x-surfaces and, in addition , 
those due to the tangential x-stresses across the positive and negative 
y- and z-surfaccs; the latter do not occur in hydrostatics. The sum must 
be balanced against the contribution of the body forces represented, per 
unit of volume, by the vector F. This yields, after cancellation of the factor 
At = AxAyAz , the equilibrium condition 


d<?xz i 

dx dy 


+ F x = 0 . 


The corresponding equations for the y- and 2 -directions are obtained by 
“rotating” the letters. Note that in (11) the F term has the same sign as 


| *Sinco the area terms duo to opposite faces now cancel [cf. the remark following 
Eq! (2)]. 
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the stress derivatives while in (6.4) the signs were opposite. The reason 
is obviously that the positive sign now denotes a tension, while it denoted 
a pressure previously. 

The triplet of equations that corresponds to ( 11 ) reads in condensed 
form: 

(12) Div a- + F = 0. 

The symbol Div stands for “vector divergence”; it derives a vector from 
a tensor while the operation div, formally explained in the same way, 
derives a scalar from a vector. In the general tensor analysis, where 
tensors of arbitrary order are considered, certain operations that decrease 
the order of a tensor are studied. The present case occurs there under the 
heading “differentiation with subsequent contraction ”. 12 

The definition of the symbol Div contained in (12) is obviously limited 
to Cartesian coordinates. It can be generalized for arbitrary orthogonal 
systems by the introduction of the limit of a surface integral as in ( 2 . 20 ). 
Enclose the field point, at which the p-component of the divergence 
vector associated with the tensor field a is to be calculated, in a closed 
surface / with outward normal n. The generalized definition of Div is 
then 

(13) Div* a = Lim -- f ar nP df 

At—*0 AT J 

where At is the volume enclosed by f, and <x np the component of the stress 
that acts across the n-surface element, taken in the direction p. 

In the particular case of Cartesian coordinates we take for At the 
rectangular cell Aa;, Ay, Az, and verify the new definition (13) in the 
same way as in the argument leading from Eq. ( 2 . 20 ) to ( 2 . 20 a). In the 
general case of orthogonal coordinates [cf. Eq. ( 2 . 22 )], the surface / is 
again chosen as the boundary of the curvilinear rectangular cell giApi , 
g,Ap a , 0 3 Ap 8 . The component of the vector divergence in the direction 
dp* follows from (13) as 

1 ) S d d 1 

(14) Div*. <r = —— I ~7~~ (QzgzVlk) + ({730102*) + T~~ ( 010203 A;) f • 

QiQzQz \PVi vP2 J 

The meaning of <r ik is, of course, the component of the stress in the direction 
of dpk acting across a surface element that is perpendicular to the direction 
of dpt 

To obtain the h th component of the equilibrium condition the expres¬ 
sion (14) must be augmented by the component of F acting in the direction 

“Cf. Appendix I-IV. General tensor ajialysis has been developed to serve as tho 
adequate mathematical language of the general theory of relativity. 
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of the coordinate p k . This sum replaces the left member of Eq. (12) in 
the case of general coordinates. 

But the conditions of equilibrium are not sufficient to determine the 
tensor field a from the vector field F, since the tensor has six independent 
components while Eq. (12) is only equivalent to three scalar equations. 
The three missing equations are not supplied by the conditions of the 
moment equilibrium as one might be tempted to believe, since that 
condition has already been exploited in establishing the symmetry of 
the stress tensor. For the determination of the stress tensor the strain- 
stress relations must be used as will be done in the following 9. 

In this connection one may ask for supplementary conditions which 
together with (12) would ensure that the six quantities a represent a 
physically possible state of stress. Fho answer is found in the conditions 
of compatibility. The same question could have been asked in the case of 
the strain field, since the six functions « depend on the three displacement 
components f, v, f and, of course, may not be chosen arbitrarily. 13 

In conclusion we have again compiled the more frequent notations for 
the stress tensor: 


This book 

Many American 
authors 

Love and many 
English authors 

Kirchhoff and 
Planck 

Some English 
authors 

Engineering 

usage 



*VV 

<r„ 

&xu Oyx 

8 * 

II 

W 

*a 

Ogx — <Tx* 

T x x 

T uu 

r tl 

T*u Tyx 

Tya — T zy 

T *x == Txm 

x t 

n 

z. 

II 

Z y = Y, 

x. = z. 

-X, 

-Y. 

-z. 

* 

1 

II 

1 

~Zy - ~Y. 

-X, = -z 

p 

Q 

It 

s 

T 

u 

<r* 

IT, 

o. 

H 

II 

T va — T IV 

Tmx = T xx 


9. Strain-Stress Relations, Elastic Constants, Elastic Potential 

In the present section the loads are supposed to be sufficiently small 
so that second and higher powers of the stress and strain components 
may be negl ected. Then the general form of the relations between stress 

ls Of. Love, Mathematical Theory of Elasticity, -1th «!., Cambridge, 1927, op. 49 
and 135. 
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and strain components becomes linear. Hooke, a contemporary of Nowton, 
was the first to state this “law”, although in simpler formulation. About 
the limits of the linear law (proportional and elastic limits) some remarks 
will be found in Chap. VIII, 39. 

We further assume that the elastic body is isotropic: its physical 
properties should be the same in all directions. Now it is well known that 
the structure of most solids such as minerals, metals and engineering 
materials in general is crystalline or microcrystalline. The following 
analysis refers therefore to “volume elements” that are large compared 
to the microstructure of the material, that is, what we call a volume 
element contains a great number of irregularly oriented microcrystals. The 
elastic properties of macroscopic crystals will be discussed in Chap. VIII. 

A volume element cut parallel to the principal axes of the stress 
ellipsoid makes a convenient starting point for our analysis. The three 
pairs of faces are subjected to the principal stresses cr, , <r 2 , v 3 while shear 
stresses c ih do not occur. It is then a first consequence of the assumed 
isotropy, that the shape of the volume element after loading is still rec¬ 
tangular. Thus there are no angular changes, the shear strains e, t are 
zero, and the state of strain consists in pure extensions along the principal 
axes cf the stress ellipsoid. Hence the principal axes of the stress quadric 
coincide with the principal axes of the strain quadric. The principal ex¬ 
tensions will be denoted by «, , e a , «s , as in (1.14). 

. Now by the proposed linearity of the stress-strain relations the fol¬ 
lowing relation between a stress component and the strain components 
is implied: 

(1) 0 i = a«! + be 2 -f c«s • 

Since no axis is preferred,, two further equations must be obtainable 
simply by rotation of the subscripts: 

(1&) 0a = a>e j -|- be 3 -j- ce 1, ca = ae$ -f- be* -1- ce a . 

Again for reasons of isotropy, c must equal b, in Eq. (1), otherwise the 
directions (2) and (3) would not be equivalent with regard to the stress 
<r, . It is convenient to rewrite (1) by adding ±be, , viz. 

ci = (a — b)e 1 + 6(«! + e 2 + e»), 

or, with a change in notation 14 

(2) <T X = 2/xei + X(« x + « a + «a). 


“Replacing the factor of «i in Eq. (2) by 2/i is an advantage, as will be seen below 
[Eqs. (16) and (18)]. 
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On introducing the same notation in Eqs. (la) the triplet (1) and (la) 
reads in condensed writing 


(3) <Ti — 2 + X(ci + 6 2 + € 3 ). 

To find the general form of (3) (i.e., for a volume element of arbitrary 
orientation) is our next task, and now the transformation rules (1.22) 
and (1.22a) are needed. They are general tensor equations and valid for 
the strain as well as for the stress tensor: 


(4a) t„ - <*?«, + aje 2 + alt 3 , e xy = a,&e, + a 2 /S 2 € 2 + ct 3 P 3 «s , 

(4b) a xx = + a 2 <r 2 + ala 3 , a IV = a^fhai + « 2( 8 2 <r 2 + a 3 p 3 a 3 . 

In (4b) wc substitute for a , according to (3) and obtain with the aid of 
(4a) 


<r »* — + X ( a ? + « 2 + a 2 )(€ 1 + «2 + e 3 ), 

(5) 

axv = 2^ie xl( + -f- a 2 /3 2 + <x 3 /3 3 )(e L e 2 + e 3 ). 

On observing that Z « 2 = 1, Z afi = 0, and 6 = e , + « 2 + « 8 = e „ + 
«»» + , (5) may be transformed into 


a xl — 2 /ie xx -|- X(e xl -f- e yy + e„), 


( 0 ) 


<Txv = 2 Ht xv . 


or, in condensed writing, 18 

(7) c<* — 2^ea + X5<*0 

hki. (7) is the general form of the stress-strain relation for an arbitrary 
volume element. 

The converse relations are easily found: Summing the first triplet (6) 
gives 

2 = a xx + a yy + a„ = (2 n + 3 X)(e M + e yy + €,,). 

This permits one to express the first scalar 0 by the first scalar 2. On 
reintroducing 2 in (6), one has at once 


"For So, aw Eq. (22a), 
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«*r 



2,u -f- 3\ 


= 2+ V S 


(6a) 





^/X 


or, condensed, 

(7a) = 2/jL'cr ik + X^,** 2. 

These are the general strain-stress relations and the constants appearing 
in (7a) are, in terms of ju and X, 


(7b) 



X' 


1 X 
2 n 2/i -f- 3X 


Eqs. (6) and (6a) show that the isotropic elastic body has two elastic 
constants which are physical characteristics of the material of the body 
and depend on the temperature. An anisotropic crystal has more than 
two elastic parameters; depending on the character of its asymmetry 
there may be up to 21 elastic constants, as will be seen in Chap. VIII. 
The quantities X and /z, introduced by Lam6, are known as Lam&$ con¬ 
stants, or better, Lamp’s moduli. 16 For general investigations they are the 
most convenient characteristics of the elastic behavior, but their physical 
meaning is not immediately obvious. The quantities X and /x will now be 
expressed by two other constants that refer in a straightforward way to 
the simplest type of tension or compression experiment. 

A vertical prismatic bar with cross-section F , the upper end of which 
is rigidly fixed, is subjected to a load P that acts at the lower end. Let 
the load P be uniformly distributed over the end cross-section. The 
tension across the end section (and across any other parallel section) is 
<r = P/F ; cr is a principal stress since no side forces, and therefore no shear 
stresses, are active. The associated principal extension e equals AZ/Z, 
where l is the length of the bar and AZ the displacement of the end cross- 
section. It turns out that the ratio of stress to extension is a constant of 
the material , that is, it is independent of P, F, and Z, as long as the loading 
is not excessive. This ratio is denoted by E and known as Young’s modulus 17 


10 It stands to reason to have two different words for the coefficients of the stress- 
strain and those of the strain-stress relations. Following Voigt, the former, like (X, /*), 
could be called moduli , the latter, like (X', /*'), constants of elasticity [cf. 40]. 

introduced 1807 by Thomas Young, the same who discovered the interference 
of light. 
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or modulus of elasticity. Thus, for a bar under tension, we have 


(8) E = = , 

€ 

where E has the same dimension [force/area] as a (e is dimensionless). For 
steel and wrought iron an average value of E is 2 X 10° kg.-wt./cm 2 . 

Elongation, however, is not the only response to the loading that can 
be observed in the tension experiment; actually, it is always accompanied 
by a contraction of the cross-section. It is this same contraction which 
we notice on a much larger scale when a rubber band is stretched, and we 
take it as the natural adaptation of the material to the loading. Denoting 
the contraction, which is the same for all fibers of the cross-section, by 
— e', in this case a positive number, we define quite generally 
e / 

(9) ~ ~ = v or, using (8), «' = - jjj <r. 

The quantity v is also a constant of the material. It is called Poisson’s ratio 
of transverse contraction to longitudinal extension. 18 

Poisson not only introduced this number, but actually determined 
its value as £, on the basis of a rather limited molecular theory. Modern 
lattice theory of the solid state has again taken up this problem and 
improved on Poisson’s calculation; one of the results is that there is no 
universal theoretical value of v. In engineering applications the accepted 
value for iron is v = i/m = 0.3. 

When the bar is under compression instead of tension, longitudinal 
contraction is accompanied by transverse dilatation, but E and v remain 
the same in spite of the changes of sign that have occurred, provided, of 
course, that the loading is within the elastic limit (see also 39). 

We now apply what we have learned in the simple tension experiment 
to analyze the general state of stress, which we consider as a superposition 
of three unidirectional stresses in the principal directions; the effect of 
each stress is the same as in the bar problem. Because of the linearity of 
all occurring relations we may superimpose the stresses as well as the 
associated strains. However, the extension along the principal axis 1 is 
not solely determined by the stress <ri but in addition (if considered as a 
transverse contraction) by the stresses acting in the principal directions 
2 and 3. In this way one obtains from (8) and (9) 


_ <ri v f , x 1 + v 

1 “ E ~ E (<7li + ** = ~W~ 


^ (o* x + (T 2 + 0- 3 ) 


18 Tho preferred letter for Poisson's ratio in American and English literature seems 
to bo <r. 
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or, in condensed writing, 


( 10 ) 


1 + v v 
€< -~ *‘~E 2 


On summing the relations (10) for i = 1, 2, 3, one has 
(10a) * - - l - “ - - E 




E 


2 = 


1 - 2v 


e, 


and by substituting 2 in (10) the result 

aob, '-rk(*+rM 

is obtained. The relations which we wish to find result from a comparison 
between (10b) and (3). This leads to 


( 11 ) 


= - \ = 

1 + v ’ (1 + *)(1 - 2 v ) ’ . 


which express Lam4 s parameters by E and v whose physical significance 
is more immediate. 

Let us now take up another particularly simple case of a stress field, 
viz. equal pressure in all directions as it is realized, e.g., inside the cylinder 
of a hydraulic press. Both the stress and the strain ellipsoid are now 
spheres [see also 4 after (11)]: 


<r, = er 2 = <r 3 = -p, 2-3p, = - | | 0 |. 

Eq. (10b) gives in this case 


( 12 ) 


„ _ jgjej 
V 3(1 - 2v) • 


We define now in analogy to (8) a modulus of compression K by the 
equation 


08 ) K = rh 

I © I 

and infer from (12) and (13) at once 


(14) 


K _ 1 E 
K ~S~ 


2v ' 


The incompressible case 0 = 0 corresponds to K = » or v = This 
value represents the upper limit for the possible values of Poisson’s ration 
For v > £ the behavior of the body becomes unstable: its response to an 
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external pressure would be an increase of volume (0 > 0) instead of a 
decrease. 

We conclude this discussion with another particular stress field, that 
of pure shearing stress. Take a rectangular parallelepiped, the ^-surfaces 
of which are free of stress while the shearing stress <r xv = <r yx = r acts 
across the x - and ^/-surfaces. Our example is one of plain stress, that is, 
the stress field is independent of z and can be represented by simply 
drawing a cross-section parallel to the x-y -plane as in Fig. 12a. The 



lia. 12a. Change of shape in pure shear Fia. 12b. The principal stresses in pure 
loading. shear loading are equal and opposite. 

deformation due to r changes the original rectangle into a rhomboid, one 
pair of right angles being diminished, the other pair increased by the 
angle y. The stress quadric is, like the strain quadric in pure shear (cf. 
4 Fig. 4a, b), a cylinder parallel to the 2 -axis the basis of which is an 
equilateral hyperbola. The principal axes form an angle of 45° with the 
x- and ^/-directions and the two principal stresses are numerically equal 
and of opposite sign: <r 2 — — tr x ; <r a is, of course, zero. This is a consequence 
of the invariance of the first scalar of the stress tensor, 2): for the element 
considered originally (Fig. 12a), <r xx = - <r„ - 0 by hypothesis, hence 

an element cut parallel to the principal axes must take tension and com¬ 
pression in equal amounts to make again S = <r x + <r 2 = 0. 

The state of pure shear stress serves to define the shear modulus which 
we provisionally denote by (?, a notation generally accepted in engineering 
practice. In partial analogy to (8) and (13) we set 

(15) G - 1 . 

7 

The analogy is not complete: the denominators in (8) and (13) represent 
the extension and (cubical) compression that correspond to the stresses in 
the numerators, but in the present case, (15), the denominator is the 
angular change produced by the stress that stands in the numerator, and 
this change is twice the strain component obtained according to the defini¬ 
tion (1.25). 
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To find G, that is, to express it by the elastic constants already intro¬ 
duced, we go back to the general relation (6), <r„/2e xv = n, which reads 
in our present notation r/y = jtt. Thus (15) and (11) yield at once 


(16) 


G = m 


1 E 

2 l + v ' 


The shear modulus G is identical with Lamp’s modulus u so that the notation 
0 is no longer needed. Also the name torsion modulus is in use for this 
constant because of its significance for the problem of torsional waves 
(see p. 107) and the torsion problem of a bar, 42. 

We are now able to determine completely the stress from the equilib¬ 
rium condition (8.12). This problem was posed at the end of 8, and it 
was pointed out that the three equilibrium conditions were insufficient 
for a complete determination of the six stress components cr ik . But if 
we express the <r ik by the and write for the e,* their original definitions 
(1.11) in terms of the displacements, we obtain three equations just suf¬ 
ficient to determine the displacement vector. 

That is an easy job if Cartesian coordinates are used. The rr-com- 
ponent of the vector divergence in (8.12) transforms, according to the 
stress-strain relation (6), into 


Div* cr 



d^yx I A 
dy dz) 


+ x *e 


which becomes, on going back to displacements by means of (1.11), 


ae 

dx 


This is easily rearranged into 

(17) Div* cr = mV 2 £ + (/x + X) — . 


On substituting (17) in the equilibrium conditions (8.12) and rotating the 
letters we obtain finally 
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These three fundamental equations determine the displacement vector £, ij, £ 
everywhere in the interior of the body if its behavior along the body surface 
is determined by appropriate boundary conditions. When the £, y, f have 
been found, the e follow by differentiation and the a by way of the stress- 
strain relations. Thus Eqs. (18) are the definitive differential equations of 
clastic equilibrium. The quantity y occurs in (18) without the factor 2, 
which again indicates that the choice of notation in Eq. (9.2) was to the 
purpose. 

Eqs. (18) arc limited to Cartesian coordinates. If we wish to write 
them in general coordinates, we have to inteipret the symbol V 2 as grad 
div - curl curl according to (3.10a). On denoting the displacement 
vector £, y, f by 3q as in (4.17)-(4.28), the legitimate vectorial form of 
Eq. (18) is obtained: 


y grad div 5q — y curl curl 5q + (y -f X) grad 9 + F = 0, 
Instead of div Sq we may write 0 and obtain 


(19) (2 y + X) grad 0 — y curl curl 5q + F = 0. 


The transition to general coordinates pi , p t , p 3 is now governed by the 
general expressions (2.24)-(2.26) for grad, etc. Setting P = curl Sq for 
brevity, one has immediately 


( 20 ) 


(2 ' + x > 4 i 






M / dfifaPa _ dgsPV) 

0203 \ dp2 dp 3 J 

H /dgjPi _ dg 3 P 

\ dp 3 dp, J 

fj / dff 2 P 8 _ dffiPA 

QiQi \ dPi dp» / 


+ P. = 0, 
+ F 2 — 0, 


+ f 3 = 0. 


The quantities O and P that occur here have according to (2.25) and 
(2.26) the meaning 


(20a) 


1>i = »(4 .~ i , !si 


The boundaiy conditions to be added to Eqs. (18) or (20) may refer 
either to displacements or to stresses, or, as in the problem of 44, partly to 
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the one and partly to the other (mixed boundary value problem). When the 
displacements are prescribed along the entire surface of the elastic body by 

(21) £ = £o, v = Vo, f = To, 

where £ 0 , Vo , fo are point functions given along the surface, the boundary 
value problem is similar to that of potential theory (p. 25) but consider¬ 
ably more complicated. In order to prescribe the stresses one assumes a 
system of external forces distributed over the surface of the body in the 
form F = f do so that the “surface density” f of the external forces is a 
finite point vector given along the surface. The surface stresses developed 
by the body must be balanced by the given vector f everywhere on the 
surface. Hence we have for each surface element with normal direction n 

(21a) (T nz + f x = 0, (T nv + /„ = 0, <r ng + /* = 0. 

In the particular case that no external forces act on the surface, the 
boundary conditions become 

(21b) 0"nx &ny = O’na = 0* 

Such is the case for the sides of the bent beam in 41 or for the bar in 
torsion in 42. When the components of a are expressed by the {, 77, f in 
(21a, b), three boundary conditions result for the first derivatives of the 
£, V) T* Thus the integration problem is similar to that of the second 
boundary value problem of potential theory (cf. problem I, 5), but again 
considerably more difficult. 

The uniqueness of solution of the problems mentioned, in particular 
for a simply connected body, can be proved as in potential theory essen¬ 
tially by an application of Green’s theorem (cf. p. 25). In such a proof, 
homogeneity of the material, hence uniform temperature, and strictly 
elastic behavior arc assumed. In reality, however, internal stresses are 
present even without external loads: they are caused by imperfections of 
the casting, inhomogeneous cooling etc. and are a constant source of trouble 
for the engineer; in applied elasticity, they constitute an unknown element 
which makes the strict uniqueness proofs of the mathematical theory 
somewhat unrealistic. 

We turn now to the energetic aspect of the stress-strain relation and 
determine first the strain-energy function. The calculation proceeds again 
in Cartesian coordinates y ) z and displacement components £, 77, f . 

Consider the two s-surfaccs of the volume element At = Ax-Ay-Az 
while an infinitesimal increment of the displacement 


£> V, £ —> £ + d£, V + &V, {■ + 



[II.9] 


STATICS OF DEFORMABLE BODIES 


71 


is imposed on the strain field. The work done by the stresses across the 
negative and positive x-surfacc is, in the same order, 

d\V x = — ( a xx di; + or xu dri + <r ja df) AyAz 

and 

dW x+ b X = + (a TX d£ + <j xu drj + g xx d£)AyAz 


+ “f" &XV drj -f - o‘ T g dfyAxAyAz. 

The algebraic sum of the two expressions is clearly the second line of the 
second equation. On adding the work done by the external force F in 
x-direction, one obtains 

(22) + a™ di) + (t X 3 d£) + F x d^AxkyAz. 

Two analogous expressions are obtained for the work done in the dis¬ 
placement of the y- and 3-surfaces. On adding all three contributions and 
carrying out the indicated differentiations, the terms that contain the 
(not differentiated) factors d£, drj , df cancel the F-terms, if we make use 
of the equilibrium condition (8.12). The work dW per unit of volume is 
thus found as 

**--* S+^g+^l+^f+t) 

(23) 

■MS+i*)+^(g+f> 

In this calculation we have employed the symmetry of the stress tensor 
and the fact that dd£ (the gradient of the incremental displacement) is 
commutative with dd% (the increment of the gradient of the displace¬ 
ment) (cf. -1, Fig. 5; (l here corresponds to S there). Eq. (23) can be written 
in the form 


dW — g xx de xx + (T yu de vu + c S2 de 2S + 2 g xv de xu 
(24) 

+ %G V9 d€ V3 “f“ 2O' tx (l€ zx = ) ! y 1 Gib d^ijf , 

i k 


when the strain tensor is introduced. 

It is possible to express relation (24) in terms of the strain tensor 
alone, by means of the stress-strain relations. Substitution according to 
(7) yields the form 

(25) dW = 2 M ZE Km de ih + X0 d0. 

i k 
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This expression is a total differential as long as the “constants” X and /x 
remain truly constant in the process of loading. We may then speak of a 
strain-energy function, without referring to the particular way of loading 
that starts from the (stress-free) initial state and leads to the final (stressed) 
state. In other words, the strain-energy is a function of state . It reads in 
terms of the strain components: 

(26) ? = (.!! e ik +1 e 2 . 

As a function of state, W must be independent of the particular choice of 
coordinates x, y, z. This can be seen immediately through the following 
rearrangement: 

L = ( e ll 4" <22 4" £ 3 s) 2 

4" 2(«12 4" <23 4“ <31 <11<22 <22<33 <33<ll) 

= e 2 - 2A, 

where A is the second scalar of the strain tensor, as explained in Eq. (4.9). 
Thus, instead of (26), we have the invariant representation 

(26a) W = 2,1 2 X 02 " 2mA - 

A more symmetrical expression for W which also makes the invariance 
evident is 

(26b) W = | £ Z • 

The right member in this equation is the simplest simultaneous invariant 
of the two tensors <r and e. On expressing a by « or vice versa [Eqs. (7) or 
(7a)] one obtains the quadratic forms 

(27) W(e) or W{o). 

The first is, of course, identical with (26), the second can be obtained 
from (26) by formally replacing «, 9 by o, S and ju, X by /, X' from (7b). 

The factor § that occurs, e.g., in (26b) is in obvious connection with 
Hooke’s law, that is, with the assumed linear relation between stress 
and strain. 

From the quadratic forms (27) the stress and strain components can 
be reobtained; they are the partial derivatives of the energy W with 
respect to the corresponding strain and stress components: 
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For this reason, the negative strain-energy W is also called the elastic 
potential per unit of volume. 

We have already observed that /jl and X are temperature-dependent 
parameters. If the temperature is kept constant while the load is applied 
(isothermal transition), then /x and X are true constants, and the preceding 
determination of W is correct. If on the other hand the transition is carried 
out without heat transfer to or from the individual volume elements of 
the body (adiabatic transition), then the strain energy can again be 
shown to be a function of state, but the “adiabatic” values of ji and X 
are different from the “isothermal” ones. This difference is, as one would 
expect, especially noticeable in the gaseous state and will be discussed 
in 13 when the velocity of sound is calculated. In the more general case, 
as in a body with non-uniform temperature distribution, the strain energy 
is not a function of state , but depends on the path of the transition; the 
elastic potential does not exist. 


10. Viscous Pressures and Dissipation 9 
Particularly in Incompressible Fluids 

The following analysis is based on an assumption about the nature of 
the viscous forces which, in the special form to be discussed first, is due 
to Newton. Let the velocity of the fluid u(y) be everywhere parallel to 
the z-axis, increasing in some way with increasing y. The reactions due 
to viscous friction that arc transferred through a surface normal to the 
2 /-axis arc, according to Newton, proportional to the velocity gradient, 
the factor of proportionality ju depending on the nature of the fluid. We 
refer the reactive forces to the unit of area and designate them as frictional 
or viscous pressures. Newton’s assumption then is 



The minus sign as well as the notation p V£ requires some explanation. In 
Fig. 13 a surface aSVS has been indicated which, relative to the lower part 
of the fluid, is a positive ^/-surface, since the outward normal points in the 
direction of the positive 2 /-axis. The fluid above SS } flowing faster, tries 
to take with it the fluid below SS] the upper small arrow in Fig. 13 repre¬ 
sents therefore the retarding action exerted on the upper fluid body by 
the lower one. Either arrow should be designated by <r vx if we were to use 
stresses in our analysis, the upper one representing the detraction 
across a +?/-surface, the lower one the —z-traction across a -^-surface. 
We use pressures, however, and this explains the minus sign in Eq. (1); 
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is negative for the positive ^/-surface (since du/dy is positive) and posi¬ 
tive for the negative y-surface. 19 

Our aim is to generalize Newton’s formula for the case of an arbitrary- 
fluid flow. To do this we must go back to the fundamental theorem of 
kinematics of 1, which deals with the resolution of an infinitesimal dis¬ 
placement into translation, rotation, and deformation. The first two, as 
we know, correspond to rigid body motions and cannot .involve internal 
friction. The friction is entirely due to the third part that can be de- 



Fig. 13. Transfer of friction pressures in 
laminar flow. Newton’s hypothesis. 


scribed in terms of the strain tensor €. Now, in a fluid the time rate of 
displacement rather than the displacement itself is the physically im¬ 
portant quantity (see 5, p. 39), accordingly, we shall not consider €, 
but e as responsible for the friction. In anticipation of the result of the 
subsequent discussion we assume now: 


Pik = —2}j.e ih , r = x, y, z. 

k J 

The factor of proportionality ii which has already occurred in (1) char¬ 
acterizes the internal friction and is called the coefficient of viscosity . The 
value of fi depends on the nature of the fluid and changes very strongly 
with the temperature (in liquids, increasing temperature makes decrease). 

We show first that the set (2) is equivalent to (1) for the special flow 
of Fig. 13 where 

u = u(y ), v = 0, w = 0. 

Applying (1.11) and the array (1.12) to the deformation velocities u, v, w 
rather than to the deformations £, 77, we obtain 


l0 Cf. the footnote onjp. 39. 
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0 

1 du 

2 by 

0 


1 du 

2 dy 

0 

0 


0 

0 

0 


and the content of Eq. (2) reduces to the following equations which are 
identical with (1): 


~ ^ ^ ; 

the other p a vanish. 

Assumption (2) is in agreement with the tensor-analytic principles 
consideied in the preceding article. This is at least true for incompressible 
fluids, and we wish to limit the validity of (2) to that case. Then 0 = 0 
by (5.1), and the stress-strain relations (9.7) become identical with (2) 
as soon as the stresses are replaced by the pressures (change of sign) and 
the strains by the rates of strain. Hence one would conclude from the 
uniqueness of the stress-strain relations that a tensor-invariant relation 
between p and e other than (2) cannot exist. (The physical meaning of 
the viscosity coefficient y has, of course, nothing to do with Lamp’s 
modulus y in the last article.) 

First, however, the following point must be clarified: in the theory of 
the elastic solid we were able to show by an equilibrium consideration 
that a is a symmetric tensor. The corresponding argument is questionable 
in the case of the viscous tensor p, since the necessary transition to a 
sufficiently small volume clement is no longer legitimate in the present 
case, as we shall see below. Suppose then one would admit the possibility 
that 

Pih 5 ^ Phi • 

Now, an unsymmetric pressure tensor could always be resolved into a 
symmetric part p and an antisymmetric part ir such that 


Phi — Phi and Tji, = — T k i . 

The latter may be represented by an (axial) vector [cf. Eq. (1.12a)] and 
can bo invariantly connected only with a quantity of the same char acter 
The vortex velocity « is such a quantity, and it is the only one that can 
bo used. One would then have to postulate a static-kinematic relation of 
the form 


(3) 


5T<* = ~ KUih . 
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Hence to admit the possibility of the asymmetry of the viscous tensor p 
amounts to the acceptance of a “vortex friction” as in (3), but this con¬ 
cept is inadmissible since it leads to a nonsensical result even in the 
simplest case. 

Suppose a drum filled with some viscous liquid is made to revolve 
about its axis. The liquid starts to rotate at the circumference of the drum 
and the motion is gradually communicated to the bulk of the fluid. While 
this goes on a moment is required to overcome the internal friction of the 
liquid in addition to the moment required for the acceleration of the 
moving mass. In the steady state which is finally reached, the angular 
velocity is everywhere the same; at least, one may safely consider this 
as the final state since no experience points to the contrary. The liquid 
rotates as a rigid body and surely no moment is needed to sustain the 
motion if bearing friction etc. is disregarded. In contrast to that, Eq. (3) 
contends the presence of friction also in the steady state. Originating in 
the fluid, the friction would be conveyed to the drum and would have to 
be balanced by an external moment. 

This whole discussion is of a phenomenological nature in accordance 
with the general point of view taken in this volume, and the same is true 
for the preceding tensor-geometric considerations. The deformable medium 
is being considered as a continuum and no attention given to the molecular 
origin of the stresses or pressures. The molecular theory of compressible 
fluids will be dealt with in the kinetic theory of gases. It furnishes a direct 
explanation of the fnctional pressures in terms of the transport of mo¬ 
mentum by thermal motion or, as it is sometimes put, in terms of the 
diffusion of momentum. Such a theory is physically altogether more 
profound; for compressible fluids it leads of necessity to the relation (21) 
between pressure and rate of deformation, 20 which will be found at the 
end of this article. That more general relation comprises (2) as a special 
case if the fluid is incompressible (9 = 0 = 0). On the other hand, the 
gas-kinetic concepts do not directly apply to incompressible fluids, that 
is, not unless arbitrary additional assumptions are made. There is, how¬ 
ever, no doubt that also in the incompressible case the single volume 
element is exchanging momentum with more distant volume elements, 
and that this constitutes the physical cause of fluid friction. But it is just 
this idea of interaction by exchange of molecules that is in contradiction 
with the transition to an isolated small fluid element as in 8. 

In addition to the frictional pressures and superimposed on them, there 
is a uniform normal pressure of the same nature as the pressure in the 

a>Cf. in particular the critical remarks of E. Fugs, Z. f. Physik 118, 409 (1941) and 
121, 58 (1943) which start from ideas of Maxwell and Boltzmann, like most investiga¬ 
tions in that field. 
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fluid at rest when the external force F is present. We denote it by p as 
before (no subscripts, since it is a scalar), although it is not identical 
with the hydrostatic p (see below). The total pressure tensor is then 

P ”1” Pxx j Pxv ) Pxa 

(4) P = Vvx , P + Vw 9 Vv* 

,P*X, Pay j P+P** 

Wo are now ready to state the relation that is the analogue of the 
equilibrium condition (8.12). Although it is true that we are not con¬ 
cerned with an elastic body at restj but with a flow of fluid particles, we 
may first assume that (in the frame of reference under consideration) the 
motion proceeds without change of magnitude and direction of the velocity. 
Each particle is then in a state of mechanical equilibrium, and we can 
formulate an “equilibrium condition” also in the present case. It is 
modelled after (8.12) and reads (with the proper change of sign) 

(5) Div P = F. 

Here Div stands for the “vector divergence”, explained in (8.13) in an 
invariant way. Written in Cartesian coordinates, (5) takes the form 


dg 

+ 

dp xx 

+ 

dp vx 

+ 

dp, x 

F x , 

dx 

dx 

dy 

dz 

x y 

d2 

+ 

dp X y 

+ 

dj>vv 

+ 

dVsv _ 


dy 

dx 

dy 

dz 

* V 9 

§2 

dz 

+ 

dp x , 

dx 

+ 

dPvM 

dy 

+ 

dz 

F, . 


These equations determine a steady fluid motion as soon as we express 
the six unknowns p ik through the three velocity components u, v, w by 
means of (2). We obtain first 


2^-p 1 


dx dy dy‘ 


d 2 u\ (a*w ,d*u\ 

&)- ,M \d7d'z + ~d?) = F " 


which reduces on account of the condition of incompressibility 


( 8 ) 

to 


du , ov , dw 
dx + dy + dz 


(8a) 


I - = F.. 
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The corresponding equations for the y- and 2 -directions are 
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(8b) 


% - »V'» = F, , 

g ~ ^ - P - ■ 


Eqs. (8), (8a), (8b) form a system of four equations for the four unknowns 
u, v, w, p. The pressure p is, of course, not equal to the hydrostatic pressure 
value, but is to be found from the quadruplet of equations simultaneously 
with the unknowns u, v, w. 

The same Eqs. (8)-(8b) can also be considered as approximate equa¬ 
tions for a flow where the particle accelerations do not exactly vanish, 
but are so small that their omission appears to be justifiable. This type 
of fluid motion—“creeping” one might call it—will be studied in 35, 36. 

In both cases (either exactly or approximately free of acceleration), 
boundary conditions must be added to the differential equations to specify 
a problem, but there is a fundamental difference between the boundary 
conditions to be imposed on a perfect and on a viscous fluid. While in the 
first case only the boundary condition v n = 0 is to be fulfilled and arbitrary 
tangential velocities v, may be admitted along the rigid walls, we must 
stipulate in the second case that the fluid adheres to the surface of the 
rigid boundaries. This implies, of course, that v, approaches zero con¬ 
tinuously in the neighborhood of the boundary, since a jump of v t would 
mean an infinitely large gradient of v t and, consequently, infinitely large 
values of the viscous pressures p nt . Experiments on the flow in narrow tubes 
(see below) have justified this form of boundary conditions which we state 
once more: 


(9) 


v n = 0, v, = 0. 


The fundamental difference between perfect and viscous fluids makes it 
understandable that the transition from small friction to the limit of 
vanishing friction is not without analytical difficulties. We shall come 
back to this point in 33 (Prandtl’s boundary layer). 

We now discuss the simplest application of the equilibrium conditions 
(8) and boundary conditions (9), viz., the classical Hagen-Poiseuille flow 81 
in a capillary tube. Let the horizontal tube have circular cross section 
with a radius o, so small as to make the flow proceed in straight stream 


21 G. Hagen, Poggendorffs Ann. 46 (1839). J. Poiseuille, Comp tea llcnduR 11 (1840) 
12 (1841). Hagon was superintendent of works in Berlin, Poiseuillc a physician in 
Paris. Both found independently the law (15), essentially by experimental investiga¬ 
tions. 
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lines parallel to the axis of the tube (for more details about laminar flow 
and the conditions of its stability, cf. 16 ). Whe n the axis of the tube is 
taken as 2 -axis and the distance r = •%/ y 2 + z 2 from the 2 -axis is intro¬ 
duced, the velocity distribution is 

(10) v = w = 0, u = u(r). 

Eq. (8) shows then that u is independent of x\ because of the cylindrical 
symmetry, u is a function of r alone. Gravity may be neglected in our 
case, hence the force F is zero. Eq. (8b) gives now 

(11) fj/ = fz = °> therefore p = p(x). 

Since the first term of (8a) depends only on 2 , the second only on r, and 
their difference is zero, either term must be a constant, say —A. Thus 
we have 


(u.) £--*• 

According to this, the constant A is the pressure gradient along the tube, 
or, if multiplied with the length of the tube l, the pressure difference n 
between beginning and end of the tube. We substitute for V a w its value 
in cylinder coordinates (problem 1,3) and note that there is no dependence 
on <p and on the axial coordinate: 


1 d du 

V u = - t r T • 
r dr dr 

The conclusions following from (11a) are then 


d_ du 
dr dr 


A du A r* . ~ 

-- r, r- t-=-, + 

n dr n & 


Here C\ must vanish since otherwise du/dr would become infinite for 
r = 0. A second integration yields 


(12) M =-|V + C 2 . 

The constant C 2 is to be determined from the boundary condition (9) 
which now reads 


(13) u = 0 for r = a. 

The liquid sticks to the wall of the tube . There is no doubt that (13) is correct: 
it follows unequivocally from the observations and holds for water as 
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well as for non-wetting liquids such as mercury on glass. According to 

( 12 ), 



so that (12) takes the form 

(14) u = ^ (a 2 - r 2 ). 

The velocity profile is parabolic (cf. Fig. 14). The particles that are at the 
time £ = 0 on a plane cross-section, lie at t > 0 on a paraboloid of rotation 

Fia. 14. Laminar flow in a capillary tube; 
the liquid adheres to the wall, the velocity 
profile is parabolic. 



the vertex of which travels in the direction of the flow while the points 
of contact with the wall remain fixed. 

The volume discharge Q per unit of time is 

(15) Q = 2t r ur dr = £ - a 4 . 

Jq O jLt 

This formula has served as the basis for most determinations of viscosity 
constants in the last hundred years. The velocity of flow averaged over 
the cross section 


( 16 ) 


_ 0 A. 2 

V>m — 2 — q Ot 

ira Ofi 


is half the maximum velocity u max , [Eq. (14) with r = 0]; the pressure 
loss follows from (15) and (16) as 


(17) n = 8/d ^ . 

The pressure loss due to friction is proportional to the mean flow velocity 
and inversely proportional to the square of the radius. This law which, in 
modified form, is also correct for other laminar flows (cf. problems II, 3 
and 4 and Figs. 19 and 19a on p. 121) is in characteristic contrast to 
the law for turbulent flow (see 16) where the pressure loss is approximately 
proportional to the square of the average velocity and inversely proportional 
to the radius of the tube . 

We turn to the discussion of the energetic aspect of viscous flow. To 
calculate the work done by the friction forces we can use Eq. (9.22) as a 
starting point. Replacing the stresses a by the pressures p (change of sign) 
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and the virtual displacements di\, d{, by the quantities udt, vdt, wdt, 
which now are actual motions occurring in the time element dt, we obtain 
in place of (9.22) 

fa [(P + P--t) u + p, v v + p x ,w] + F x u^dt AxAyAz. 

This is the work done by the uniform pressure p and the friction pressures 
Pa on the a;-faccs augmented by the work of the ^-component of the 
external force. On adding the corresponding expressions in y and z and 
carrying out the differentiations, the resulting expression can be reduced 
by applying the conditions of equilibrium and incompressibility (6) and 
(8), and becomes after division by dlAxAyAz 


du dv dw 



This energy is, as it were, abundant, it has no mechanical equivalent 
since no energy is needed for the maintenance of a steady fluid motion; 
it must therefore appear in the form of heat. Expression (18) thus represents 
the heat produced by friction per unit of time and of volume (dissipation ). 

Introducing a notation similar to the thermodynamic usage, we desig¬ 
nate by dq the heat transferred to the unit of volume during the time dt. 
Using the definition of the strain components e it in (1.11), we can trans¬ 
form (18) into 

(19) ^ = " Z E • 

On applying the relations (2) between the p it and the e (k , we obtain for 
the dissipation 

(2°) § - 2m r e &. 

The quantity dq defined by (20) is, of course, not a total differential like 
the clastic dW of the corresponding equation (9.25), whence there is no 
thermal variable of state J dq that would correspond to the elastic strain 
energy (9.20). 

In conclusion wo wish to point out very briefly the changes which 
the foregoing considerations require in the case of compressible fluids. 
In the first place, comparison with the stress-strain relations in the form 
of (9.7) shows that the assumption (2) should be replaced by 

(21) Pik = 2g€<* X8<»6 
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because of 0 = 0. Thus we have a second coefficient of viscosity, 32 X, 
which is associated with the rate of dilatation 0. 

The equilibrium conditions (5) and (6) remain valid, if only F is re¬ 
placed by pP as in (7.3), but the form (8a) of these conditions must now 
be changed to 

(22) f x - pV 2 w - (m + X) £ e = P P X . 

This equation together with the two others that are obtained by rotating 
the letters, and the equation of continuity (5.4) determine the four un¬ 
knowns u, v, Wj and p provided that a p,p-relation is prescribed. That 
the present set of equations is more involved is seen even in the case of 
the Hagen-Poiseuille problem for gases; one does not obtain an equation 
for u as above, but two simultaneous equations for u and p. As for the 
dissipation (20), it changes, as one would expect, to 

(23) ff = 2p Z Z & + X6 2 . 


“No further determination of this quantity is intended here. In the literature one 
finds usually X = — 2/x/3 on the basis of a gas-kinetic argument valid for monatomic 
gases (Enskog, Uppsala thesis, 1917). It is not difficult to draw the general conclusion 
from (21) that in the case of uniform compression an isotropic frict ional pressure of the 
magnitude (2/x/3 + X) • 0 arises. The number 2/x/3 + X can therefore be designated as 
volume viscosity, in distinction from \x which could bo called laminar viscosity. Accord¬ 
ing to Enskog the volume viscosity of monatomic gases is zero, but* t he generalization 
of this result to gases whose molecules contain more than one atom is not justified. 
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II. Euler 9 s Equations for a Perfect Incompressible Fluid 

The transition from statics to dynamics is accomplished by adding the 
inertial resistances to the external forces in accordance with d'Alembert’s 
principle. The inertial resistance of a particle with mass Am is 


A dv A dv 

— Am 37 = —p Ar — . 
dt dt 


Hence the inertial resistance per unit of volume becomes 


This quantity must be added to the external force per unit of volume F 
in the equilibrium conditions (6.4) if one wishes to obtain the equations of 
motion. Transposing the inertia term (1) to the other side of the equation, 
we have 


( 2 ) p + grad p = F. 

Here one must carefully distinguish between the total or material 
acceleration dv/dt and the local acceleration dv/dt. Take for instance the 
^-component of the velocity u(x, y , z , t). While the particle moves through 
ds = idx + j dy + kdz in the time dt, the change of u is 

jl, du j. du j du j . du , 
du = Tt dt + d'x dx + Ty dy + 

where the particle coordinates x, y, z are to be considered as functions of 
t. Accordingly, the material acceleration in ^-direction along the path 
dx — udt, dy = vdt, dz = wdt becomes 


(3) 


du du , du , du , du 

7f = Tf +,l Tx + “T s + w te’ 


and the difference between material and local acceleration in ^-direction is 


(3a) 


du 

dt 


du du . du 
81 ““to + ’SJ 

83 


. du 

+ “5 


9 
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the meaning of the local acceleration being the rate of change of the 
velocity at a specified, point of the flow. To illustrate the difference by 
an example, take the steady flow through a pipe of varying cross-section. 
Let the axis of the pipe coincide with the cs-axis; then we are mainly 
concerned with the velocity component u. By hypothesis the flow is steady: 
hence du/dt = 0 everywhere, but by no means da/dt. On the contrary, 
the velocity of flow increases where the pipe becomes narrower and de¬ 
creases where it widens. The difference between the two accelerations is 
given by the right member of (3a), in particular, by the first term because 
of the assumed preponderance of u. The terms on the right side of (3a) 
are often called the convective terms of the acceleration. 

Writing (2) in Cartesian components by means of (3) and the corre¬ 
sponding expressions obtained by rotation of letters, one finds 


(4) 



. du , dll . 

+ u -—H v— 4- w 
dx dy 


i dv , dv , 

+ “ai +« 


. dw . dw , 

+ “to +0 aF + “ 



The fourth differential equation is the condition of incompressibility 


(4a) 


— I — _L 

dx dy dz ~ 


The quadruplet of equations (4), (4a) constitute Euler’s equations 1 of 
perfect fluid motion. The pressure p is not to be confused with the hydro¬ 
static pressure; it appears as the fourth unknown beside it, v, w. 

It suggests itself to abbreviate Euler’s equations by writing them in 
the symbolic form 

(5) p(|^ + (v grad))v + grad p = F, 


whore the symbol (v grad) could be replaced by (vV) as on p. 23. But 
this form is misleading as soon as ono tries to use it, as it stands, for non- 
Cartesian coordinates (see problem III, 1). The operation grad applies 
only to scalars and must not operate on vectorial quantities. We may, 

Leonhard Euler (1707-1783). His first two papers on the equilibrium and motion of 
fluids appeared 1755 in Vol. 11 of the Berlin Academy, a later treatment 1770 in Vol. 14 
of the Petrograd Academy. 
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however, define the pseudo-vectorial symbol (v grad) v by explaining it 
through a legitimate vector formula. The definition we have in mind reads 

(6) (v grad)v = grad — v X curl v. 

In fact, the ^-component of the first member of (6) can be rearranged 
in the form 


„ du . du , du 
dx dy dz 


- If (■ U 2 +V* + w*) + M - 

2 dx ^ 1 ^ \dy dx) T \dz dx) 

which establishes right away the identity with the ^-component of the 
second member of (0). The corresponding relations for the y- and z- 
components follow by rotating the letters. 

Now we may replace Eq. (5) by 

(7) p(| j - ▼ X curl v) + grad (p ^ + p) = F. 


Adding the condition of incompressibility 
(7a) div v = 0, 

we have obtained Euler’s equations in invariant form that can be special¬ 
ized for any sort of curvilinear coordinates (e.g. polar coordinates) by the 
use of the expressions for grad, div, and curl in (2.24)-(2.26), or of the 
ready formulas in the tabulated solutions of problem I, 3. 

Considering the mathematical character of Euler’s equations we notice 
immediately their non-linearity which distinguishes them from the many 
linear equations of mathematical physics, as e.g. in potential theory, heat 
conduction, electrodynamics, etc. The non-linearity which is caused by 
the presence of the convective terms 


du . du , du , . t 2 

U dx + V dy + W dz etc ’’ or ▼ X curl v + grad -j 

makes the integration incomparably more difficult, for we can no longer 
use the principle of superposition of solutions by which more general 
integrals are found in the form of a combination of particular integrals. 
The integration of Euler’s hydrodynamic equations is thus a considerably 
more difficult mathematical problem than, for example, that of the seem¬ 
ingly more complicated equations of Maxwell in electromagnetic theory. 
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Only in the case of irrotational flow is it possible to give immediately 
a first integral of Euler’s equations. The condition is 

(8) u = | curl v = 0; 

it is sufficient that Eq. (8) be fulfilled at a certain time instant only, since 
in an inviscid fluid it then remains permanently fulfilled as will be shown 
in Chap. IV. 

We shall at first consider a still more restricted case, viz. steady flow, 
so that 


(8a) 


§V 

dt 


0 . 


It is further assumed as in (6.5) that the external force F has a potential 

(8b) F -grad U. 

Then (7) becomes 

grad (p |r + V + u) = 0 
and can be integrated to 
(9) p ^ + p + U = const 

which is Bernoulli’s famous equation.* It was found before the discovery 
of Euler’s equations by an argument which could be considered as an 
anticipation of the energy principle. For Bernoulli, no other potential 
energy than that of gravity would count; with U = pyz (z pos. upwards), 
Eq. (9) would read 

(9a) o + * + Q z = const. 

* P 

Bernoulli’s equation is the most important theorem in elementary 
fluid dynamics and finds application in the solution of numerous technical 
problems of turbine design, aerodynamics, etc. The first term of Kq. (9) 
is the kinetic energy per unit of volume, the third term the potential 
energy of the external force, again per unit of volume. The pressure p in 
(9) appears, as it were, as the potential energy of internal forces that axe 
active in the unit volume cell and account for the dynamic interaction 

*Daniel Bernoulli, Hydrodynamica, Strasbourg 1738. This work contains also the 
first attempt at a molecular theory of gases and the first treatment of the bonding of a 
beam (cf. 41). 
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between neighboring incompressible fluid elements. A deeper mathematical 
interpretation of p will be the object of the next article. 

Let us now illustrate the physical content of (9a) by some simple 
examples. Imagine a tank filled with liquid having an orifice at the level 
of the bottom. Let the free surface be z = 0 and the bottom z = —A 
As long as the orifice is closed, v = 0 everywhere in the tank and p = 0 
at the surface (where p denotes the overpressure relative to the atmos¬ 
phere). The constant in (9a) is then equal to zero, the pressure p = pgh = 
7 h at the bottom and is identical with the hydrostatic pressure in 6. 
When the orifice is opened we may assume that, at the surface, v remains 
approximately zero so that const = 0 as before. But since p is now zero 
also at the orifice, Eq. (9a) gives for z = —h 

(10) v - \/2gh 

as in the case of a freely falling body. This is the well known content of 
Torricelli’s theorem. 3 

Another example is the steady flow through' a horizontal tube of 
variable cross-section. Since the volume flux through each cross section is 
the same for an incompressible fluid, v increases with decreasing cross 
section and vice versa, as already observed on p. 84. (The present v is 
essentially the same as the axial component u there). According to (9a) 
the pressure must exhibit the converse change; this is easily demonstrated 
if the tube is furnished with a series of vertical open manometers in which 
the liquid is allowed to rise. The levels in the manometer tubes indicate 
the variations of the pressure along the tube, showing smaller pressure 
when the cross-section is smaller. The comparison with the behavior of a 
crowd of people trying to force their way through a narrow passage is 
inevitable: the way the fluid does it is more rational. 

The following little experiment which can be improvised at any time 
may also serve as an illustration of Bernoulli’s equation. Put a piece of 
paper (say 2X2 inches) on your left hand and hold the second and 
third finger of your right hand closely above it. Blow now vigorously 
through the narrow slit formed by the two fingers against the center of 
the paper. Contrary to expectation, the paper is not pressed against the 
left hand but lifted toward the fingers of the right hand where it remains 
floating for some time. Explanation: the air that emerges between the 
fingers and the paper flows in a channel of increasing cross section (cf. 
Fig. 15). Its velocity decreases, hence the pressure increases. At the end 
of the channel there is atmospheric pressure, p Q , hence the pressure in 


^Torricelli was a pupil of Galilei, ho lived before Bernoulli's time and could not 
have used Bernoulli's equation in obtaining this result. 
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the channel p < p 0 • Since underneath the paper there is atmospheric 
pressure p 0 , an overpressure To — p acts from below, or as one might 
also put it, there is suction from above. When this experiment is carried 
out on a larger scale with a jet of compressed air directed against a plate 
that is constrained to move normal to the jet, then the plate can be heavily- 
loaded, e.g., with one’s own weight. 

In this experiment and in the preceding one we have applied Ber¬ 
noulli’s equation to air, although the formulation given in (9) is only 
correct for incompressible fluids. Yet the error caused in this way is not 
very great as long as the velocity of flow is not too largo. In general, the 


A A A ' 
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Fig. 15. Suction produced by blowing against a 
piece of paper through tho slit formed by two 
fingers. The paper is not blown away but lifted 
toward the fingers. 


corrections due to compressibility are small when the velocity of flow is 
small compared to the velocity of sound (cf. 13, and Appendix). 

We have still to set up the generalized form of Bernoulli’s equation 
in the case of a non-stcady flow. Accordingly, wc drop assumption (8a), 
but maintain (8) (irrotationality) and (8b) (F has a potential). Now (8) 
is the necessary and sufficient condition for the expression udx + vdy + 
wdz to be a total differential, hence wc may put 

(11) udx + vdy + wdz = —d$ 


and call $ the velocity potential. Then 


u = 

or, more briefly, 


3# 
dx ’ 


v 


a# 

dy ’ 


w 


a$ 

dz ’ 


(12) v = — grad $ and therefore also — = — grad . 

at at 


It will be noticed that the negative sign in (11) and (12) is unessential; 4 
it is put in only to maintain the analogy with the potential of a force as 
in (8b). 

Because of div v = 0, <h satisfies the potential equation (3.17) 

(13) V s <f> = 0. 


4 Its use has, in fact, beon discontinued by many authors. 
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On account of (8), (8l>), and (12), Euler’s equations (7) take now the form 

(14) grad ( — + u) = 0> 
which is integrated to 

(15) ” Tt + \ D * + p (p + U) = const - 

Here we have used the notation (3.9c) for the first differential parameter. 

Eq. (15) is the generalization of Bernoulli's equation for non-steady 
motions. Like (9), it is a first integral of Euler’s equations. Since (15) is 
found by spatial integration of (14), the constant in (15) is certainly 
independent of x, y , z, but it may in general still depend on the time. 
In other words, const is a function of t that has a uniform value for all 
points of the fluid. It must be found from the boundary conditions which 
may very well change with time. It will be noticed that this time de¬ 
pendence can be included in the definition of the velocity potential <£ 
since the potential equation (13) determines only the spatial, but not 
the temporal behavior of $>. 

So far we have only considered the case of irrotational motion ; the 
question remains what can be done in the more general case where curl v 
is not zero. 

A glance at equation (7) shows that also in this case integration becomes 
possible if one integrates in the direction of a stream line 7 or, in the non¬ 
steady case along the field line of the vector field v. When this is done, the 
integral over the second term of the left member of (7) vanishes since 
v X curl v is perpendicular to v and does not contribute anything to 
the integration. If we, moreover, maintain conditions (8a) and (8b)- 
(steady flow in a field of force that has a potential) Eq. (9) is still correct, 
but in a different sense: the constant on the right side has no longer a 
uniform value for the entire space filled by the fluid, but changes from 
one streamline to the next . We shall call the equation (9), if understood in 
this sense, the modified Bernoulli equation. Its generalization for non¬ 
steady motion will not be discussed here. 

12. Derivation of Euler 9 s Equations from Hamilton 9 s Principle 
The Pressure , a Lagrange Multiplier 

There is no doubt that the concept of pressure in an incompressible 
fluid presents certain difficulties to the physical understanding. The 
pressure is considered a variable of state, but is denied any influence upon 
the way in which the fluid occupies the space, a difficulty, which is not 
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present in a compressible fluid where the pressure determines the density. 
We shall therefore try another approach toward understanding the con¬ 
cept of pressure in the case of an incompressible fluid, using the ideas of 
Hamiltonian mechanics. 

We subject the mass particles of our fluid in motion to a virtual dis¬ 
placement 

5S = 5£, 5ry, 5f, 

which must not violate, however, the condition of incompressibility, 
0 = 0 (1.24). The expression 

® ®=f+f+f- di ^ s 

must therefore vanish. This can be taken care of by providing (1) with a 
Lagrange multiplier X and adding it to the integrand of Hamilton’s prin¬ 
ciple. This we write in the form of Eq. (33.10) of Vol. I and obtain 6 

(2) dt J dr(ST -(- SW H- XS0) *■ 0. 

The integration with respect to dr refers to the entire volume of the fluid. 
The variation of the kinetic energy ST and the virtual work of the external 
forces 8W refer to the unit of volume in the same way as 50 in (1). Hence 
we have 


(3) T = | v 2 , ST = pv • 5v 

and obtain for the virtual work 

(4) SW = F-5S. 


In (3) we substitute for the actual velocity 


(4a) 


v 


ds 

dt 


and, accordingly, for its virtual variation 


(4b) 


5v = 


-dii _ d_ 
6 dt ~ dt 


5s. 


We now transform the term ST by partial integration with respect to t, 
observing that 5s vanishes at the limits < 0 and £, according to the operas 
tional rules of Ham i lton’s principle. Thus we obtain 


‘See Jeffreys and Jeffreys, op. cit., 10.06. 
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(5) £ pv-dYdt = J* pv* ~ 5s dt = — pf t -tedt. 

The last term in the integrand of (2) is transformed according to the 
relation 

X div (5s) = div (XSs) — grad X • 5s. 

On integrating and using Gauss’s theorem we obtain 


J X div (5s) dr = J X 5s„ da — J grad X* 5s dr. 


The surface integral on the right side will be taken up eventually; right 
now we are only concerned with 

(7) J X div (5s) dr = • • • — J grad X- 5s dr. 

Introducing (1), (4), (5) and (7) in Hamilton’s integral (2), we have 

(8) J* dt J dT^—p + F “ grad X^* 5sJ + • • • =0. 

Thanks to the introduction of the multiplier X the variation 5s may be 
chosen arbitrarily within the volume element r and the time interval t Q 
to t x ; but, with arbitrary displacements, Eq. (8) can only be fulfilled, if 
the volume and the surface integral vanish separately. Thus the factor of 
5s in the scalar product must be zero everywhere inside the domain of 
integration: 

(9) p % + 619,(1 x = F - 

This is Euler’s equation written in the form (11.2) provided. X is identified 
with the pressure p; hence from the point of view of general mechanics, 
the hydrodynamic pressure represents the reaction against the condition of 
incompressibility j since X was introduced to eliminate that condition. 
This corresponds to the way in which X was interpreted in the case of 
the spherical pendulum in Vol. I. Eq. (18.7) where the constraint was a 
rigid spherical surface on which the mass point had to remain. The multi¬ 
plier X turned out to be a measure of the force that keeps the mass point 
on the constraint. 0 In the present investigation, the condition of incom¬ 
pressibility has also been shown to have the character of a rigid constraint 
without energetic consequence; this may help to remove the difficulty 
associated with the concept of pressure in an incompressible fluid. 


•See e.g., Joos, G., Theoretical Physics, Ilafner, New York, 1934, p. 110. 
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We should, however, be able to base our argument on the usual form 
of the incompressibility condition and its variation 

(10) div v = 0. S div v = div 5v = 0 


rather than on condition (1). Retaining the expressions (3) and (4) for 
ST and SW, we rewrite Hamilton’s principle (2) in the form 


(10 



dr{pv* Sv + F- 5s + X' div Sv} 


0 . 


We have denoted the multiplier by X' to indicate that it is not identical 
with our previous X (if for no other, then for dimensional reasons). We must 
now transform the middle term in (11) so as to have the same independent 
variation Sv everywhere. We put 

(12) F = J Fdt 

and obtain 



in the last transformation Eq. (4b) was used and the fact applied that the 
terms, which occur in the partial integration and refer to the limits t 0 
and <i , vanish as before in (5). When we also transform the term with 
the factor X' as in (7), the volume integral in (11) becomes 

f t dtf dr(pv — F — grad X') • Sv. 

The same conclusion that leads from (8) to (9) leads now to 

(13) pv — F — grad X' = 0. 

It is only necessary to differentiate this equation with respect to t and to 
observe the meaning of F in (12), to reobtain Euler’s equations (p is, of 
course, independent of t because of the incompressibility). The result is 

(14) p ^ + grad p = F with p = - — . 

In this argument the pressure is again given by the Lagrange multiplier 
X' although in a form different from the one we had before. This should 
not be surprising in view of the remark following (11). 

We still have to consider the surface integral occurring in Eq. (0) 
which should give us the surface conditions required for the complete 
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determination of the pressure. On replacing \ by p and Ss n by Sv, the 
integral reads 

(1®) J p Sv da. 

Before continuing, we wish to broaden the physical basis of this argu¬ 
ment by considering another expression of the same structure as (15) 
which takes care of the cohesion of the fluid. In doing so we must for 
once resort to ideas taken from molecular physics. The fluid particles act 
upon each other not only with the pressure p (a consequence of their 
permanent volume as we may put it now), they also interact with their 
close neighbors through short range attractive forces which have their 
oiigin in the electrical structure of the molecules. For an inner vol um e 
element these forces cancel each other because they are in average di¬ 
rectionally uniform. Not so for an element adjacent to the surface, where 
these forces add up to a resultant N in the direction of the inward surface 
normal. If N is referred to the unit of surface layer, the virtual work done 
by N in the displacement Sv equals 

SW = —N da Sv. 

Thus there appears in Hamilton’s principle in addition to the volume 
integral over SW , in which the cohesive forces cancel, the surface integral 

(16) f SWda = - f N Svda. 

This and the surface integral (15) (which resulted from the condition of 
incompressibility) can be written as one integral, viz. 

(17) J (p — N) 8v d<r. 

According to Hamilton's principle the time integral of (17) must vanish 
together with the first term in (8), whence 

(18) dt J (p — N) bv dc = 0. 

The conclusions to be drawn from (18) can be arranged according to the 
following three types of possible boundaries: 

a) The fluid is bounded by a rigid wall. 

b) The fluid has a free surface; it is bounded by vacuum or air. 

c) The fluid is bounded by another fluid, e.g., oil above water, but the 
boundary surface may have arbitrary shape. 
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a) A rigid wall prevents the fluid from moving perpendicularly to it; if 
this be true for the real motion, it must also be valid for the virtual dis¬ 
placement. Hence bv = 0 and condition (18) is automatically fulfilled. 
The rigid wall does not provide a surface condition for the pressure . 

b) At a free surface bv is arbitrary. Eq. (18) requires then 

(19) V = N 

for each element da of the free surface at any time t. 

c) At the surface of separation between fluid 1 and 2 with hydrodynamic 
pressures pi , p 2 and cohesive pressures N\ , N 2 , we first require according 
to (18) that for any da and any t 

(20) (pi — N%)bvi + (p 2 — N 2 )8v 2 = 0. 

However, the contact of the fluids must not be disturbed by the virtual 
displacements. In other words, there must be 

Svi = — bv 2 , 

the negative sign originating in our convention about the direction of n. 
Thereupon (20) gives 

(21) Pi — p 2 = A"i2, Ni 2 =» N\ N 2 - 

Along the surface of separation of two fluids there is a pressure difference 
caused by the cohesive forces . It depends on the nature of the fluids and on 
the shape of the surface of separation , but is independent of the motion 
of the fluids. 

Thus not only the differential equations of the problem (in the present 
case Euler’s equations) follow from Hamilton’s principle, but also such 
surface conditions for the pressure as may be imposed, can be found in 
the same way; this will be taken up again in 17 (surface tension). 

13 . Euler’s Equations for the Perfect Compressible Fluid 
and Their Application to Acoustics 

The transition from statics to dynamics is made as before in 11 by 
adding the inertial resistance to the external force. We have found it an 
advantage in the compressible case, to refer the external force to the unit 
of mass rather than to the unit of volume, hence we should do the same 
with the inertial resistance which is then simply — dv/dt . Replacing P in 
the equilibrium condition (7.5) by P — ds/dt , we obtain 

g + igradp-P. 


(1) 
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These equations supplemented by the equation of continuity (5.4) 

(2) . + div (pv) = 0 

constitute Euler’s equations for the compressible fluid . The p,p-relation 
may be represented by the sufficiently general polytropic relation (7.1). 
The pressure p as well as the density p do now depend on x, y ) z, and L 
In acoustics we are usually concerned only with small oscillations of 
the air. The difficulties arising from the non-linear terms (11.3a) in Euler’s 
equations can then be avoided: we replace 

dv dv 

dt Dy * dt ‘ 

Quadratic terms must be kept, however, when we investigate, as in 37, 
shock-like phenomena such as occur in the firing of a gun. In the present 
case it is useful to take the normal atmospheric pressure p 0 as reference 
pressure for p ; p Q will then not occur in (1), since it is constant in space 
and drops out if the gradient is formed, while p has the character of a 
small disturbance of p {) . As we neglect terms of second order, we may 
write p 0 instead of p in (1) and in the second term of (2), p 0 being the normal 
density. In other words, wc consider p , the derivatives of p, and the 
components of v as small quantities. Finally, it is permitted in acoustics 
to neglect body forces altogether, i.e., to set P = 0. 

Thus we obtain the simple system of equations 

(3) Po |j + grad p = 0, 

(4) |£ + po div t = 0. 

Instead of grad p we may write 

(5) grad p = (|) o gi-adp = c 2 grad p, c 2 = (g) # , 

whore the constant c is related to the normal state of the atmosphere. 
On substituting in (3) wo obtain 

Ayr 

(6) p0 lit + c * grad p = °* 

We are now ready to eliminate v from (4) and (6). Taking the partial 
derivative of (4) with respect to t and substituting for p 0 dv/dt according 
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= c 2 div grad p = c 3 V 2 p. 
dt 


The same equation is valid for p, since grad p, and therefore V 2 p and 
d 2 p/dt 2 are equal to the corresponding expressions in p if the latter quan¬ 
tities are multiplied with c 2 [cf. (5)]. Thus 


( 8 ) 


djp 

dt 


= c 2 V 2 p* 


The same differential equation also governs the velocity field. It is, of 
course, not the velocity v that satisfies equation (8), but the velocity 
potential 4>, provided it exists. For, on putting v = —grad <£ according to 
(11.12), (4) and (6) become 7 

dp _ q* i 2 

af = p° v * *>• dT = cp - 

Here p can be eliminated by differentiation as before, and the result is 

(8) § - C-V*. 


Equations of the type (7), (8), (9) are called wave equations. They 
play a very important part in the fundamentals of mathematical physics 
in the form of the equation of the vibrating string (one-dimensional, V 3 = 
d 2 /dx 3 ) or vibrating membrane (two-dimensional, V 3 = d 2 / dx 2 + d 2 / dy 2 ). 

Our present problem reduces to the equation of the vibrating string 
if we consider a process that depends on one coordinate only. Eq. (8), 
for instance, takes the form 


( 10 ) 


dt 2 ~ C dx 2 • 


The integral of this equation can be given in the form of d’Alembert’s 
solution 


(11) V = Fiix + ct) + F 2 (x - ct) } 

where F 1 and F 2 arc real functions, entirely arbitrary except for certain 
continuity requirements (existence of first and second derivatives). In 
fact, any function of x d= ct satisfies the differential equation (10); the 


7 In the second of the two following equations a “constant,” independent of x t ?/, z 
but dependent on t should be added; it can be absorbed in tho definition of <I>, however* 
(cf. p. 89). 
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same is true for a linear combination of such functions thanks to the fact 
that we neglected the quadratic terms in Euler’s equations. 

Expression (11) is the general solution of the one-dimensional wave 
equation, since it can be adapted to an arbitrarily given initial state. Let 
it be required that for t = 0 

V = /lO), 

Then we have only to make 

Fx(x) + F 2 (x) = Mx), F[(x) - Fl(x) = j /,(*). 

c 

This gives directly 

( 12 ) fux) = | (m ± \ £ m «). 

The result is illustrated by Fig. 16 in which f 2 = 0 is assumed. Half of 
the initial pressure disturbance fi(x) moves to the right and half of it 
to the left, both travel without change of shape (undistorted, as one says) 
with the velocity c. The physical meaning of the constant c becomes now 
apparent; it is the velocity of sound . In Fig. 16 the initial disturbance is 



Fio. 16. Illustrating d’Alembert’s solution. The initial pressuro distribution (solid 
curve at the center) travels with constant velocity to both sides so that the ordinates 
of the two pressure hills arc half the original ordinates, the width being the same. At 
first, the two hills partly overlap, (dotted curve) later they leave an undisturbed space 
between each other (solid curves loft and right). 

represented by the ‘Thill” in the middle. A later state is illustrated by 
the half size pressure hills left and right. In terms of acoustics, the figure 
illustrates the propagation of a noise; the initial disturbance may have 
any shape as a function of the pressure being the same at all points of 
a plane normal to x. Or, in terms of the vibrating string, the string is 
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plucked (rather, distorted into an arbitrary plane curve) at the time 
t = 0 and then left alone. In the latter case we should have to complete 
the picture by adding the reflections that the disturbances suffer at the 
ends of the (finite) string. 

In acoustics of speech and music one is not so much concerned with a 
single but with a periodically sustained excitation of the air. Denoting 
the pitch (= frequency) by v = 1/r and introducing co = 2ttv, wc assume 
Fi and F 2 in the form of trigonometric functions 


(13) 


F 2 (x — ct) = a cos (kx — at + a), 
Fi(x + ct) = b cos (kx + at + p). 


(a and b are amplitudes, a and p phase constants, k = w/c = 2tt/\ is the 
wave number , that is, the number of waves on a segment of length 2ir). 
The plane wave F 2 travels in the positive and the wave Fi in the negative 
rc-direction. A superposition of the two waves results in a standing wave 
if the amplitudes a, b are equal. Note the formula 


<i4) 

First we wish to learn something about the actual motion of the 
particles whose oscillations constitute these waves. According to (5), the 
gradient of p has the same direction as the gradient of p, that is, the 
ztx-direction; the particle acceleration dv/dt points in this direction at 
any time according to (6), hence the vector v has the ±x-dircction. 
The direction of the oscillations coincides therefore with the direction of 
propagation (or with the opposite direction, depending on the phase): our 
waves are longitudinal ; transversal waves do not exist in perfect fluids . The 
process illustrated in Fig. 16 is, of course, also a longitudinal wave. 

Complex notation of periodic phenomena is the most convenient sym¬ 
bolism and very widely used today. When complex exponentials are 
substituted for the trigonometric functions, solution (13) takes the form 

Ae , A = ae ia , 

(15) 

Be -< (te+ «n, B = 6<T*. 

Physically meaningful is, of course, only the real part of cither expression; 
it agrees with the corresponding right member in (13). This leaves the 
sign of i still undetermined; it has been chosen in (15) so as to make 
the time dependent term in both expressions equal to One may even 
suppress the time factor altogether, and obtains then the following symbols 
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Ae %k *, a plane wave traveling in positive axiirection 

(15a) 

a plane wave traveling in negative r-direction 

This representation is valid for pressure, density and velocity potential 
with the correspondingly changed meaning of A and B. It will contribute 
greatly to shorten our formulas in Chap. V. 

Wc still have to say something about the numerical value of the sound 
velocity. Under the assumption of an isothermal change of state the poly¬ 
tropic exponent n equals 1. Then from (7.1) 


d2 = go 
dp p 0 ’ 


and by (5) 



On the basis of standard pressure and temperature we have (p. 44) 


p„ = 1033 X 981 


gr-wt 
cm scc a ’ 


Po = 1.293 X 10- s 3 . 


and consequently 


- Jpg xl 0- 55 - 280 -E- 

\ 1.293 sec sec 


Newton had already obtained this value whack is muck too small. The 
theoretical formula upon which he based his calculation is 


(16a) 


_ /Elasticity 

\ X 


Density 


which requires some clarification. Actually, the term elasticity means in 
the present case the same as modulus of compression. For an elastic solid, 
this is given by (9.13); the corresponding definition for a gas would be 

K= rln 


or, 


K = 


P 


dp 
dp * 


(16b) 
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Thus (16a) becomes 

C = 'fd L f > = ’ 

in accordance with definition (5). 

The question arises, however, whether the assumption of an isothermal 
change of state can be justified. It was Laplace who first noticed that 
heat exchange between the fluid particles should be practically impossible 
because of the rapidity of the oscillations; hence the change of state should 
be considered adiabatic. The polytropic exponent is then no longer 1 but 
1.4 (p. 50) and wo have from (7.1) 



The value of the velocity of sound takes up the factor y/lA and turns 
out to be 

(17a) c = y/lA X 280 = 332 — , 

sec 

in satisfactory agreement with the experiment. 8 

In conclusion we wish to generalize d’Alembert's method of inte¬ 
gration for a spherical wave. Let the origin of the wave coincide with the 
origin 0 of a system of polar coordinates r, #, <p , and assume a spherically 
symmetric distribution of pressure (no dependence on # and <p). The ex¬ 
pression for V 2 p (problem I, 3) is then 

F r dr 

and equation (8) takes the form 

d\rp) _ 2 d 2 (rp) 

~jr~ c 

Exactly as in (11) the integral is 

rp = F x (r + ct) + F 2 (r — ct). 

Any distribution of p and dp/dt given for t = 0 and r > 0 can be repre¬ 
sented according to this formula and continued for t > 0; the values of 
F 2 for negative argument must be adjusted so as to keep p finite for r = 0. 

^his difference in the two values of c, which is duo to a difference in illustrates 
well the fact that tho parameters of elasticity depend on the character of the change of 
state (sec end of 9), 
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Here again, we are mainly concerned with the periodic case which we 
now write according to (15), but without the time factor 

(18) p = ye ihr and (18a) p = ~ e“ ar respectively. 

The same representation is valid for p and 3>. Since the gradient of 
coincides with the r-direction the oscillation is longitudinal also in this 
case. 

Eq. (18) represents an outgoing spherical wave: the spherical surfaces 
of equal phase hr — = const travel away from 0 with a phase velocity 

dr _ w _ 
dt~ k~ c ‘ 

Such a radiation process can be considered as produced by a pulsating 
sphere at 0. 

On the other hand, (18a) means an incoming spherical wave. The 
surfaces of equal phase —kr — at = const travel with the velocity 

dr _w _ _ 

dt ~ k ~ c 

toward the origin, but this radiation pattern can hardly be realized phy¬ 
sically. 


Appendix 

Comparison of Compressible and Incompressible Flows. 9 

Since the analysis of flows of compressible fluids presents much greater 
difficulties because of the variable density, the question arises: when is it 
permissible to consider a compressible medium as incompressible within given 
limits of accuracy ? This means that a certain prescribed error is admitted 
for the quantity of interest which may be either p or p or v . 

We restrict the following discussion to steady flow and start from the 
equation of continuity. Cross-sections of stream filaments in the com¬ 
pressible case do not change in the same way as in the incompressible case, 
which is a consequence of the different form of the continuity equation, 
viz., div (pv) = 0 according to (5.4). On integrating the divergence of the 
mass flow over a stream tube between the small cross-sections F and F 0 
assumed to be orthogonal to the streamlines, one obtains by Gauss's 
theorem 


°Cf. also Prandtl-Tietjons, Fundamentals of Hydro- and Aeromechanics, McGraw- 
Hill, New York, p t 224 t 
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(19) pFv = poFoVo = const = M 

where v, v 0 and p, p 0 are the absolute velocity and density values at F 
and F 0 . 

In the incompressible case, (19) reduces to 
(19a) Fv = F„Vo = const = V. 

The quantities M and V in (19) and (19a) are the mass flux and the volume 
flux through the stream tube. 

We now compute the pressure in the steady flow of a compressible 
fluid and compare it with the pressure in an incompressible flow. Ber¬ 
noulli’s equation (with no other body force than gravity) is according to 
(11.9a) and (7.6b) 

(20) i(» s - vl) + g(h - h 0 ) + f* = 0, 

* Jpo P 

but in an incompressible medium one would have instead of (20) 

(20a) | (t> s - vl) + g(h - h 0 ) + ®^ = 0. 

Z f> 

The quantities without subscripts refer to an arbitrary cross-section of a 
stream tube while the subscript 0 denotes the reference cross-section of 
the same stream tube. The evaluation of the integral in (20) according 
to the polytropic assumption p — Cp yields 

[*d 2 ^ n fp _pa\ = n 2 ° |~M"’ _ 1 
J Vo P n — 1 \p Pa) n — 1 Pa LW 



Substituting this in (20) and solving for p, wc obtain first 
(21a) V = p„[l - ^ (» s - vl) + g(h - Ao)}]" 7 '""’. 

If we assume 

(21b) |(t» 2 - vl) + g(h - ha) , 

Ave may expand the right member of (21a) according to the binomial 
theorem and have 

(21c) ? = Po[l-g{|(^-t> 2 o) + ^-Ao)} + ^g{ }=*=•••} 
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If all but tlic linear term of the series are neglected, one reobtains the 
result (20a) as one would expect. 

Let us now estimate the error in the important case of the flow past 
a rigid body. The reference point p 0 , is assumed to be at a great distance 
from the body, and differences in altitude are from now on neglected so 
that h = ho . With a view to the later Figs. 46 and 48 we compute the 
pressure p at the stagnation point or simply the “stagnation pressure” 
p — p 0 . Since v — 0 [cf. also the definition of the stagnation point in 
(29.7)], we obtain from (21c) 


/y _ „ _ 1 2 , 1 Po PqVq _ 

P-P«-2 p ° Vo + top 0 — * 


Here we introduce the sound velocity associated with the polytrope under 
consideration. At the reference point which we identify with what was called 
the normal state in (13.17), the sound velocity is 


(21 d) 



Thus the previous equation takes the form 

(22) p - Po = | Po«*(h+|| T •••), 

and can be compared with (20a), which we now write 
(22a) P — Po = | Povl • 


The error incurred in computing the stagnation pressure from (22a) 
instead of from (22) amounts to 1% at the most if v 0 ^ 0.2c 0 . In the 
case of standard air (n = 1.4, c„ = 332m/sec) this means v 0 ^ 66.4 m/sec; 
if, on the other hand, an error of 10% is admitted, v 0 should be kept 
smaller than 0.63c 0 = 209 m/sec. These estimates have been carried out 
on the basis of the quadratic term in (22). 

The change of density associated with the pressure change is obtained 
from (21a) by the polytropic relation. The analogous expansion yields 

(23) P = Po(i - V ~2^+ •••)• 

We now determine the change of v along the stream tube. In the in¬ 
compressible case (20a) gives with h = K 

(24) v = -Jv + with Ap = po — p and P = Po • 
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On the other hand, (20) gives, with the last value of the integral (21), 

(24.) , = -s- _2 e_ S2 fa _ (£_y— 

v n - 1 p 0 L \pj J 


in the compressible case. On putting again p = p Q — Ap and expanding 
as before, one has 


(24b) 



which agrees with (24) except for the quadratic term in Ap. 

Returning once more to the stream tube cross-section in Eqs. (19) and 
(19a), we obtain by logarithmic differentiation of the equation of con¬ 
tinuity (19) 


(25) 


dp dF , dv 

7 + T + 7= 


Bernoulli's equation (20) with h = h 0 can also be written in differential 
form, viz. 


(26) v dv + ^ = 0, 

P 

and so can the polytropic equation: 

(27) & = n & . 

V P 

On substituting for the differentials dp and dp in (25) from (27) and (26), 
one has 


(28) 


dF 

F 



Note however that c is now the sound velocity at the cross-section of 
interest, F. The corresponding relation for the incompressible case is 
obtained by putting dp = 0 in (27), or c in (28): 


(28a) 


dF dp 
F ~ pv 1 ‘ 


Comparison^ .of the two results shows first that the laws govering the 
change of cross-section are practically identical as long as v « c, similarly 
to the laws for the pressure changes given in (22) and (22a). But Eqs. 

(28) and (28a) allow another important conclusion to be drawn. For an 
incompressible fluid, dF and dp have always the same sign, i.e., the cross- 
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section enlarges with increasing 'pressure and becomes smaller with decreasing 
pressure. For a compressible fluid this is only true if v < c, i.e., in subsonic 
flow. In supersonic flow (v > c) the cross-section enlarges with decreasing 
pressure and becomes smaller with increasing pressure. It is this fact that is 
responsible for the fundamental difference between supersonic and sub¬ 
sonic flows of compressible fluids, a difference which does not exist for 
incompressible fluids for which the so und velocity is infinitely large ac¬ 
cording to the definition c = V< dp/dp. We also infer from (28) that the 
cross-section of a stream tube has an extremum when the sound velocity 
is reached (v = c), and we can easily see that it must be a minimum. 

Formulas (19) and (19a) play an important role in hydraulics. They 
serve to determine such flow cross-sections as occur in piping systems, 
valves, turbine bladings, etc. Eqs. (24) and (24a) serve to calculate 
the velocity of discharge from the nozzle of a pressure tank where p 0 is 
the (constant) inside pressure and p the (constant) external pressure; 
v 0 may be assumed ~ 0 in good approximation.—Formula (24a) is named 
after de Saint-Venant and Wantzel (1839). 

The Laval 10 nozzle is of particular interest in this connection. It serves 
to change energy of high pressure and low velocity into energy of low 
pressure and high velocity as any nozzle does, but the peculiar feature of 
the Laval nozzle is that the velocity of discharge can exceed the sound 
velocity. In accordance with our results, its design must be such that 
the cross-sections decrease until sonic speed is reached and then increase 
again. 


14. Dynamics of the Elastic Body 

The dynamic equations of the elastic body follow again from the static 
equilibrium condition by adding the inertia force to the external force F. 
Displacements in a solid can always be considered as small (only at the 
yield point, that is, beyond the limit of purely elastic behavior consider¬ 
able displacements occur, cf. 39). The material derivative may, therefore, 
be identified with the local derivative and the inertia force per unit of 
volume becomes —pd 2 a/dt 2 , where s = if + jv + kf. 

Writing the static equilibrium condition in the form (8.12), wc obtain 
as the differential equation of elasticity 

(i) p a? = Div a + F > 


10 Deviscd by the Swedish engineer de Laval, who also invented a good separator and 
the first usable steam turbine. 
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or, spelled out in Cartesian coordinates as in (8.11), 

I dCj/x I zz | p 

= -K + -W + -te +F * 


ft 

df 


(la) 


d V dffru i d<T, n , 3&JSJJ | p 

— a_ T a„, T Q g \ * v > 


df 


dx 


dy 


p 



d &zz . d(7 . Wii i rr 

to" + 17 + IT + F - 


Using, however, form (9.18) of our fundamental equation which is prefer¬ 
able for what follows, we obtain the elastic differential equation in the 
form 

(lb) p = (m + X) grad 0 + pV 2 s + F, 9 = div s. 
at 


This equation refers to Cartesian coordinates; a more general equation is 
obtained when one starts from Eq. (9.19) instead of (9.18). 

We are here mainly interested in free oscillations, therefore put F = 0. 
From (lb) it follows directly that there will be waves of dilatation as well 
as of distortion, the first having longitudinal, the latter transversal character. 

Waves of dilatation. On taking the divergence of every term in (lb), 
we obtain 

p = 0 * + X)'V 2 e + M div V 2 s 


and may replace 

div V 2 s by V 2 div s = V 2 0. 


In this way we obtain the simple scalar equation 
(2) P - (2p + X)V 2 e. 


By comparison, e.g. with (13.8), the velocity of propagation of the waves of 
dilatation, which we denote by 0 , is seen to be 


(3) 


a _ + X 

P 


For a one dimensional or spherically symmetric state the periodic, solu¬ 
tions obtained by d’Alembert’s method (13.11) for the infinite elastic body 
are of the form 




1 

r 


Jkr 
& 1 


h 


CO 

a 


(4) 


or 
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They are plane or spherical waves with circular frequency w that travel 
with the constant velocity a. 

Wayes of distortion. On taking the curl of Eq. (lb) term by term and 
putting as in (2.19) 

curl s = 2$, 

Eq. (lb) yields because of curl grad = 0 
(5) P H = mV 2 *. 

Here % represents in magnitude and axis the angle of torsion of the volume 
element under consideration. Comparison with (13.8) shows that the 
velocity of propagation of the waves of distortion, which we denote by b, 
is given by 



This is the reason why Lamp’s modulus p is sometimes called the torsion 
modulus, as already mentioned on p. 68. Again d’Alembert’s method 
gives p lane and spherical waves that are represented by (4) in the same 
way as the compression waves, provided that the wave number 1c is now 
u/b. The comparison of (3) and (6) shows immediately that 

a > 6, since — 2 + ^ j _ 2 V ’ 

as for the last tenn, cf. (9.11). For iron with v about 0.3 (see p. 65), we 
obtain a/b = ■s/7/2 = 1.87. 

The m oaning of this is obvious: the elastic resistance of solids against 
changes of volume is considerably larger than that against changes of the 
relative orientation. The absolute value of b in a solid is, of course, still 
much larger than the sound velocity c in air. With the data of pp. 65, 
68, and with p = 7.8gr/cm 3 for iron, the value of 6 is found to be 
3 lOOm/sec. Both formulas (3) and (6) for a and b can be subsumed under 
Newton’s rule (13.16a), provided the term elasticity is suitably specified 
in each case. 

The compressional waves and the waves of distortion considered here 
aro three-dimensional waves progressing in an elastic body without bound¬ 
aries. In addition, there exist surface waves that are bound to the free 
surface of the body and have a special importance for seismic phenomena; 
they are dealt with in 45. The surface waves travel more slowly than the 
three-dimensional waves, that is to say, the earth puts up more elastic 
resistance against the latter than the former. They constitute the principal 
parts of the observed earthquakes, while the three-dimensional waves that 
arrive earlier are observed as preliminaries. 
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15. The Quasi-Elastic Body as Model of the Ether 

In 19th century physics, a material carrier was assumed for the optical 
phenomena, equipped as far as possible with the properties of ordinary 
elastic bodies. This construction, however, led to difficulties even in the 
most elementary problem of reflexion and refraction, about which more 
in 45. As early as 1839 MacCullagh tried to drop the connection with the 
ordinary theory of elasticity with the aim to develop a representation of 
optics that would be free of the difficulties mentioned. It turned out later 
that his theory agreed formally with Maxwell’s electro-magnetic optics 
(1804), in particular as far as the optics of transparent bodies is con¬ 
cerned. The following remarks should be considered as an interpretation 
of MacCullagh’s equations. 

Let us go back to the beginning of 1. There the general locomotion of 
a continuous medium was decomposed into the three parts of translation, 
rotation, and deformation. The elastic body responds to a deformation 
with a stress tensor which is determined by the deformation tensor; it is 
not sensitive to rotation (and, of course, not to translation). We now try 
to imagine a “quasi-elastic” body, supposedly insensitive to deformations 
but responsive to rotations relative to absolute spacel Since the rotation has 
the character of an antisymmetric tensor (1.12a) we shall assume that 
the stress acting on the volume element as a result of the rotation is also 
an antisymmetric tensor, as indicated in the following array: 

0 (Try 

(1) <Ty X 0 (Tyg ) ff ih ~ ~~<Tki • 

^(Tgg (T gy 0 > 

The stress-rotation relation here assumed is illustrated in Fir. 17. Let 
the vol um e element At be twisted through the angle <p, (indicated by 
the right hand screw arrow about the positive s-axis). To produce or 
to maintain this rotation we need—this is our hypothesis a moment 
about (.he 2 -axis 

(2) Mg = fcy.Ar. 

The quantity k could be called the “twist modulus” of the qusisi-elastic 
body. The moment is associated with two shear stresses <r,„ and — er M 
across the positive x- and y-surfaces and with corresponding anti-parallel 
shear stresses across the negative x- and ^/-surfaces, all indicated in the 
figure. In order to be in accordance with (2) and (1) we have to put 
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This assumed, the moment originating at the two x-surfaces (see the 
analogous argument that accompanies Fig. 10) is 


„ . . Ax k . 

2<r xv AyAz • -y = g <p.Ar 

and the moment originating at the two y-surfaces 

— 2<r vx AxAz • ^ = | <p.At, 

so that the total moment is in fact that of equation (2). By rotation of 
the letters we obtain from (3) 

/n \ k k 

c vt — Pty — 2 f < * zx * 

The equation of motion of the quasi-elastic body follows now from (14.1a). 
In applying this equation we have to assign inertia to the volume element 
of the ether and to consider its displacement as small, since we previously 
neglected the quadratic convective terms in putting dujdt = du/dt. We 
also disregard any external forces (F = 0). In this way we obtain from 
(14.1a) with the use of (3) and (3a) 

du _ d<r yx , d<r ts __ __ k (dift __ d<p v \ 
p dt ~ dy + dz 2 \dy dz /’ 

or, written in vector form, 

dv 


k 
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This is the equation of motion of the ether; it must be supplemented by 
the relation between v and the angular velocity w, which reads 


(5) 


If-i ^ v 


where a = d^/dt was replaced by d$/dt. As a further assumption we add 
the incompressibility of the ether; we also note that being the curl of 
the displacement vector, has no divergence. Thus v and $ are subject to 
the following conditions 

(6) div v = 0, div $ = 0. 

The system of equations (4), (5) and (6) is of impressive simplicity 
and symmetry. It is formally identical with Maxwell’s equations for the 
empty space] 

Before elaborating this statement, let us introduce the following 
notations: E = electric field strength, H = magnetic field strength; a, 8 = 
factors of proportionality that depend on the choice of units for E and H. 


Now we put 



either a) 

v = ±aE, 

II 

-H 

X 

or b) 

V = ±aH, 

-H 

II 


The signs in these equations depend on the signs chosen for the units of 
the electric charge and magnetic pole strength. Eqs. (4), (5), and (6) 
assume then the form 


e 0 T 7 = curl H, div E = 0, 
ot 

(7) 

Ho = — curl E, div H = 0 
ot 

for the choice a) as well as for the choice b). The abbreviations e 0 , no arc 
known as the dielectric constant and permeability of the vacuum; in our 
notation they are given by 


(a) 

p 2a 

20 

e ° ~ k j8 ’ 

Mo=~, 

(b) 

p 2a 

28 

Mo ~ k p ’ 

II 


Their product is independent of the choice of the units a, jS, since we have 
in either case 
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( 8 ) 


_ 4p 

<oMo — ^ 



The quantity c defined in (8) has, physically, the meaning of the velocity 
of light in vacuum. It can be included in Newton’s rule (13.16a) in analogy 
to the sound velocities in 13 and 14, when the word elasticity is given 
the meaning of one fourth of the "twist modulus” k. 

It is by no means our intention to assign any physical reality to this 
“ether model”. Physicists had convinced themselves by the turn of the 
century that all attempts at a mechanical explanation of Maxwell’s 
equations were doomed to failure. What we mean here is not a mechanical 
explanation but, at best, a mechanical analogy. Maxwell’s equations are 
among the fundamentals of the electrical theory of matter, so one should 
not expect that they can be derived from the macroscopic properties of 
ponderable bodies. On the contrary, they seem to stem from the same 
root as general gravitation, that is, from the space-time metric, according 
to a recent paper by Schrodinger. 11 Our remarks, however, may have 
some justification inasmuch as they show: if we were to construct an 
“ether” as a substratum for Maxwell’s equation, then we would have to 
furnish it with qualities that are diametrically opposed to those of ordinary 
matter, viz., an absolute directional orientation relative to space in constrast 
to the relative orientation of the volume elements toward each other possessed 
by elastic bodies. 

The following historical remark may be of interest. In an extension 
of MacCullagh’s ideas Lord Kelvin, 12 in the eighties, developed the con¬ 
cept of the quasi-elastic or, as he sometimes put it, “quasi-rigid” ether. 
He was not satisfied, only to postulate an ether with reactive responses 
(2), but attempted to construct a gyroscopic model that actually would 
react in the required way. As is well known, a fast spinning top can be so 
arranged as to acquire directional stability and will then respond to 
fairly strong moments with small angular changes only. But an ether 
model, based on gyroscopic effects, becomes desperately complicated. 
Each volume element has to be equipped with several tops that must be 
oriented relative to each other in such a way that the desired rotational 
stiffness is achieved not only for one but for all three axes. A construction 
as complicated as that would be the only way to realize a “gyrostatic” 
ether. 

Lord Kelvin took the point of view marked by a) on p. 110 and corre¬ 
lated the “twist” of his gyrostatic ether to the magnetic vector H. He 


U E. SchrOdmgcr, Proc. R. Irish Academy 49, 43 (1943). 

u Sir William Thomson (Lord Kelvin), Mathematical and Physical Papers, Vol. 3, 
Art. 49, 60, 52. 
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did not commit himself to a definite interpretation of the electric vector 
E, thus abstaining from a complete mechanical representation of Max- 
weirs equations. There is no doubt that standpoint a) is physically more 
evident, since H has the character of an axial vector like $, while E possesses 
that of a polar vector like v. On the other hand, standpoint b) seemed to 
recommend itself because it took care of the pure ether and the insulators, 
but also left space for the conductors in the quasi-elastic picture. 13 It was 
Boltzmann 14 who pointed out the difficulties involved in standpoint b) 
which are caused by the existence of the true electric charge . Disregarding 
the electrodynamics of conductors, we shall only pursue assumption a) 
somewhat further in the following. In 20 we shall come back to the corre¬ 
lation b) in connection with Helmholtz’s vortex theory. 

For the ponderable insulator the two principal equations (7) are still 
valid as in vacuum, only the values e 0 , mo must now be replaced by p. 
The divergence conditions, however, undergo an essential change. In¬ 
stead of div H = 0 we have now 

(9) div B = 0, B = pH = magnetic induction 

and we would therefore correlate B rather than H with the rotation 
which would introduce no difficulty. On the other hand the condition 
div E = 0 must be altered into 

(10) div D = p« , D = eE = dielectric displacement. 

Here p € is the spatial density of the true electric charge. When we now 
correlate D instead of E to the flow velocity v and set up suitable relations 
between the constants c, p and k, p, a, 0 we are still able to obtain complete 
formal analogy with Maxwell’s equations for the ponderable insulator. It 
is clear, however, that the existence of the true charge causes difficulty 
also for the standpoint a), if it is desired to maintain the incompressibility 
of the ether. There is, of course, a mathematically permissible but phy¬ 
sically rather drastic remedy for this difficulty. One simply prescribes 
that the quasi-elastic fluid leaves or enters the field at points that carry 
true charges according to the signs. Where the fluid goes or whence it 
comes is left in the dark. As an apology for this assumption one could 
quote the example of the great Bernhard Hiemann 15 who makes the same 
hypothesis in an attempt at a theory of gravitation and electrostatics, in 
his paper: “Neue mathematische Prinzipien dor Naturphilosophie”, but 

13 A. Sommorfeld, Ann. d. Pliys. 46, 139 (1892). 

14 L. Boltzmann, Ann. d. Phys. 47, 743 (1892), and Vorlesungen uber Maxwells 
Theorie, Leipzig 1893, Vol. II, 1, p. C. 

16 Gos. Wcrke, 2nd od., Toubnor, Leipzig, 1892, p. 528. The paper was written 
shortly after Itiemaim had obtained tho doctorate, and published posthumously. 
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it seems to be more correct to admit that no mechanical or quasi-me¬ 
chanical picture is a suitable representation of the fundamental fact of 
the electric charge. 

We shall have no reason to come back in Vol. Ill to the model of the 
ether discussed here. The electric charge and the structure of the electro¬ 
magnetic field must be accepted as entities that transcend mechanics. 

16. Dynamics of Viscous Fluids. Hydrodynamics and Hydraulics. 
Reynolds’ Criterion of Turbulence 

In order to set up the general equations of motion of viscous fluids, 
we have to introduce the inertia force in the equations of uniform motion 
(10.8a,b). F must be replaced by 

F_/, i = F_p {l7 + (vsrad)v }- 

In this way we obtain the Navier-Stokes equations 18 

(1) p |J + p(v grad) v - juAv -f grad p = F 

which are written here in pseudo-vectorial form. In order to put them in 
invariant shape one has to make use of Eqs. (11.6) and (3.10a), viz. 

2 

(v grad) y = grad — v X curl v 


and 

V 2 v = grad div v — curl curl v. 

Eq. (1) has to be supplemented in the incompressible case by 
(la) div v = 0. 

In the case of compressible fluids, (la) must be replaced by (5.4); at the 
same time the additional term — Ou + X) grad 0, that is — (m + X) grad 
div v, has to be added to the left member of (1) according to (10.22). 

Today we consider the Navier-Stokes equations as fundamental for 
the entire theory of fluid flow. Engineers throughout the 19th century 
were, on the contrary, convinced that there was a big discrepancy be¬ 
tween theoretical hydrodynamics on the one side and hydraulics on the 
other side. It was the British engineer and physicist Osborne Reynolds 


16 Navier, 1822, Stokes, 1846. 
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who bridged the gap with his profound experimental 17 and theoretical 18 
investigations. 

He experimented with glass tubes of various diameters at varying 
pressure gradients which amounts to changing the average velocities of 
the flow. (Average velocity means here the mean value of the velocity 
with respect to the cross-section.) Introducing a colored fluid filament into 
the entrance cross-section he observed the behavior of this filament 
throughout the tube. At small diameters and not too large average ve¬ 
locities the colored filament remains straight and parallel to the axis of 
the tube. At a larger diameter or larger velocity there appear irregular 
deviations that have a tendency to fill the whole tube. The initially straight 
filament becomes fuzzy and finally indistinguishable. In the first case the 
motion is called laminar (proceeding in regular laminations as in the 
Hagen-Poiseuille flow), in the last case it is called turbulent, as suggested 
by Reynolds. 

Reynolds would not have been able to bring order in his experimental 
results, if he had not considered them from the point of view of a “law 
of similitude .” Considerations of this character already appear in the first 
beginnings of western physics, as in the work of Galilei. 10 Generally 
speaking, they consist in the comparison of two experimental arrange¬ 
ments differing only in scale. 

In our case, consider two tubes of radii a, and a 2 . Putting 
(2a) a >2 ~~ aa, , 

the number a is the change of the scale of length in the transition from 
experiment 1 to experiment 2. It pertains not only to the radii, but to 
all dimensions of length, such as 1 the coordinates of two “corresponding 
points” in the two tubes. Any two such points are thus connected by 


x 2 = ax 1 , 2/a = «2/i , = az x . 

The average velocities in corresponding cross-sections being v, and v 2 , 
we put 

(2b) t>a = fa . 


17 An Experimental Investigation of the Circumstances which determine whether 
the Motion of Water shall bo direct or sinuous, and the Law of Resistance in Parallel 
Channels, Phil. Trans. R. Soc. 174 (1883). 

“On the Dynamical Theory of Incompressible Viscous Fluids and the Determination 
of the Criterion, Phil. Trans. R. Soc. 186 (1895). In connection with this H. A. Lorcntz, 
Gos. Wcrke, Vol. I, Leipzig, p. 43. 

10 In his last work “Discorsi e Dimostrazioni Matematiche,” 1638. 
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The dimension of velocity being length/time, the number f3 determines 
also the change of the time scale in our transition; this change is evidently 
a/[ 8, according to (2a) and (2b). In addition we allow the two tubes to 
cany two different liquids of different density and viscosity and put 


(2c) Pa = YPi ■ 

The factor y defines the change of the mass scale which is yoc because of 
(2a) and (2c). 

It is more convenient to use instead of the coefficient of viscosity p 
the kinematic viscosity v defined by 


Again we put 



(2d) v 2 = Sv l . 

We finall y compare the pressures in corresponding cross-sections by setting 


(2e) P 2 = «Pi • 

Obviously, « could be expressed by a, p, y, because of the dimension of p. 

We now write Eq. (1) after division by p once more in a schematic 
way and omit the external force which is here immaterial: 

(3) acceleration — vV 2 y + ~ grad p = 0. 

The dimensi on of the acceleration term may be written cither as velocity/ 
time or velocity“/length. In the transition from (1) to (2), this term takes 
up, according to (2a) and (2b), the factor 


according to (2b) and (2d) the second term of (3) takes up the factor 
(4b) 5 Js, 


since the repeated differentiation with respect to the coordinates oc¬ 
curring in V 2 v means obviously a repeated division by a length. The 
change of scale in the last term of (3) is finally [by (3), (2a), (2c), (2e)] 

1 e 

7 OL 


(4c) 
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Suppose now, Eq. (3) is obeyed by the flow in the experimental ar¬ 
rangement 1. If it is to be obeyed also by the flow 2, the ratio of the three 
factors (4a, b, c) must be equal to one: 


(5) 


— : 5 = 1 : 

a a. 7 a 


1 . 


This amounts to the following two relations: 

(5a) f=l. (5b) £-1. 


The meaning of (5a) in terms of the experimental parameters involved is 
because of (2a, b, d) 


( 6 ) 


ViOl _ Vrfh 
Vi v 2 


Similarly, (5b) leads by (2b, c, e) to 


(7) 


J2jl = _2sl 

piVi p 2 vi ‘ 


Eqs. (6) and (7) constitute the results of Reynolds theory of similitude. 
In the literature the term Reynolds criterion is usually applied to equation 
(6) only, although (7) is a part of it as well, as we have just seen. It is 
the two relations together that furnish the necessary and sufficient condi¬ 
tions of hydrodynamic similitude. In what follows wo shall make ex¬ 
tensive use also of equation (7). 

If these two criteria are satisfied, the flows 1 and 2 are cither both 
laminar or both turbulent, since the experimental arrangement 2 is 
nothing but a “mechanical image” of 1 on a different scale. 

The dimensionless expression defined by (6) is known as Reynolds 
number and denoted 20 by R: 


( 8 ) 


R 


va, 

v 


) 


where the length a may designate any linear dimension characteristic of 
the experiment (such as a distance of two plates, a depth of a channel, 
radii of falling spheres, etc.). The number defined by (7) will be denoted 
by S so that 


(9) 


S = 


_ _ 2 _ 


pv 


20 Somotinios denoted by Re. 
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The t-r n.wBi t.inn from laminar to turbulent flow in particular is a me¬ 
chanically similar event for the tubes 1 and 2 which is therefore char¬ 
acterized by the same numerical value of It. This is the critical Reynolds 
number: 

„ fva\ 

d°) = \j)„ u • 

Its value is rather sensitive to the particular form of the entrance section 
of the tube. When a well rounded entrance section in the form of a trumpet 
bell is used, a laminar flow is established from the start and stays la mi na r 
up to rather large values of R. If the fluid enters the tube from the tank 
throu gh a straight, sharp edged connection, the initial flow is disturbed 
by lateral components which arc not damped out by friction at once; 
the tr ans ition to full turbulence occurs then at a comparatively low R. 
The critical Reynolds number is between 1200 (very irregular inlet) and 
20,000 (mouth piece with a well-rounded fairing). Thus our statement 
regarding the constancy of the critical Reynolds number should actually 
be restricted to flows with similar initial conditions. 

The question arises: what is the cause of the transition from laminar 
to turbulent flow and vice versa? Our treatment of the laminar flow in 
capillary tubes on p. 78ff does not point to anything like a limitation of 
the flow pattern to small diameters or small velocities; on the contrary, it 
appeam that the Ilagon-Poiscuillc flow is a possible form of the motion 
under all circumstances, but no longer stable if R > R or it • Thus Reynolds’s 
criterion appears as a stability criterion dictated by experience; the fol¬ 
lowing remarks should help to bring it closer to our physical under¬ 
standing: 

Viscosity tends to smooth out lateral components either initially 
present or produced by the roughness of the tube, it thus favors the laminar 
pattern. The inertia of the fluid requires the conservation of such side 
components once they have come into existence, thus it acts in favor of 
turbulence. In the static treatment of the capillary flow in 10, there was 
no inertia, and side components were entirely out of consideration; thus 
it appeared as if the results obtained there could be extended to arbi¬ 
trarily large tubes and arbitrarily fast flows. Note also the antagonism 
between viscosity and inertia that becomes apparent even in the structure 
of the expression v = y/p which occurs in the denominator of (8): An 
increase of y permits one to increase tho value of va without leaving the 
region of stability; increasing p diminishes that value and favors turbulence. 

This view is also in accordance with the apparent lack of definition 
of the transition point, a fact that could be compared with the well known 
thermo-dynamic phenomenon of super-cooled water. Water can be cooled 
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below 0°C without freezing provided that it in left entirely undisturbed. 
Similarly, the regime of the laminar flow can be extended to larger H by 
carefully avoiding the production of lateral components at the inlet or 
or by the roughness of the walls. 

In order to decide whether there exists at all a sharply defined ideal 
value of the critical Reynolds number one would have to proceed as 
follows: one studies the flow in a sufficiently long tube with sufficiently 
smooth walls at a sufficiently large distance from the inlet. Initial flow 
irregularities in the region of the inlet will have enough time to attenuate 
in the stable case without the interference of side components newly 
created at the wall. If now at certain 72-values laminar and at other 72- 
values turbulent flow is observed and if the upper limit of the former 
12-values a gr ees with the lower limit of the latter 72-values, the common 
limit would appear as the ideal value of R ot [t • Such an experiment can¬ 
not be carried out practically, therefore the large variation of the values 
of 72 orlt given in the literature. 22 

The tr ansi tion to turbulent flow becomes apparent not only in the 
change of the flow pattern, but also in the change of the pressure-law, 
to which we now turn. Here the second law of similitude (9) comes into 
the foreground. We replace p in (9) by the pressure difference II between 
the beginning and the end of the tube observing that the dimensions of 
n and p arc, of course, the same. In doing so the length l of the tube must 
now also bo considered (the tube in Eq. (9) could have had any arbitrary 
length). Now l cannot be related to the dimensionless number in (9), but 
we may use the ratio l/a to rewrite the definition of /S as 

(ID 


which is valid for the similar motions 1 and 2 at the same *b-valuc but 

for different subscripts of II, p, v, l, a. 

We now compare (11) with the formula used in hydraulics to compute 
the loss of pressure head in pipe or channel systems: 

, * jf. V 

(11a) h ~ x 2 j 7 1 F ' 


“It seems not impossible that with improved experimental conditions (bettor regu¬ 
lation at the inlet and smoother walls) R or u may be raised to arbitrarily high valuoH. 
If this should bo true, an ideal value would not exist and Reynolds’s stability limit 
would only bo of practical value, depending on experimental conditions. On the other 
hand, there seems to exist a definite Reynolds number below which turbulent flow cannot 
be maintained. 

sa^hey have been systematically investigated according to inlet conditions by 
L. Schiller. 
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Here X is a pure number, the “hydraulic friction coefficient", F is the 
cross-sectional area of the flow, U the wetted circumference of the con¬ 
duit. For a circular cross-section filled with fluid, U/F becomes 2/a so 
that 

(lib) 

On identifying S with X and expressing II by the hydrostatic level difference 
h (n = yh = pgh ,), (lib) becomes identical with (11). 

If, on the other hand, S is identified with the pure number 8 /R, so that 


8v _ 8 m 
va pva ’ 


the Hagen-Poiseuille formula 


( 12 ) 


n = 8, 

u 


is obtained with the only difference that, previously, we had the more 
precisely defined average velocity u m where we now have v. 

In (lib) and (12) the different forms of the pressure dependence in 
laminar and turbulent flow that was already mentioned on p. 80, be¬ 
come again apparent: in (1 lb) the dependence on v and a is in the form 
y-/ a , in (12) in the form v/a\ We have been able to overcome this con¬ 
trasting behavior by choosing the number S in two different ways. (Note 
that the definition of S in (9) does not, in itself, teach anything about 
the interdependence of the flow parameters; only the identification of S 
with another non-dimensional combination of flow parameters has the 
character of a physical law.) 

It will be noticed that the hydraulic formula (11a) has the same 
structure as a law of air resistance that had already been used by Newton. 
According to this law, a body having the velocity v relative to air ex¬ 
periences a resistance proportional to v~ (the same is true for the wind 
pressure against a surface at rest). Also in ballistics the resistance law is, 
at subsonic velocities, nearly a v 2 -law. 

A more accurate representation of the pressure losses observed in 
turbulent flow through smooth pipes is possible within the framework of 
Eq. (11) if a weak dependence of S on R is assumed, (that is, S is supposed 
neither independent of R as in (lib) nor ~ R 1 as in (12)). The following 
assumptions havo been tested for larger E-values 

( 13 ) S = XE"‘ and S = X 0 + X,# - ' 

with k — 1/4 to 1/5 in the first formula (13) and with somewhat larger 

values of k in the second one. 
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The hydraulic » a -law (11a) is modified by the first formula (13) (Blasius 
formula, k = 1/4) to v*~‘ which agrees almost exactly with old observations 
of Hagen and Reynolds (cf. also problem III, 2). For more details about 
the pressure in the transition region and the influence of roughness see 
L. Prandtl's “Stromungslehre”, Braunschweig 1949, which can be con¬ 
sidered as a source book in this field. 23 

The change of the pressure law at the critical limit is schematically 
represented in Fig. 18: At small velocities v < v„ lt the linear law of 



Fig. 18. The pressure gradient as a function of the moan 
velocity v. At the critical point A the laminar flow becomes 
turbulent. 


Hagen-Poiseuille, at velocities v > t>„ u the increase according to v 2 ~ K . 
The broken line that continues the straight branch beyond A represents 
the possible increase of the stability limit A. 

The change of the pressure law at A is accompanied (“caused” would 
perhaps be the better word) by a noticeable change of the velocity dis¬ 
tribution over the cross-section. In contrast to the parabolic distribution 
of the ln/minar case, the time average of the velocity in turbulent flow is 
practically constant over the interior of the tube; only in the close vicinity 
of the wall it drops quickly to zero, satisfying the boundary condition 
v = 0. 

The contrast laminar-turbulent occurs not only in circular tubes or 
pipes with other cross-sections, but can also be observed in the flow 
between two plates at rest. This flow pattern, a two-dimensional analogy 
to the Hagen-Poiseuille flow, was treated in problem II, 3a. The parabolic 
velocity profile which is also characteristic for this case is diown in Fig. 19. 

If the parabolic cylinder of Fig. 19 is cut along the symmetry plane 
y — h, that is, if only the lower half of the flow pattern is considered, 
one obtains the velocity distribution in a stream in laminar motion 
(strictly speaking, the stream is infinitely wide). Let the bottom of tho 
stream form the angle a. with the horizontal (Fig. 19a), so that the com¬ 
ponent of gravity pg sin a replaces the pressure gradient of tho previous 
figure. L. Hopf 24 (Munich thesis, 1909) made a careful investigation of 


“For pipe flow compare J. C. Hunsaker and B. G. Rightmiro, Engineering applica¬ 
tion of Fluid Dynamics, McGraw-Hill, New York, 1947, Chap. VIII. 

“Partly published in Ann. d. Phys. 32, 777 (1910). 
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the experimental realization of such a laminar stream stabilized by viscous 
forces, and of the limits of its stability. The critical Reynolds number in 
this investigation was found to bo R Qlit = vh/v == 330. 

An even simpler case of laminar motion develops from Fig. 19 when 
one of the plates is at rest while the other moves with constant velocity 


v 



Fig. 19. Laminar flow between two Fig. 19a. The “river in laminar flow” 
plates at rest. under the influence of gravity; free surface 

at y = 0. 

U. The velocity profile is here linear for laminar flow (cf. Fig. 19b). On 
denoting the flow velocity by u, we have 

(14) u = r U and, of course, v = w = 0. 

tl 

The flow proceeds parallel to the 2 -direction; it should be noticed, 
however, that this flow is not irrotational although there seems to be 
no rotation involved in it: 

dv du U_ 

2w ' " dx dy~ h • 

Because of its particular analytic simplicity, (14) is the preferred flow 
for theoretical investigations of stability (cf. 38). 

Following Couette, 26 an elegant realization of this flow can be made 
by means of two coaxial cylinders. When the inner cylinder is at rest 
and the outer cylinder moves with a circumferential velocity U, transition 
to turbulent flow occurs according to Couette at a Reynolds number 
ftoru = Uh/v = 1900 where h is the thickness of the fluid layer. The 
converse case where the inner cylinder moves has been thoroughly in¬ 
vestigated by Taylor. 26 

In this discussion wo have only scratched the surface of the turbulence 
problem. Central questions such as: “What is the reason for the insta¬ 
bility?” “Is it possible to give a mathematical description of the turbulent 
fluctuations of the velocity?” “Is the turbulent state contained among 

,6 M. Couctto, Ann. Chim. Phys. 21 (1890). 

“Sir G. I. Taylor, Phil. Trans. 223, 289 (1923). 
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the solutions of the Navier-Stokes equations?” have not been touched. 
No complete answer to these questions to which we shall return in 38 
seems possible today. 


Fia. 19b. Tho laminar rectilinear flow between a plate at 
rest and in motion may be considered as the limiting case of 
tho Couetto flow between coaxial cylinders. 


17. Some Remarks on Capillarity 27 

The molecular forces of cohesion that are responsible for the phe¬ 
nomena of capillarity have already been encountered at the end of 12 in 
the form of the normal pressure N acting on the fluid surface (Laplace's 
theory). For the purpose of a short survey, however, it is more con¬ 
venient not to adopt Laplace's 28 starting point but to follow Gauss 20 who 
proceeds from a minimum principle for the surface energy; the normal 
pressure N of Eq. (12.10) will be derived from this minimum principle. 

We stipulate that there acts within the surface F of the fluid an every¬ 
where equal surface tension T in tangential direction: F is, as it were, 
covered by a membrane which does not by itself possess elasticity of 
form. Its resistance against deformation (comparable with that of a thin 
rubber skin) is furnished solely by a tangential tension T that acts along 
the border of the membrane in the direction that is normal to the border 
and lies in the tangential plane. 

We start with a simplified case, restricting ourselves to a cylmdrical 
fluid surface or, which amounts to the same, to a membrane of cylindrical 
form. The tension equilibrium in such a membrane is the same as that of 
a vibrating string the instantaneous shape of which coincides with the 
profile of the cylinder. 

Let u be the displacement of the string between two neighboring 
points P and P' and As their distance. We separate this segment from the 
rest of the string by cuts at P and P' (cf. Fig. 20a). To make up for the 

^Sinco wc wish to treat tho phenomena of capillarity only to such extent, as is indis¬ 
pensable in a textbook on general hydrodynamics, wo refer for a more complete repre¬ 
sentation to II. Minkowski’s carefully written article in En/.yklopiidic d. Math. Wiss. 
Vol. V, 1 p. 558: there the reader will also find a molecular-theoretical explanation of 
capillarity which is more complete and cuts deeper than our purely phenomenological 
remarks. 

“M6canique c6leBtc, Supplement do Paction capillaire, 1806. 

M Principia gencralia thooriao fluidorum in statu aequilibrii, (1830). 
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effect of the two remaining pieces, we Introduce the tensions T and T' 
acting in the tangential directions of the string. 30 They are both equal 
in magnitude to the tension to which the string is subjected (say, by the 
peg at the end) but are not parallel to each other. Let Ae be the change 


Fig. 20a. The tension T of a vibrating 
string and the corresponding restoring force 
N. At the same time this is a cross-sectional 
diagram of a cylindrical liquid surface. 



of the slope corresponding to As, and AT the closing side of the force 
triangle with sides T and T' (insert of Fig. 20a). The magnitude of the 
vector AT is then 

AT = T | Ae | 

and its direction is perpendicular to the arc element As. The resultant 
force acting on As equals — AT. Instead of this, we introduce the resultant 
force per unit of length N so that NAs = -AT and consequently 

(1) NAs = T \ Ae\. 

On the other hand, the curvature 1/22 is given by 


d 2 u 



where u is the deflection of the string and x the abscissa taken along the 
undeflected string; in the denominator of the last member we must take 
the positive value of the square root if s increases with x } which we assume. 
Eqs. (1) and (2) determine the magnitude of N: 



The direction of N points always to the concave side of the string. 

M Noto that the dimension of T here is that of a force while in the following two-di¬ 
mensional case. T has the dimension forcc/length. 
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Let us now slightly extend the meaning of N by providing it with 
a _|_ or — sign according to whether Ae is negative or positive. (In Fig. 
20a, N is thus positive.) If, in addition, we adopt the lower sign in (2) 
which makes ft ^ 0 if Ae ^ 0, we may rewrite the last equation for the 
modified N: 


or, for sufficiently small deflection, 


( 4 ) 




From (4) wc derive immediately the differential equation of the 
vibra ting string mentioned in the context of Eq. (13.9). We have only to 
state the equilibrium between the external force in +«-direction^ (that 
} s — j\r) and the inertia force of the unit length of the string —pd u/dt , 
and obtain 


( 5 ) 




where p is the linear density of the string. 

If we now pass from a cylindrical to a surface of double curvature, 

(4) has to be replaced by 



where ft t and ft a are the two principal radii of curvature at the surface 
point under consideration. While in general the surface normals at two 
infinitesimally distant surface points do not intersect, but are skew to 



Fig. 20b. A vibrating membrano of double curvature; Hi 
and R* are the radii of curvature of the two principal sections. 
At the same time this represents a liquid surface of the same 
shape. 
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each other, surface normals along the principal directions do intersect, 
and it is exactly this circumstance that defines the principal directions. 
The radii R x , R a are then explained as the reciprocals of the curvatures 
of the two principal (normal) sections. Denoting their centers of curvature 
by C\ and C a respectively (see Fig. 20b), we now investigate the equilibrium 
of the surface tensions T acting on the infinitesimal rectangle AsiAs 2 of 
Fig. 20b oriented parallel to the principal directions 1 and 2. If one con¬ 
structs the force triangles for either principal section as in Fig. 20a one 
obtains two concluding sides ATi and AT 2 and from them two normal 
pressures N x and N a as in equation (4). The normal pressure N in Eq. (6) 
is evidently obtained by adding N x and N 2 . 

From (6), the differential equation of the vibrating membrane follows 
directly in the form mentioned in the context of Eq. (13.9), if one puts 
according to (3) and (4) 


( 7 ) 


1 _ d*U 1_ _ dju 

Ry ~ d3? ’ R 2 ~ dy 2 


and substitutes for N the inertia force 


d\ 


N = —, (p = surface density). 
dt 


The equation thus obtained from (6) 

d 2 u Jd\,d 2 u\ 

® d? = c W + W>’ 


c' = T - 
P 


is not only correct for coordinates taken in the principal directions, but 
because of the invariance of the V 2 -operator for arbitrary Cartesian co¬ 
ordinates x, y } too. 

The quantity 


( 9 ) 


^ _ JL . i. 

M - R x + R 2 


that occurs in (6) is the mean curvature of the surface, while the measure 
of the curvature* 1 introduised by Gauss 


(9a) 


IC = 


It j/^2 


is called Gauss 1 s or total curvature . 

3l Minkowski loc. dt. defines the moan curvature M «= 1/2 (1/Ri + l/fo) which 
corresponds better to the idea of a “moan” curvature. We retain the usual definition 
(9), which is, of course, irrelevant for the following results. 



126 


MECHANICS OP DEFORMABLE BODIES 


[III.17] 


Our remarks about the vibrating string and membrane seem to be a 
digression from the subject of capillarity, but actually Eqs. (4) or (6) arc 
applicable, as they stand, for the capillary surface skin in a cylindrical 
or more general form. They can be introduced in Eqs. (12.19) or (12.21), 
which were derived from Hamilton’s principle, and determine therefore 
the surface condition for the hydrodynamic pressure p. 

Let us first take a free surface such as water bounded by air; then 
p = N according to (12.19). For a cylindrical surface (realized by a capillary 
wave traveling, e.g., in ^-direction), N is given by (3) or (4), and we have 

(10) v = l or p--rgi, 

where in the second equation the displacement u relative to the rest, 
position is supposed to be sufficiently small. We shall come back to this 
equation in 25. Likewise we have for a surface of general shape according 
to (6) 



Hero as well as in (10) p is the (hydrodynamic) pressure in the fluid 
over which the capillary lamina is spread out. 1 ** 

A soap film subtended by a rigid boundary curve (a wire loop bent 
in some way) can be considered as an isolated capillary lamina devoid of 
the fluid body by which it is otherwise supported. Since the air pressure 
on both sides cancels, p = 0, and according to (11) the mean curvature 
M is then also zero. The same condition would, of course, be true for an 
actual membrane in equilibrium if subjected to the same boundary con¬ 
ditions; the equilibrium condition V a M = 0 as it follows from (8) agrees 
with (11) when p — 0, provided the membrane is approximately plane. 

The vanishing of M means that the two principal radii of curvature 
aTc numerically equal but opposite. A surface with this property is called 
a minimal surface. Its area F is smaller than that of any neighboring surface 
with the same boundary curve. This is easily understood from the capillary 
standpoint: The tensional energy U stored in the capillary film is 

(12) U = T-F. 


“As a supplement to Ifiqs. (10) anil (11) we should like to emphasize that there is 
also a pressure load on the plane, undisturbed surface termed internal pressure by 
van der Waals. As indicated on p. 93, it is a consequence of tho molecular attraction. 
The surface tension T is present on a plane surface too, but it becomes active only on a 
wavy surfaeo whore it changes direction from point to point. 
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A virtual displacement at constant T with the boundary kept fixed pro¬ 
duces a change of energy 

(13) 8U = TdF. 

This, on the other hand, is the virtual work which is supposed to vanish 
in equilibrium. Therefore 8F = 0 is the equilibrium condition, indicating 
that the surface F occurring in the energy expression (12) must be a surface 
of smallest area. 

This is shown in the following well known experiment: 33 on a plane 
soap film with an otherwise arbitrary boundary a loop of thread is placed. 
The film inside the loop is destroyed, e.g., by piercing it. Upon that, the 
loop is immediately pulled out into circular form. Since the circle is the 
curve of maximum area for a given circumference the remaining part of 
the membrane has the smallest area for the given (rigid) boundary and 
length of thread. 

In the interior of a closed soap bubble there is overpressure relative 
to the external pressure. The shape of the bubble is spherical if gravity 
is neglected; since for reasons of symmetry R x = R 2 , the radius of the 
bubble is by (11) 



In a structure consisting of many adjacent bubbles ( foam) } the pressures 
in the single bubbles or cells will be slightly different. The pressure differ¬ 
ence along the walls of the structure is therefore constant for any region 
that bounds not more than two cells. According to (11) the entire structure 
is then composed of surface pieces of constant mean curvature. 

Condition (13) applies also to phenomena involving the angle of contact. 
Consider e.g. an arrangement as in Fig. 21 and suppose that, of the three 


Fig. 21. Equilibrium between a liquid (1), air (2), and a rigid 
wall (3); # is the angle of contact. 



media abutting on each other at P, 1 is a liquid, 2 is air and 3 a solid. 
P is a point of the contact line which we imagine perpendicular to the 
plane of the drawing; if the point P is given a virtual displacement up- 

M A great many other experiments with accurate description of the soap bubble 
techniquo in C. V. Boys, Soap Bubbles, London (1931). 
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ward, Sw, the surface of separation F\ 2 is increased per unit of length of 
the contact line by 

SF ia = COSt>-5wl, 

where t? is the angle of contact, and the surface of contact F n is increased by 

6F 13 = too-1. 


As in (13) we stipulate 

T lt SF 11 + T ls 6F ia = (T l2 cost? + T 13 )Sw = 0, 
or, since Sw is an arbitrary variation, 

Ti, 

(14) cos* = -jr- 

In order to obtain an acute angle for # (water and glass), T IS must be 
negative and \T 13 \ < T l2 . For non wetting liquids (mercury and glass) 
is obtuse. 

Capillary elevation and depression are caused by the combined action 
of gravity and surface tension, cf. problem III, 5. As familiar a phe¬ 
nomenon, however, as a liquid droplet under the action of gravity leads to a 
complicated differential equation that admits only approximate solutions. 
A less complicated problem is the theory of the beautiful phenomena 
known as “water bells’’. 34 

A complete theory of capillarity is not possible without the use of 
thermodynamic considerations (Gibbs). 

We should like to add that in the original theory of Laplace there is, 
beside the surface contribution to the capillary energy [our equation (12)], 
a second term which is proportional to the volume, of the liquid. This term 
is essential in van dcr Waals’s theory of the liquid state; it corresponds to 
the constant a that occurs in van dcr Waals’s equation of state of a real g!is. 

**A vertical jet is directed centrally against a circular plate. The liquid leaves the 
plate as a thin film in the form of a surface of revolution, sometimes in the shape of a 
bell. See E. Buehwald and H. Ivonig, Ann. d. Phys. 23, 557 (1935) and 26, C59 (1930). 



CHAPTER IV 


VORTEX THEORY 

18. Helmholtzs Vortex Theorems 

In the paper of 1858 in which Helmholtz gives the kinematic analysis 
of vortex motion (cf. the footnote on p. 1) he also completes the dynamic 
theory of vortices in its essentials. Simplifications in method were found 
in the following decades, but new results were not discovered. j 

The main content of Helmholtz’s theory are the conservation laws: 
It is impossible to produce or destroy vortices, or, expressed in more general 
terms, the vortex strength is constant in time. This theorem is correct under 
the following conditions: the fluid is inviscid and incompressible; the 
external forces possess a single-valued potential within the space filled by 
the fluid. Apart from the conservation of the vortex strength in time we 
slia.11 see that there is also a spatial conservation: the vortex strength is 
constant along each vortex line or vortex tube, which must be either closed 
or end at the boundary of the fluid. 


1. The Differential Form of the Conservation Theorem 

Following Helmholtz we start from Euler’s equations in the form 
(11.2). Since the external force F has a potential U by hypothesis, Euler’s 
equations can be written 



The differential quotient on the left side is again the material acceleration, 
that is, the total rate of change of the velocity of the material particle 
under consideration. This leads to the form (11.7) of Euler’s equations 
which can now be written in the following way: 

(2) fy - v X curl v = - grad (j- + E ~^)- 


‘Corresponding theorems have been found in posthumous papers of Lejeune 
Dirichlet, +1869, and were published by Dedekind who edited Dmchlets collected 

works. 
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We take the curl of this equation: the right member vanishes because of 
curl grad = 0. On setting o = | curl v we obtain 


( 3 ) 


— curl (v X 6>) = 0. 


We make use of the following well known formula to transform the vector 
product of any two vectors 6> and v: 

(4) curl (<*> X v) = (v grad) o — (o> grad) v + o div v — v div o. 

(This formula is proved, just as the related formula (11.0), by verification 
in Cartesian coordinates.) 

In our case, (4) simplifies on account of 

div v * 0 and div <*> = div curl v = 0, 

and one obtains by substitution in (3) 


( 5 ) 


do 

dt 


+ (▼ grad) o =s (a) grad) v. 


The left member is the material rate of change of o so that (5) can also 
be written as 

(0) ^ = (« grad) v. 


The maternal rate of change of o is zero wherever o is zero. From this point 
Helmholtz immediately proceeds to the conclusion, that fluid particles 
which were vortex-free at some time remain so for ever. The reasoning he 
may have had in mind could be this: Let o = 0 for t = t 0 , then by (0) 
do/dt = 0. These two statements seem to imply that, for the mass particle 
under consideration, o is still zero for t = t 0 + At. Then (0) implies 
do/dt = 0 also for t Q + At, which is equivalent to o = 0 for t = t () + 2At, 
and so on. 

For a rigorous mathematical proof we need more preparation: Let A 
be a vector associated with the moving fluid (not a “point function”, 



Fig. 22. The flux of a vector through a surface element a 
that moves with tho fluid. 


but a “particle function”) and do a surface element that likewise moves 
with the fluid, changing its shape and position in the course of time. Lot 
A n denote the component of A normal to d<r and consider the flux of A 
through da at successive instances t x and t 2 . Corresponding line elements 
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dsi and ds 2 of the boundaries of da x and da 2 are correlated to each other 
by the displacement w = vdt, which is the length of the infinitesimal 
region in Fig. 22. Its top and bottom surfaces are da 2 and da x and its 
volume dr = w n da . (In view of the limiting process we are going to per¬ 
form, it does not make any difference whether we identify da = dai and 
w n JL d<?i , or da = da 2 and w„ _L da 2 ). 

Gauss’s theorem or the definition of the divergence (both amount to 
the same) yields 

(7) J A n da = div A dr = (div A )w n da. 

The integral to the left refers to the boundary of the volume swept by 
da in the time dt. Note, however, that the vector field A is for the present 
kept constant in time. (Think of it as “frozen” at the instant fi.) 

In Fig. 22 one element of the side surface of dr has been marked. Its 
contribution to the integral is 

A-(ds X w) = ds-(w X A) = ds( w X A)„ 

where the subscript s to the last term denotes the component in the direc¬ 
tion of ds, which makes a right hand screw with the outward normal of 
the top surface. The integral over the side wall thus becomes equal to the 
line integral over the boundary of the surface 

(7a) J ds (w X A), = da curl„ (w X A), 

a transformation that corresponds to Stokes’s theorem. 

The contributions of the top and bottom surfaces to the integral in 
(7) are simply 

(A n da ) 2 — (A„ da)i = S(A„ da) 

(note the opposite orientation of the normals). The right member <5(A„ da) 
denotes the change of the A-flux due to the motion and distortion of da. 
From (7) and (7a) this change is now found as 

(7b) 5(A„ da) = (w div A — curl (w X A)) n da. 

We have still to take account of the change of the field A itself. The 
change of flux due to this cause is during the time dt 

— dtda 
dt 


On denoting the total change of flux by 

| ( A n da) dt 
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and substituting for the displacement w its value v dt, we obtain finally 

(7c) f (A n da) — (~ + ▼ div A — curl (v X A)j„ da. 

This formula, too, was found by Helmholtz, 2 but in another connection. 
It appears in his posthumous paper about the principle of least action in 
electrodynamics. 

Upon identifying the vector A with the vortex vector a, Eq. (7c) 
which is correct for any direction of the normal n of da, becomes 

(8) f (f»n da) = (|j “ curl (v X «)) n da 

since div « = 0. The right member vanishes because of (3), thus 

( 9 ) f («» da) = 0 . 

This equation expresses the theorem of conservation of vortices. The flux 
of the vortex vector has a certain unalterable value for every surface 
element that moves with the fluid. Vortices cannot be created or destroyed, 
or, the vorticity is a convective quantity of the flow, it adheres to the individual 
fluid ’particle and moves along with it. 


2. The Integral Form of the Conservation Theorem 

We start from the concept of circulation (p. 17) established by Lord 
Kelvin 3 with the aim of simplifying Helmholtz’s vortex theory. Identifying 
the general vector A of (2.21) with our v, we consider the circulation 


T = <fv,ds=<f> (v -d&) = j) (u dx + v dy + w dz) 


around a circuit, i.e., a closed oriented curve in the fluid; we think of it 
as of a “material curve” that consists, like a string of beads, of material 
fluid particles , and floats along with them. Let C be the circuit at the 


2 Gos. Wcrke, Vol. Ill, p. 476, cf. particularly the equations (8a), (8b) that refer to 
the vector of the virtual displacement A = {5$, $ 77 , 5f}. Helmholtz writes everything 
in components, which does not add to lucidity; our notation and derivation corresponds 
to H. A. Lorentz’s presentation in Enzykl. d. Math. Wiss. Vol. V, 2, p. 75, Kq. (5); 
there the equation is shown to be of fundamental importance in the electrodynamics of 
moving bodies. 

3 W. Thomson (Lord Kelvin), On Vortex Motion, Transactions U. Soe. Edinburgh, 
Vol. 25 (1869). Reprinted in Mathem. and Phys. Papers, Vol. IV, p. 13. In the same 
volume on p. 1, there is also the paper on vortex atoms of Uni referred to in t be popular 
literature: the vortex atoms left no impression on the development of atomic physics. 
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instant t and C' the distorted circuit at t + At (see Fig. 23). Let ds be an 
arc element of C and ds' the corresponding element of C r . The straight 
arrows in the figure represent the paths of the fluid particles during At, 
drawn for two neighboring particles i and i + 1; the lengths are 

Vi At and v, +1 A t. 

The arrows correspond, of course, to the vector w in Fig. 22. Fig. 23 
differs from Fig. 22 only in that the infinitesimal boundary curves of the 
elements d<r are now pulled out into finite circuits C and C'. The fol¬ 
lowing calculation is likewise closely related to the previous one. 


Fio. 23. Illustrating the concept of circulation. 



First, we see from the quadrilateral formed by the arrows in Fig. 23 
that 


v { At + ds' = ds + v i+1 At 


or 


( 11 ) 


ds' — ds 
At 


= V <+1 - Vi 


We now calculate 


dT T • T' — 

(l2) 


-f t fyds = ff t -ds+<fv£ t d„, 


whore T' stands for the circulation about C'. The expression that appears 
in the last integrand 



is nothing else but the limit of the first member of (11) for At —»■ 0. An 
approximate value of the integral itself is thus found in the sum 

X T * • - T <)- 


If we now go to the limit i —► ®, the polygon • • • i, i + 1 • • • approaches 
the circuit C and our sum approaches the line integral over C 
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where A is the arbitrary starting point (corresponding to i = 0) and 
B the end point of the integration, which coincides with A. Thus the 
second integral in the last member of (12) vanishes . 

But the first integral vanishes likewise. According to Euler's Eqs. (1) 
it equals the line integral of —grad [(p + U)/p], that is 


P+U 

P 


A 

B 


= 0 . 


Thus we have according to (12) 

(13) = 0, r = const. 


The circulation taken about an arbitrary circuit that consists of material 
particles retains its initial value throughout the flow. 

The circulation is directly connected with the vortidty present in the 
fluid as we shall show now. According to Stokes’s theorem (3.2) we have 

(14) P = (j) y-ds = 

If we now consider an arbitrary surface bounded by the circuit C and 
take at every element da the normal component of the vortex vector <d, 
T equals twice the vorticity that passes the surface <r. Hence the flux of 
the vortex vector through the surface a remains constant throughout the flow . 
Helmholtz's vortex theorem appears here in the form of Kelvin’s circulation 
theorem; the contents of both are identical.* 

It is, of course, not necessary to follow a particular surface a chosen 
in (14) throughout its motion, since any surface through C gives the same 
vortex flux w n dc. This is again a consequence of Stokes's theorem which 


j) v 8 ds = J curl* v dc = 2 J oo n do-. 


*It is now easy to see that the assumption p = const is not necessary for the validity 
of the conservation theorem. There is only one point in the foregoing proof that has not 
a purely kinematic character, and this is the vanishing of $(dv/dl). ds in (12); here 
the compressibility might have an effoct. But in the compressible case the integrand may 
be written in the form — grad ((P + V) when the notation of Eqs. (7.0b) and (7.7) is 
used, provided that a p,p-relation is given. 

The condition for the validity of Helmholtz’s (or Kelvin’s) theorem is therefore 
the existence of a single-valued “acceleration potential” 

r P 1 

/ - (grad p + F)-ds, 

JPt P 

and it does exist when 

1. the fluid is inviscid 

2. the external force per unit of mass, F/p, has a single-valued potential V 

3. a p , p-rcl ation J exists. 
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permits us to use an arbitrary surface <r. But it is required that the circuit 
C consist permanently of the same material particles. 

Eqs. (13) and (14) become obviously identical with the previous 
Eq. (9) when <r becomes infinitesimal. Conversely, we could have derived 
the present result from (9) by an integration over d<r, but the reasoning 
used here is simpler and less abstract than the previous one and mi ght 
be considered as a supplement not entirely superfluous. 

While Eqs. (1) and (2) represent the differential form of Euler’s equa¬ 
tions, the circulation theorem (13) could be called their integral form , 
using a terminological distinction taken from electrodynamics. Likewise 
Eqs. (7) appearing in 15 represent the differential form of Maxwell’s 
equations . Besides, there is an integral form of the same equations ex¬ 
pressing their physical content in the form of relations between line and 
surface integrals, more suitable for a number of purposes. 

3. The Spatial Distribution of the Vorticity 

Following an idea of Helmholtz we consider now the field lines of the 
vector field <»>: The vector determines at a given time at every point of 
the field of flow a certain positive direction of the vorticity. Proceeding 
from one point to the next along these directions we describe a vortex line 
in exactly the same way as we describe a line of force in a field of force by 
proceeding along the force directions. Now we take a surface element A q 
perpendicular to the vortex line which we let pass through a border point 
of Aq, and construct the vortex lines that go through the other border 
points of A (j. In this way a vortex tube is obtained. The circulation about 
the boundary of A q is according to (14) 

(15) F = 2(i with ii = coA q. 

The flux of the vortex vector through the tube or the vortex strength , 4 as we 
shall also call it, has been denoted by ix. According to (13), y is constant 
in time regardless of the changes experienced by the vortex tube and the 
vortex linos of which its boundary consists. 

However, the vortex strength remains constant also in space, that is, 

4 Thc vortex carried by an element Aq can be characterized by 2uAq as well as by oAq. 
When the first possibility is chosen, the terra vorticity is frequently used as a name for 
2 wA q } so that the differential circulation AT is directly equal to the vorticity. In this 
book wA q has been chosen as the characteristic quantity and the term vortex strength 
introduced to denote it, while tho term vorticity is regarded as synonymous with the 
term vortex vector <*> = J curl v. 

This definition of y also presupposes that the boundary of A q is oriented so as to 
form a right hand screw with «; y is then essentially positive. In the two-dimensional 
case it is more convenient to give a sign to y [cf. (19.8) and 21]. 
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as long as one proceeds along the same vortex tube (cf. Fig. 24). Since 
div w = 0, we obtain, by applying Gauss’s theorem to a piece of the vortex 
tube between the normal cross-sections A q and A q', 


(16) 0 = J div <o dr = J u n d<r 

where the integration to the right includes A q and A q' and the side walls 
of the tube segment. But w„ vanishes on the side wall according to the 



Fig. 24. The flux of the vortex vector through an orthogonal and 
an oblique cross-section of a vortex tube. 


definition of the vortex tube. Furthermore, the component has the 
value — u at A q and the value +u' at Aq', where w and «' are the amounts 
of w at the respective places. Thus Eq. (16) means 

(17) 0 = u'Aq' - uAq, that is /*' = M- 

This finiRhea the proof. Note also that the same value n is obtained 
when the tube is cut in oblique direction. With Aq" denoting the area of 
such a cut and u" the normal component of <>> at Aq", Gauss’s theorem 
gives as before 

u" Aq" = uAq = ju. 

Thus the product of the area of the cut and the normal component of 
the vortex vector is the same for an arbitrary cut through the vortex 
tube. This points to an analogy between vortex tubes and electric currents 
which will be discussed in 20. 

It is an immediate consequence of the constancy of the vortex strength 
that a vortex tube can never end within the fluid. It either reaches the 
boundary or it must be closed. 

So far we have silently assumed that w is continuously distributed in 
space; the vortex strength ju is then of the same order of magnitude as 
the tube cross-section Aq. But we can consider the limiting case, that 
is concentrated at single, infinitely narrow, linear regions, in analogy to 
the so-called linear conductors in electricity. The vortex vector <o becomes 
infinitely large within those regions while it may have any finite value 
outside, in particular it may be zero. In the latter case we speak of a 
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vortex filament. Its strength has a finite value that does not go to zero 
with A q and can be written as 


(18) 


y = Lim oAq. 

A q —>0 


19. Tivo- and Three-dimensional Potential Flow 


A flow that is in general irrotational is called a potential flow. The 
term “in general” means here “with the possible exception of singular 
points or lines.” As discussed already in 11, p. 88, the condition of irrota- 
tionality, 2<*> = curl v = 0, implies the existence of a velocity potential 3>; 
in the preceding article wo found in addition that a flow remains irrota¬ 
tional if it starts out as an irrotational flow. In the present article, how¬ 
ever, we shall consider only steady flow problems so that the question of 
time dependence of $ does not arise. Since we shall further assume an 
incompressible fluid all through this chapter, the potential equation (11.13) 

(1) V 2 $ = 0; 

is in general fulfilled in the space filled by the fluid. (For the meaning of 
“in general” see above.) 

We wish to investigate the properties of the flow that result from (1). 
This is particularly simple in the case of two-dimensional flow where 


( 2 ) 


d 2 $ 


— _ 0 
dx 2 + - 2 “ °’ 


Let us first compare (2) with the wave equation (13.9) 


(2a) 


d 2 $ 1 d 2 $ _ 

dx 2 ? df 


By putting t = y and c 2 = —1, (2a) is changed into (2). Since the general 
integral of (2a) is known, viz. d’Alembert’s solution (13.11) 

(2b) = Fi(x + ct) + F 2 (% — ct ), 

we also know the general solution of (2); it is: 

(3) $ = J{/(® + w) + /*(* iq j )I • 

The two arbitrary functions of (2b) must be assumed as conjugate complex 
in (3) (indicated by *) in order to make $ real; besides, we have added 
the factor J so that $ is directly equal to the real part of f(x + iy). 

The general solution of (2) is therefore given by the real part of an 
arbitrary analytic function f of the complex variable z = x + iy. It is 
then convenient to write this function in the form 
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/(*) = $(*, v ) + y )• 


The imaginary part SF, that is, the function conjugate to 3>, is sometimes 
called the conjugate potential. In hydrodynamics \p is known as the 
stream function. 

To find interrelations between $ and SF we differentiate (4) once with 
respect to x and once with respect to y, indicating the differentiation with 
respect to the complex argument z by f'(z) as usual. This gives 


d , r,f \ dz xr , s d# . . 


dx ’ 


(4a) 


d ,,, ... .dz ..... d<t> . .dM 


By elimination of /'(«) results 


d$ 

dx 



0 . 


Since 4> and ^ are real, this relation is equivalent to the two relations 


d$ = frjf d$ = 
dx dy 3 dy dx 3 


the Cauchy-Riemann equations , of theory of complex functions. They can 
be expressed in the comprehensive form of one symbolic equation 


(5a) 


d# = §9 
ds dn 3 


valid for an arbitrary pair of orthogonal line elements of the x , ?/-plane 
that follow each other in the same sense as the positive real and the 
positive imaginary axes. When ds coincides with the rc-direction (and dn 
consequently with the ^/-direction), (5a) becomes identical with the first 



<p*Gonst 


Fio. 25. Equipotontial lines <t> = const, and stream¬ 
lines ^ = const in two-dimensional irrotational flow. 


equation (5); when ds coincides with'the ^-direction and dn with the 
negative ^-direction, (5a) becomes the second Eq. (5). That the relation 
between the directional derivatives (5a) is correct for any other pair ds, 
dn can be easily derived from (5). Thus (5a) is the appropriate vectorial 



[IV. 19] 


VORTEX THEORY 


139 


expression of the Cauchy-llicmann equations in invariant writing. When 
the direction ds is made to coincide with a contour line of the velocity 
potential as indicated in Fig. 25, the derivative d$/ds = 0; hence, by 
(5a), the contour line of the stream function coincides with the ^-direction 
since in this case 


( 0 ) 



Thus it is seen that the two families of euwes $ = const and 'Sr = const are 
orthogonal to each other. This is usually shown by cross multiplication of 
Eqs. (5), resulting in 

(6a) grad $-grad ^ = 0, 

but (5a) is a direct expression of that fact as we have just seen. 

To justify the term stream function , we turn again to Fig. 25. If ds 
coincides with the contour line of the velocity potential as above, the 
vector v = —grad $ points in the direction of dn , but this is the direction 
of the curve 'Sr = const by (6); hence the lines 'Sr = const are the stream 
lines of the flow. 

The families 3> = const and 'Sr = const are not only orthogonal but 
also isometriCj that is, the rate at which the functions $ and 'S' increase 
in the directions ds and dn respectively are equal; in other words, if the 
increments of both functions are equal, say 8 = <23> = d'Sr , then ds = dn 
according to (5a). This means geometrically that the curves <£ = Ci , 
¥ = c 2 , = Ci + 8, 'Sr = c 2 + 8 form an infinitesimal square. As a conse¬ 

quence, the imago of an infinitesimal figure drawn in the x + iy -plane 
appears geometrically similar in the # + iT'-plane: The mapping of the 
x + iy -plane on the $ + i^-plane is conformal, that is, geometrically 
similar in the small. The scale of the mapping is given by | f'(x + iy) |; 
it changes from point to point, but, at a given point, is independent of 
the direction. 5 


fi It is uo exaggerated claim that the theory of analytic functions of a complex vari¬ 
able is identical with two-dimensional potential theory or, in terms of hydrodynamics, 
with two-dimensional theory of potential flow. In particular the methods introduced by 
Kiemann in his dissertation (1851), where analytic functions aro characterized by their 
intrinsic properties such as singularities, connectivities at branch points, etc. rather than 
by their analytic expressions, have been prompted by his deep interest in mathematical 
physics. The following story reveals in a characteristic way the attitudes of two great 
minds of the epoehe toward Itieniann’s discovery. On a vacation trip in Switzerland, 
sometime in the seventies, Helmholtz meets Woierstrass, the great mathematician. The 
latter, recently engaged in the study of Riemann’s dissertation, complains that It.’s 
methods were so hard to understand. Upon this Helmholtz borrows the paper and 
when ho meets Woierstrass next time, he declares that Riemann’s ideas appear to him 
perfectly natural and self-evident. 
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The simplest example in which we apply the methods of the theory of 
functions to hydrodynamics is the line vortex discussed on p. 35. We put 

(7) /(z) = iA log z (.A real). 

Setting z = re iv we obtain 

/(z) = + i'Sf = — A<p + iA log r, 

and consequently 

(7a) $ = ~ A <P> * = A log r - 

The stream lines are given by ^ = const or r — const. The flow velocity 
follows from v = —grad f>. Since in our case $ depends only on <p, the 
velocity 

j * 1 A „ _ n 

(7b) ±v = v v = - grades = = 7> 9 * ~ 0 

in agreement with (4.29). 

The origin is a singular point of the flow since v becomes infinite there. 
This singular ity appears already in Eq. (7) since /(z) goes logarithmically 
to infinity for z = 0. 

The flow is everywhere irrotational except for r = 0. This must be so 
by virtue of its derivation from a complex function f, and can be verified 
by computing the vortex vector w, which is here normal to the x, j/-plane, 
in application of the results of problem I, 3: 



1 dVr 

r dtp 


= 0 . 


The correspon ding calculation in Cartesian coordinates is unnecessarily 
involved; it is earned out here for once: 


=Fr sin <p = z Fr a = 


— A K , 
r 


x x 

V y = dbw COS <p = - = + A ^ . 

Thus we have at every point with the exception of the origin 

dv y dv x A 2 Ax 2 i A 2Ajl _ n 

2u = d^~^ = 7~~7' + 7 ~7 "°‘ 


According to the invariant definition in (2.21), u can always be com¬ 
puted fr om the circulation around an infinitely small circuit enclosing 
the point under consideration. This implies that the circulation around any 
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point with the exception of r — 0 vanishes provided the circuit is sufficiently 
close to the point. If on the other hand the circulation is taken around any 
finite (arbitrarily small) circle enclosing the origin one obtains from (18.10) 


( 8 ) 


T = v-ds = J vr dtp = 2wA. 


T is independent of r and therefore the same for any two circles r x and 
r 2 ; this is necessarily so since the circular ring between the two is vortex- 
free. The entire vorticity is thus concentrated at the singular origin . The 
vortex strength* at this point is according to our definition of n in (18.15) 

(8a) n = tA. 


Viewed in three dimensions, the singular point corresponds to a vortex 
filament normal to the z,2/-plane. A second vortex filament of opposite 
strength /* = — xA is at infinity, when infinity is considered as a point 
of the complex plane as one usually does in theory of functions. Note 
the formula following from (7b) and (8a): 



Wc can have both vortex filaments located in a finite domain, e.g., 
at the points z = d=c, if we subject z to a bilinear transformation. Con¬ 
sider instead of (7) the function 

do) m = iA io g ^. 

and put 

(10a) z — c = z + c = r a e””, 

Defining the bipolar coordinates p and <p by 

(10b) p = log -y , <p = ipi — <p 2 , 

we obtain according to (4) 

(11) $ = -A<p, V = Ap = A log ^ . 

•2 

Since all angles <p subtended by the segment (—c, +c) have their 
vertices on a circular arc, the cquipotential lines $ = const are circles 
through the singular points z = =bc; but the streamlines = const are 

*In tho two-dimensional case, wo take all circulation integrals in the same sense 
(“enclosed” area to tho left hand); tho vortex strength p can then be positive or negative. 
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also circles sines the locus of constant ratio of distances from two given 
points is a circle. Note that the intersection points of any circle ¥ = const 
with the real axis separate the points — c, +c harmonically. Fig. 26 
shows the orthogonality of the two families of circles, it also gives an 
idea of the network of infinitesimal quadratic meshes that is obtained if 
one allows the parameters of either family of circles to change in equal 
increments S. 

Problem IV, 1 shows how to handle bipolar coordinates. They are in¬ 
frequently used in mathematical physics, one of the reasons being that 

P'O 


Fig. 26. Superposition of two 
vortices of equal strength and oppo¬ 
site orientation. The diagram also 
shows bipolar coordinates lines. 


P’O 



the two-dimensional wave equation is not “separable’' in these coordi¬ 
nates; this is discussed in the same problem. 

Our present function/(z) can be obtained by the superposition of two 
simple vortices of the type (7), one having the center z = +c Rnd the 
constant +A, the other the center z = —c and the constant —A: 

(12) /(z) = iA log (z — c) — iA log (z + c). 

A circuit of arbitrary shape enclosing +c, but not — c, gives according 
to (8) 

(12a) T, = 2rA 

A circuit of arbitrary shape enclosing —c, but not +c, gives according 
to (8) 

(12b) r 2 = -2 *A 

A circuit that encloses both or none of the two singularities gives 1’ = 0. 
As in (8a), the strength of the vortex filament in +c or -c is 


Ms — — vA. 


(13) 


Mi = irA or 
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The field belonging to our present function f(z) can also be obtained 
by the superposition of two fields of the type (9) if r is replaced by | z — c | 
and | z + c |, respectively. One obtains by superposition 

/ 14 \ v = /*♦» _ vfa 

K j 7T \ Z — C I T \ z + C \ 7TTi 7Tr 2 

Here and § 2 arc unit vectors in the direction of increasing angles 
and <p 2 . This result will be compared in problem IV, 2 with the repre¬ 
sentation of the same flow in bipolar coordinates according to (11) 


(14a) v = A grad <p = - grad <p. 

T 

We turn now to confocal elliptic coordinates, which are of importance 
for the flow patterns to be treated in Chapter YI. A simple approach to 
these orthogonal coordinates takes on the form of a geometrical analysis 
of the mapping of the plane z = x + iy on the plane £ = £ + iy given by 
the following relation 

(15) z — c cosh f 

which may also be written as 


(15a) 


x + iy = % (e £+< ” + e-*'*'). 


The substitution 


e*” = cos i] ± i sin 17 , 


leads immediately to 

x + iy = c (cosh { cos y + i sinh | sin 17 ). 

Separation of real and imaginary parts on both sides gives now 

(16) x — c cosh £ cos 17 , y — c sinh £ sin 17 . 

From (16), 17 can be eliminated by the use of cos 3 77 + sin 3 77 = 1, resulting 
in 


(17a) c a cosh 3 £ + c 3 sinh 3 £ “ L 

The elimination of £ from (16) by the use of cosh 3 £ — sinh 3 £ = 1 gives 


(17b) 


c 3 cos 3 77 


L 


2*2 
C sm rj 


For constant £, (17a) represents an ellipse with the semi-axes 


a — c cosh £, b = c sinh £. 
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Its eccentricity is given by 

(18a) V<? “ = c, 

and thus independent of £. Thus, if £ varies, one obtains a system of 
confocal ellipses with foci x = dtc, y = 0. On the other hand, for constant 
rj (17b) represents a hyperbola with the semi-axes 

a = c cos 77, 6 =* c sin 17; 

its eccentricity is 

(18b) \A 2 + 6 s = c 

therefore independent of 77 and equal to that of the ellipses given in (18a). 
With variable parameter 77 , (17b) represents a system of hyperbolas, 
confocal among themselves and with the system of ellipses, cf. Fig. 27. 



It is of interest to consider the limiting parameter values £ = 0 and 
£ = 00 in the family of ellipses: the value £ = 0 gives by (17a) the focal 
line 

2 / = 0 , — c<z<+c 

and the value £ = « gives an infinitely extended ellipse. 

As regards the parameter 77, note the particular values 

77 = 0, 77 = d= | , 77 = d=7T. 

The value 77 = 0 characterizes, by (17b), the part of the real axis to the 
right of c: y = 0 , x > c. 77 = ± 7 r /2 corresponds to x = 0 , the hyperbola 
coincides with the y - axis. 77 = =b7r gives the part of the z-axis to the left 
of c: y = 0, x < —c. 
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In order to obtain a unique relation between the coordinates £, rj and 
the points of the 2 ,?/-plane, £ and 17 must be restricted to a certain domain. 
One way of doing this is to assign the values 0 < rj < tt to the upper 
halves of the hyperbolas, and the values — w < rj < 0 to the lower halves. 
By this rule the entire £, 7 /-plane is mapped on the strip of the £, 17 -plane 

(19) 0 < £ < + 00 , — 7T < 17 < + 7T 

indicated in Fig. 27a. Note that the one-to-one correspondence between 
the x, 2 /-plane and the £, 17 -strip does not include the boundary of the strip; 
either the upper or the lower half of the borderline must be omitted. 
Or one might also consider boundary points that are mapped on the 
same point in the £, 2 /-plane as identical (viz. 0 , ± 17 ; £ 3 ^ 0, ± 7 r). 

The advantage of elliptic over bipolar coordinates with regard to the 
separability of the wave equation will be discussed in connection with 
problem IV,3. In Chapter VI problems arising from the flow past a plate 
will be treated by means of elliptic coordinates. We shall use a complex 
potential of the form 

( 20 ) 3 > + = /(f), where /(f) = const-sinh f. 

Here, f is thought to be related to z according to Eq. (15) so that /(f) 
becomes a complex function of z . 

Let us return once more to the simple potential (7), but without the 
factor i on the right hand side. Then 

(21) f(z) = A log 2, 3> = A log r, = A<p. 

The rays <p = const originating at 0 are now the streamlines. The contour 
lines of the potential arc the circles r = const about 0. Depending on 
the sign of A, 0 is either a source or a sink. Note in this connection that 
the general central symmetric solution of the potential equation is the 
logarithmic potential $ = log r, save for a multiplicative and an additive 
constant. 

A few remarks about the potential flow in space follow here as a sup¬ 
plement. 

The central symmetric solution of the potential equation in space is 
the so-called Newtonian potential 

(22) * = 7 • 

No historical implication is intended, and Newton never Bpoke of this 
potential; the term should imply that ( 22 ) is associated with the field of the 
Newtonian attractive force 

F = — grad $ = — A grad ^ . 


(22a) 
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The hydrodynamical meaning of is again the velocity potential of a 
source or sink at 0. 

In general, no stream function *■ can be associated with the velocity 
potential in the three-dimensional case. Only in the case of an axial sym¬ 
metric flow is it possible to construct a stream function. 8 For this purpose 
cylindrical coordinates p, <p, z are introduced, z being the axis of symmetry. 
If the problem is axial-symmetric, $ will not depend on <p but only on 
p and z. The potential equation (1), the mathematical equivalent of in¬ 
compressibility, reads then (see problem I, 3) 


(23) 


a 2 $ , l ft 

d P 2 + p d P + di u 


It may also be written in the form 


(23a) 


d 3$ , a 3$ _ n 
d P p dp + dz p dz °* 


From this form we can conclude that there exists a function S? = ^(p, z) 
such that 


a 2 * = 

dp dz 

If we now put in particular 


3 3$ 


3 34> 


dp P dp dz P dz 


(24) 


_ 3 $ 

dz p dp ’ 




6 # 


dp p dz ’ 


we obtain by cross multiplication 


(§* 3* d± 3*;\ 0 

\3p dp + dz dz) 


This implies that in any meridian plane <p = const the curves <f> = const 
and SP = const are mutually orthogonal. In other words, in such a piano 
the lines *' — const coincide with the direction grad # and are stream 
lines. The function Sk may therefore be considered as a stream function. 
From (24) and v = —grad 4>, one obtains the velocity components in 
the form 


(25) 


13 *; = 13 *; 

p dz ’ V ‘ p dp 


It is impossible, however, to combine # and 'P to form a complex function 
4- z* r of the variable p + iz as in the two-dimensional case. If this could 
be done, then the relations (24) should coincide with the Cauchy-Rie- 


8 Stokes, Trans. Cambridge Phil. Soc. Vol. 7,1842, p. 439. 
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mann. Eqs. (5), which is not the case because of the factor p in (24). 
Also, and would have to satisfy the equation d“u/dp~ -f- d 2 u/dz 2 = 0, 
but actually $ satisfies Eq. (23) and 'I / the equation obtained from 
curl v = 0 by (25): 


(26) 


dp 3 pdp + dz 2 ° 


The powerful tool of the theory of complex functions cannot be used 
in three-dimensional potential theory. 7 


20. A Fundamental Theorem of Vector Analysis 

The theorem which we wish to prove here is this: A continuous vector 
field V, defined everywhere in space and vanishing at infinity together with 
its first derivatives, can be represented as the sum of an irrotational field V x 
and a solenoidal field V 2 : 

(1) V = V. + V*, 

where 

(la) curl V x = 0, div V 2 = 0. 

Our decomposition charges all sources and sinks of the given field V to 
the component field V, and all vortices to the component field V 2 so that: 

(lb) div V, = div V, curl V 2 = curl V. 

The representation (1) is unique except for a vectorial constant. 

This fundamental theorem was proved in its essentials by Stokes 8 in 


’The great mathematician David Hilbort (1802-1943) sharply characterized the 
futility of all attempts in this direction by the following remark: time is onc-dimensional, 
space is throo-dimensional, however the number, that is, the perfect complex number, 
has two dimensions. 

8 In his big paper: On the dynamical theory of diffraction, Trans. Cambridge Phil. 
Soc. Vol. 9, p. 1, reprinted in Math, and Phys. Papers, Vol. II, Cambridge, 1883, p. 243 
and particularly p. 254 ff. Stokes does not yet give an explicit definition of the vector 
potential A. Instead, V 2 is calculated by the following formula obtained through a 
combination of our equations (5) and (9) 


4ttV 2 



curl curl V ^ 


For a rigorous proof see: 0. Blumcnthal, Uebor die Zerlogung unendlieher Vcktorfelder, 
(Mathem. Annalen 61,235, 1905). His only restriction is that V and its first derivatives 
vanish at infinity while no additional assumption is made about how quickly they 
vanish. It turns out that the component fields Vi and Vg need not vanish themselves, 
they may even become in a restricted way infinite. In the following we shall make the 
somewhat vague assumption that V vanishes “sufficiently strongly” at infinity. 
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1849. In a more complete form, it is the basis of Helmholtz's paper on 
vortex motion of 1858, where it is also proved (implicitly however, and, 
of course, without the uso of vector notation). This theorem penetrates 
deeper into the integration methods of mathematical physics than any¬ 
thing we have done so far; it is of great importance in hydrodynamics, 
but even more so in electro-magnetic theory. We shall prove it in three 
steps. 

1. Calculation of V x . The irrotational vector V, can be derived from a 
scalar potential 4> in the form 

(2) Vi = — grad $ + const. 

The potential $ satisfies the differential equation 

div grad $ = V 2 $ = — div Vi , 
which because of our condition (lb) may also be written as 

(3) V 2 # = — div V. 

The constant added in (2) for the sake of generality means nothing for 
the determination of $. From the inhomogeneous potential equation (3) the 
right member of which is a known function, # is determined by Green's 
theorem in the form 

<« M = f*ifL dr . 

(see la below). Here r = r PQ is the distance of the field point P , at which 
$ is to be determined, from the “source” point Q which designates the 
place of the volume clement dr , that is to say, the coordinates of Q are 
the integration variables. If $ is known, \ x is also known from (2) except 
for a constant. 

2. Calculation of Y a . One introduces a vector potential A by putting 

(5) V 2 = curl A + const 
and adds as a further condition 

(6) div A = 0. 

Note: if A fulfills (5), A + grad X, with X being an arbitrary point function, 
does the same; hence an additional condition like (0) may be stipulated. 
Because of (5) 

curl curl A = curl V 2 , 
which, according to (lb), may be written 

(7) curl curl A = curl V. 
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Also here the additive constant in (5) is immaterial. To (7) we now apply 
the vector rule (3.10a) valid for Cartesian components: 

V J A = grad div A — curl curl A. 


Because of ( 6 ) this reduces to V 2 A = — curl curl A, hence (7) is equivalent 
to 

( 8 ) V 3 A - - curl V. 

The components of A then satisfy, like inhomogeneous potential equa¬ 
tions that can be integrated by the following formula, analogous to (4): 

( 9 ) /=>!*. 


We shall prove in 2a that this representation of A satisfies by itself the 
condition ( 6 ). When A is known, V 2 is obtained by (5) except for a con¬ 
stant. 

3. Uniqueness of the resolution V = V, + V 2 . Suppose there were 
another resolution V,', VS beside Vi, V 2 . The irrotational vector V( — V! 
would then at the same time be solenoidal, since we should have according 
to (lb) 

div (V{ - VO = 0 . 


In the same way we conclude that the solenoidal vector Va — V 2 should 
at the same time be irrotational since, again by (lb), 

curl (VS - V 2 ) = 0. 

The calculation of the potentials $ and A for the vectors V( — V, and 
VJ — V 2 carried out as in (4) and (9) would yield $ = 0, A = 0. Hence, 
by (2) and (5), we have 

V{ - Vi = const, VS — V 2 = const. 

Thus the resolution is indeed unique except for a vectorial constant. For 
more details see Blumenthal, loc. cit. 

la. Tfie calculation of $ and A by Green’s theorem. Let us put in Green’s 
theorem (3.15) 

U-*, v = ± 

and apply it to a large sphere with radius R and center O. We know from 
(19.22) that V 2 (l/r) = 0 except for the singular point r = 0 which has 
to be excluded from the integration by a small spherical surface with 
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radius p. First we calculate the surface integral over the p-sphere which 
appears on the right side of (3.15). Let 0 denote the solid angle that is, 
to be the surface element of the unit sphere. The surface element of the 
P-sphere is da = p 2 dQ. Since dn is the outward normal seen fiom the 
region of integration, we have 

dU _ dV 

dn = -dp, a- ~ 3 o ’ dn 


d 1 ,1 

= ;— = i—5 

op p P 


That part of the right member of (3.15) which refers to the p-sphere 
becomes therefore 


* / dQ + J^ pdn - 


( 10 ) 

The second integral in (10) vanishes for P -* 0, and the first equals 4*. 
(Note that the factor $ tends to the value of $ at p - 0). 

We now consider the surface integral over the 22 -sphere. The same 
consideration as before leads to the following expression for this integral 


- / 


( 10 a) 

But this time both integrals vanish provided $ goes to zero with 22 
and d$/dR vanishes more strongly than 1/22. This is what we wan to 
enforce by requiring that V should vanish “sufficiently strongly at in¬ 
finity. The sum of the surface integrals over both spheres becomes then 

4lf ^On the other hand, the first member of (3.15) is, because of (3) and 
V a (l/r) = 0, 

div V 


/ 


• dr. 


This finishes the proof of Eq. (4); the proof of (9) follows exactly the 
same lines. 

2a. Proof that div A = 0. We take the divergence of either side of 
equation ( 8 ) 

div V 2 A = — div curl V = 0. 


Since the operators div and V 3 are commutative, one concludes that 
u = div A satisfies the homogeneous equation V 3 it = 0. We carry out 
the integration as before under la) and notice that the surface integral over 
the 22 -sphere has again the limit zero, while the volume integral that 
appears in Green’s representation of u is now identically zero. I his shows 
that the additional condition ( 6 ) for div A is actually fulfilled. 
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3a. More about the uniqueness. When the vector field V is not defined 
everywhere in space, but only inside a boundary surface 2J, additional 
surface integrals over 2 appear in place of the vanishing surface integrals 
over the surface of the infinitely large i2-sphere. In the calculation of $>, 
for instance, we have instead of (10a) 


( 12 ) 


/•fie - (i&a. 

J s d?i t J 2 t dn 


This invalidates the representation (4) as well as our uniqueness proof, 
and the same is true for the representation (9) and the transformation 
(11). In the ease of a finite domain it is indeed necessary to prescribe 
suitable boundary conditions on the surface S, in order to give a definite 
meaning to the resolution “irrotational-solenoidal”. 

Note that in the ease of an infinitely extended vector field that is 
everywhere defined the constants in (2) and (5) must cancel each other, 
since the sum V = V, + V 2 is supposed to vanish at infinity, according 
to our assumption at the beginning of this article. 

Our uniqueness theorem has a well known counterpart in two dimen¬ 
sions: a function f(x + iy) that is everywhere regular in the complex plane 
including the paint is necessarily a constant (Liouville’s theorem). Both 
real and imaginary parts of such a function represent a two dimensional 
potential that is irrotational and solenoidal at the same time; both parts 
must, therefore be constants, making / a complex constant. 


4. Representation of a velocity field with given vortices. For the sake of 
simplicity we assume first the entire space filled with a moving fluid and 
identify the vector V with the fluid velocity v. According to the condition 
of incompressibility, div v = 0; hence by (4) V! = 0, and V = v = V 2 
(the additive constant has been omitted) .Upon introducing the vortex 
vector u which, for (he present, we assume continuously distributed in 
space, we have by (9) and (5) 

(13) 2?rA — J dr, v = curl A. 

The velocity V can be represented by a superposition of the contributions of the 
indimdual vortex elements wlr. Consider now the vortex tube (cf. p. 130) 
associated with a certain vortex element wdr, a segment of which having 
the length | As | and cross-section A q is shown in Fig. 28. If the vortex 
strength y = uAy [see (18.15)] is introduced, the contribution A' of our 
vortex element to the vector potential A is given by 


2ttA' = 2 As. 
r 


(14) 
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The corresponding contribution v' to the velocity of the flow is then 

(15) v' = curl A' = ^ curl Asj. 

Here the vector /tAs/r has the direction of As which, according to the 
definition of the vortex tube is identical with the direction w. The operation 
curl to which this vector is subjected refers to the coordinates of the field 
point P for which v' is to be computed. It is now convenient to introduce 


Fig. 28. The contribution of the element As of a vortex 
tube to the vector potential A and the flow vector v. 


an auxiliary coordinate system, taking As as the z-axis of a Cartesian 
system with origin 0 at the volume element of the vortex tube under 
consideration. 9 With A' = A ',, A' x = Ah = 0, we obtain from (15) 

2^ = 2tt ^ ^ As ^ , 

dy r r 

(16) 

These three equations can be written in condensed form: 

(17) 2wv' = 4 As X r. 

r 

The direction of v' is orthogonal to As as well as to the position vector 
r = OP; its magnitude is given by 

(18) 2x | v' | = M I I sin 

where # is the angle between As and r. The orientation of v' follows from 
the right hand rule for vector products. 

The motion at the field point P due to the vortex element 11 A& is dc- 


°Instcad of that wc could also use the general formula curl /a — / curl a + (grad/) X 
a, which gives (17) if one puts a = As = const and / = p/r . 
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termined by the law (17). The total velocity at P is the vectorial sum of 
the elemental velocities v': 


(19) v = jy. 

5. The electro-magnetic interpretation of solenoidal fields . We now com¬ 
pare (18) with the well known classical law of BiotrSavart 


( 20 ) 


, ids . 0 
dF = — 2 ~ sin #, 
r 


where i is the current intensity in the element ds of the conductor and 
dF the force acting on the magnetic unit pole at the field point P; $ and 
r have the same meaning as in Fig. 28; also the oriented direction of dF 
coincides with the oriented direction of v', given by the vector product 
rule. 

This amounts to a perfect analogy between hydrodynamics and electro¬ 
dynamics, which, according to a remark of Helmholtz, has helped greatly 
in the development of either science. 

The current intensity i corresponds to the vortex strength the current 
density J to the vortex vector <o. The Biot-Savart force dF acting between 
an individual current element and the unit pole is the analogue of our 
elemental velocity 27 rv', the magnetic field strength (that is the force on 
the unit pole due to the total system of currents) corresponds (except for 
the factor 2 tt) to the total velocity vector y = 2v'. As a system of electric 
currents is surrounded by magnetic field lines, so a system of vortex tubes 
is surrounded by stream lines. In electrodynamics we speak of the field 
F as induced by the current density J; it is convenient to use the same 
expression in hydrodynamics and to speak of the velocity v as induced 
by the vorticity <o. 

This analogy corresponds to the correlation b) on p. 110 that coordi¬ 
nates the flow v to the magnetic field strength and the rotation (pre¬ 
viously $ and now <o) to the electric field strength. 

In the electromagnetic case all these things become particularly 
simple if one considers linear conductors , that is, wires of sufficiently small 
cross-section. Their counterparts in hydrodynamics arc the vortex filaments 
introduced on p. 141 which will be treated in the following article. 

6. Boundary value problems in the finite space . The determination of 
the velocity distribution in the case of the continuous flow of an infinitely 
extended incompressible fluid has been represented under 4) as a summa¬ 
tion problem , provided the flow vector vanishes at infinity. The vector 
potential A is found by integration over the distributed vorticity which 
is considered as given. The scalar potential is here immaterial since it 
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was possible to assume the flow vector to be free of sources and sinks 
throughout the space. This is different when the flow is restricted to n 
finite domain, where we have to consider boundary conditions for the 
pressure (e.g. p = 0 at a free surface) and for the velocity (e.g. v n = O 
at a rigid wall). If sources are present in the flow, they must be excluded, 
from the domain of validity of Euler’s equations and the excluding sur¬ 
faces must be considered as boundary surfaces of the fluid. The simple 
integral representation of A is no longer sufficient and a scalar potential 
$ appears in addition, as earlier in 3a. As a consequence of the boundary 
conditions we face now a boundary value problem which can no longer be 
solved by a simple superposition of sources and vortices, but calls for the 
application of special mathematical methods suitable for the given bound¬ 
ary conditions (e.g. conformal mapping in the two-dimensional case). 

21. Straight and Parallel Vortex Filaments 

In this article we consider the following two-dimensional problem.: 
Given a number of straight vortex filaments normal to the rc,y-pla ae. 
What can be said about their mutual interaction in the course of time? 
With such a question we enter the domain of vortex dynamics while we 
have so far only dealt with the kinematic aspect of vortex theory (fox* 
instance in our analysis of the induced velocity field). The basis of vortex 
dynamics is found in Helmholtz’s conservation theorem of 18 where we 
learned about the convective character of the vorticity. Hence, if we 
know the velocity imparted to the particles of an individual vortex fila¬ 
ment by the other vortex filaments, we are also informed about the 
velocity with which that vortex filament moves along and about its con¬ 
tingent change of shape. Dynamics and kinematics of vortex filaments 
are thus directly connected. In the two-dimensional case to which we 
restrict ourselves in this article, it is understood that the vortex filament 
remains straight. 

1. The Single Vortex Filament 

As already learned in (19.7), the velocity field of the single vortex is 
given by 

(1) $ + vlr = iA log ( x + iy), 

(la) =b v = v? = — grad* $ = — = — . 

r 7 rr 

The stream lines are circles about the origin; the vortex proper, that is to 
say the point 0 , does not take part in the motion. 
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This is the place to examine the connection between the field due to 
a simple vortex and the Biot-Savart law of the last article. To do this 
we must leave the complex plane and introduce the 2 -coordinate along 
the vortex filament, which reaches from — “ to + ®. Let x, y, 0 and 
0, 0, 2 be the coordinates of the field point and of the “source” point that 
supplies the integration variable as before. The line element, previously 
| As |, is now dz, its distanc e from the fiel d point, previously called r, is 
no w R = y/x 2 + y a + s 2 = y/r 2 + z 3 where the new r stands for 
y/x a + y 2 as in (la). From (20.17) and (20.19) we obtain after evaluation 
of the vector product 

/ + o° 

( r a + z y '*» 


while v, is obviously zero. To evaluate the improper integral in (2) we 
start with the well known formula 


f 7 == | = log (a + y/r 2 + a 2 ) - log r 

j 0 i/r z 

and obtain by differentiation under the integral sign with respect to r 

f dz L _ 1 _ _ 1 

“ r J 0 (r 2 + zT 2 ~ y/r 2 + d 2 a + V? 2 + a 2 r ' 

If a —> cc, the first term to the right vanishes, and we have 


r + “ dz 
(r 2 + 2 2 ) 3 ' a 



dz 2 

<? + zT 2 ~ r 2 


Thus Eq. (2) yields 
(2a) v, + iv v 


g —y + ix 

/V . 2 t 

t r 


± I V I = V v 


J± 

7ir 


in agreement with (la) in sense and direction. 

On denoting by y a vector in indirection* of length | /x | and by r the 
position vector in the #, 2 /-plane, Eq. (2a) can be written as 

(2b) v = ^»Xr 

The components v x and v y calculated from (2b) are, in fact, identical with 
the values resulting from (2a). Eq. (2b) differs from the three-dimensional 
formula for v' in (20.17) in the missing factor 2 and in the denominator ol 
the right member which is now r 2 instead of ?' 3 . The difference is caused by 
the preceding integration with respect to z. 


♦Depending on the sign of /*• 
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2. Two Vortex Filaments of Equal Strength and Opposite or Equal 
Sense 

The case of two opposite vortex filaments was dealt with in Jfiq. 
(19.12) et seq. From (19.14) or directly from Fig. 29a the following result 
is obtained: The velocity v x imparted to the filament F x by F a is equal 
and parallel to the velocity v 2 imparted to F 2 by F x : 

(3) v x = v 2 = ^ = v (2c = distance F X F 2 ). 

On the other hand, the velocity v„ at the center M of the segment F y F a , 
subject to the co mm on action of F x and F 2 equals 

(3a) v 0 = — + — = 4jj. 

ire itc 

Thus we see: both vortex filaments proceed with common velocity v; the fluid 
between them moves in the same direction in which F x and F 2 move, but with 



Fig. 29a. Two equally strong vortices of Fig. 29b. Two oqually strong vort ices 
opposite orientation: the plane of sym- of the samo orientation move on a circlo 
metry can be replaced by a rigid surface of in diametrical position, 
separation (wall). 

larger velocity. Fluid particles in line with F, and F a but not between 
them move in the opposite direction; their velocity becomes very large 
in the immediate neighborhood of F x and F 2 . 

Not only at M, but at all points M', M" of the bisectrix of F,F 2 the 
resultant velocity due to both filaments is parallel to the bisectrix. One 
may therefore replace it by a rigid wall since the flow along the bisectrix 
is just the one required by the boundary condition along a rigid wall. 
Hence an isolated vortex filament, originally at rest, starts to move if u 
wall is brought toward it; it travels parallel to the wall, the faster the 
closer the wall. The vortex is, as it were, pushed forward by its virtual 
image that is obtained by reflexion in the wall. More about that will be 
learned in the more complicated case of Fig. 31. 
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1 he case of two vortex filaments of equal orientation is also represented 
by (19.12), when the sign of the second term to the right is reversed. 
According to (3) f 2 induces at F x a velocity v that is opposite to the 
velocity which F l induces at F 2 . While F x travels downward on a circle 
with radius c, F 2 travels upward by the same amount. The diameter 
F\F 2 turns about the center M which is constant in space. Both vortices 
travel therefore on the same circle, the one being diametrically opposite 
to the other. 


3. A Theorem Concerning the “Center of Mass” of Two or More 
Vortices 

When the strengths and /jl 2 of the two vortex filaments are different, 
the vortex points F x , F 2 still travel on concentric circles, but the radii 
are different. The common center is the center of mass of jjli and ju 2 , when 
we think of and /x 2 in terms of masses carried by the points F x and F 2 . 
The center of mass is, of course, on the line through F x and F 2 , inside 
the segment F X F 2 if mi and ju 2 have the same orientation (Fig. 30a), and 




Fio. 30a (Left), b (right). Two vortices move in circles about thoir “centroid.” The 
centroid does (a), or does not (b), separate the vortices depending on whether the 
orientations of the vortices are oqual or opposite. 


outside if the orientation is opposite (Fig. 30b). In the latter case one of 
the masses must be counted negative. Figures 30a,b have been drawn 
under the assumption \x 2 > jui and \ p 2 \ > ah , respectively. 

The common center S of the circular paths described by F 1 and F 2 is 
found by connecting the end point of the velocity vector v x with the end 
point of v 2 (see Fig. 30a). This line intersects the line F X F 2 in 8 . Since 
v x is due to F 2 and v 2 to F x , one has 
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For the position of the intersection point S we have SI 1 i/vi — isF t /v 2 , 
which yields because of (4) 

(5) Mi SFi = Ma SF 2 . 

Hence S is indeed the centroid of the masses mi an d Ma • 

The same construction is carried out in Fig. 30b for the case of opposite 
vortices. If here | Ma | = Mi , the point S is shifted to infinity: both circles 
degenerate into parallel lines and the first case of 2 . is reobtained. Ihe 
second case of 2. obviously corresponds to mi = Ma > so that the two circles 
of Fig. 30a coincide. 

It should be realized that the point S so constructed is by no means 
at rest if considered as a point of the fluid. Actually the velocity at S in 
the case of Fig. 30a is given by 

_ Mi_ Ma Mi (i _ Ms SFA 

V ‘ ~ tSF x irSFt ttSFi \ Ml av/ 

The expression in parentheses is because of (5) 

1 -^ 0 . 

Mi 

The statement that 8 does not move means only that the geometrical 
center of the circular paths of the vortices F k and F a is at rest and does 
not say anything about the motion of a fluid particle that happens to bo 
at S. The term center of mass at rest will be used in this sense also in the 
remainder of this section. 

Let us now consider a system of a number of vortex filaments If i , 
F„ , • • • F, , • • • F k . The velocity induced by F { at an arbitrary field 
point P can be written by means of (2b) as 



where r — r< is the relative position vector of P with respect to P< . Let 
P now coincide with F k and sum over all i with the exception of i — k 
since F k is not affected by its own induction. Thus 


(7) 



X (r* r ») 

V |r,-r l |* 


is obtained where the apostrophe at the summation sign means the ex¬ 
clusion of the value fc from the possible i-values. We introduce now 


fj* = r* — r,- , r ik = | r* — r 4 | 


(7a) 


r fc — r< 

e,* = —- = ~ e*v 

Tik 
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where e<* is a unit vector in the £,y-plane. We shall further need a unit 
vector e normal to the x,j/-plane to indicate the direction of the vector y : 
tf i = M.e. With these notations, Eq. (7) transforms into 

(7b) V* = i £' . 

K i r ik 

Now we form 

( 8 ) 

v h i r ik 

In the double sum to the right, e,* and therefore e X G ik is antisymmetric 
in i and k while the products and the distances r ih are, of course, 
symmetric. Hence the terms cancel in pairs, and we have the result 

(9) = 0, 

which implies that the velocity v, of the centroid of our vortex system 
(but only in the sense pointed out above) vanishes 

(10) v. = = 0 . 

4. The Law of Areas for a System of Vortex Filaments 

In a certain sense, there exists also an analogue to the law of areas in 
general mechanics; as we shall see, the total angular momentum of the 
system of vortices is constant , in the absence of external forces. 

We define the momentum of a single vortex filament by p k v k and the 
moment of momentum or angular momentum of the system of vortices 
relative to an arbitrary origin 0 by 

M = 2 X v* . 

k 

Substituting from (7b) we obtain 

(11) M = i Z X (exe„). 

On interchanging i and k and considering the antisymmetric character of 
the e<* we obtain 

(11a) M=-iEE'fr iX (eXe,,). 

v k i r ik 

We add now Eqs. (11) and (11a) and find by applying the definition of 
e, t in (7a) the following form of M: 

M ^ E E' X (e X e<*). 


(Hb) 
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According to a well known vector identity 

(12) e<* X (e X e ik ) = e(e ik -e ik ) - e % *(e-e a ), 

but the first term to the right equals 6 and the second is zero (e*-* is a 
unit vector, so is 6, and they are normal to each other). T-hus it is seen 
that the right member of (lib) depends only on the vortex strengths 
fa and has the constant direction e; it is therefore a constant vector 

(13) M = ^EE / Wh = const. 

5. General Remarks on the Dynamics of Vortices 

The dyn ami cs of vortices which we have studied here is indeed a very 
peculiar one and deviates decisively from the dynamics of mass points. 

To begin with, Newton's first law is altered. The isolated vortex 
(which is therefore not subjected to “forces") remains in a state of rest. 

A uniform rectilinear motion can only be acquired by association with a 
second vortex of equal strength but opposite sense of rotation or under 
the action of a wall at rest. Thus the relativity principle of classical me¬ 
chanics according to which the state of rest and of uniform motion arc 
equivalent is no longer valid. The reason is, of course, that the fluid to 
which the vortex belongs plays the role of a preferred frame of reference. 

The modification of the second law is even more remarkable. The 
external action originating in a second vortex does not determine the 
acceleration but the velocity. The content of the law of motion of the mass 
center is shifted accordingly: not the acceleration , but the velocity of the 
mass center vanishes. As far as the law of areas is concerned the angular 
momentum of the vortex system is constant as in the case of a mechanical 
system in the absence of external forces, but the constant is entirely de¬ 
termined by the vortex strengths according to Eq. (13), in contradis¬ 
tinction to the mechanics of masses where this constant is a constant of 
integration that depends on initial conditions which may be chosen freely. 

6. Atmospheric Vortices 

At first thought it seems impossible to realize infinitely long vortex 
filaments experimentally. But, as Helmholtz noticed, in a fluid layer 
bounded by two parallel planes normal to the vortex filaments, the same 
vortex motions can be produced as in a fluid of infinite “thickness". 

Such a fluid layer is realized to a certain extent by our atmosphere if 
one disregards the curvature of the earth. In fact, water spouts and tor¬ 
nadoes can be considered as vortex filaments on a tremendous scale 
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(filament diameter 5-500m), whereas atmospheric cyclones and anti¬ 
cyclones, the horizontal dimensions of which may well extend over 1000 km, 
being many times larger than their vertical extensions (10-15 km), combine 
the properties of vortices with those of waves. 

For applications in meteorology the classical theory of vortices has 
to be modified in two points. The normal state of the atmosphere is not 
a state of rest but of uniform rotation; for an observer connected with 
the surface of the earth the fluid in which the vortex motion takes place 
is not free of external forces as we have assumed so far, but under the 
action of the Coriolis force. In addition to this dynamical correction there 
is also a thermodynamical one which is due to the compressibility of the 
air: since the density of the air is connected with the air pressure by an 
equation of state p = F(p, T, • • •) which contains not only the pressure, 
but also the temperature T and possibly other variables such as humidity, 
the expression curl (1/p grad p) does in general not vanish. That means 
the presence of processes which can generate or destroy vorticity. 

Those are the two extensions of the classical vortex theory that are 
considered in the meteorological literature when more general vortex 
theorems are formulated. (V. Bjerknes, 10 H. Ertel 11 ). 

22. Circular Vortex Rings 

Closed vortices, in particular those of circular shape, differ from the 
straight vortices of the preceding section in that they occur or can be 
easily made to occur on a small scale. As smoke rings, they are well 
known to smokers, but they may also be seen above chimney tops. For 
the purpose of demonstration the following device will serve well: A circular 
hole is made in the front wall of a cardboard box, the rear wall is removed 
and a piece of somewhat elastic cloth is stretched over that end. Into 
the box is put a dish of hydrochloric acid and another of ammonium 
hydroxide; thus a dense smoke of ammonium chloride is produced. Smoke 
is ejected through the hole by a sharp tap against the rear wall and curls 
up in the form of a circular vortex as it passes the edge of the aperture. 
Fig. 31a illustrates this process. The vortex ring thus created moves 
straight forward for a distance of several yards with considerable speed. 

According to the fundamental theorem of vortex theory (cf. p. 132) 
the vortex adheres to the fluid, that is, the air particles are carried along 
with the vortex. This becomes apparent when a candle is put in the way 
of the vortex: The flame is blown out by the “whirlwind” with a soft 
whistle.—Decreasing the aperture in the box wall makes for a smaller 

10 V. Bjerknes, Mctcorolog. Z. 1900, pp. 97 and 145, also 1902, p. 96. 

ll H. Ertel, Physikal. Z. 1942, p. 526, also Mcteorol. Z. 1942, pp. 277 and 385. 
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radius of the vortex ring and at the same time for larger speed. When the 
circular aperture is replaced by a rectangular one the vortex, rectangular 
when it emerges, develops regular pulsations that indicate a tendency 
toward the circular shape; the latter is the stable one, while the rectangular 
shape is unstable .—The circular vortex increases its radius when ap¬ 
proaching a wall parallel to the plane of the ring (Fig. 32). 




a 



Fig. 31. a. Formation of a vortex ring when an air current is ejected through a hole, 
b. The vortex ring approaches a plane wall. 

Fig. 32. The vortex ring widens when it approaches a wall parallel to its plane; its 
translatory velocity decreases. 


The following experiment, not easily performed with our device, pre¬ 
sents little difficulty to a smoker practiced in the art of blowing rings: A 
small ring is made to follow a bigger one. Moving with greater speed, it 
catches up with the bigger vortex ring and slips through it. Thereupon 
the smaller ring grows larger while the bigger one contracts. It has by now 
become the quicker of the two and will pass through the other, and, theo¬ 
retically, the game should repeat over and over again. For this experiment, 
vortices in a liquid are more suitable than smoke rings. One uses colored 
liquid which is dropped upon the surface of a water reservoir from a 
pipette. When a drop strikes the surface, it pulls apart in the shape of a 
ring which penetrates into the water and expands at the same time. The 
next drop, or rather the vortex ring which it becomes, is initially smaller 
and overtakes the larger ring, etc. This arrangement permits one to observe 
the passing-through phenomenon several times in succession. 

Turning now to the interpretation of these experiments, wc start 
with the discussion of some aspects of the problem that can be dealt with 
by elementary means. This is the case if no account is taken of the inter - 





VORTEX THEORY 


[IV.22] 


163 


action of the vortex ring with itself. The vortices, therefore, will for the 
present be considered as infinitely thin filaments. 

Eq. (20.17), the equivalent of the Biot-Savart law, serves as a starting 
point and gives the velocity contribution induced by a single vortex 
element yAs at given field point. For the midpoint M of the vortex ring 
in particular, all contributions become equal in amount and direction since 
in this case (20.17) becomes 



where a denotes the radius of the ring. By summation over all As the 
velocity v M at the midpoint is obtained: 

® - is 2 * - a 

Thus the velocity at M is seen to increase with decreasing a. As we observed 
before and shall prove later, the translatory velocity of the vortex ring 
increases also with decreasing o. 

We take now as field point an arbitrary point A on the axis of sym¬ 
metry of the ring, denote its distance fro m the cen ter M by z (the distance 
from any point of the ring being r = -\/a 2 + z 2 ), and consider the com¬ 
ponents of v' parallel and normal to the axis. The normal components 
due to any two diametrically opposite vortex elements will cancel each 
other. The axial component of v' is v f a/r . By summation over all As, 
Eq. (20.17) leads to 

2 2 

/o\ M O V' a ® 

(2) 

Hence the velocity decreases along the axis on either side of M and goes 
to zero as z grows indefinitely. 

For a field point in general position the summations that lead from 
v' to v are no longer quite so elementary, but require integrations of elliptic 
type. The same is true, as is well known, for the mathematically analogous 
calculation of the magnetic field induced by a circular current loop. 

On the other hand, it is now possible to interpret some of the phenomena 
described in a qualitative way. 

Fig. 31a indicates schematically the formation of a vortex as the air 
flows through the aperture, Fig. 31b illustrates the conditions that prevail 
when the vortex ring meets a wall parallel to its own plane. At the wall, 
the boundary condition is v n = 0. It can be satisfied by employing the 
method of images , a procedure of general usefulness in problems of this 
character. To the physically real vortex on the left side of the wall one 
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adds a virtual vortex on the right side, in this way extending to infinity 
the hydrodynamic field that, physically, is bounded by the wall. An air 
particle W adjacent to the wall receives the velocity contribution v{ from 
the real vortex and y 2 from the virtual vortex p 2 according to Rq. 
(20.17), vj is perpendicular to the plane subtended by the vector r< and 
the axis of the vortex element p t . Evidently, v{ and y ' 2 add up to a motion 
parallel to the wall, thus satisfying the condition v n = 0. This, obviously, 
is true not only for the two pairs of vortex elements in the plane of the 
diagram, but for any pair of elements in image position. 

We now wish to find out about the influence exerted by the image 
vortex upon the real vortex, 12 e.g. upon the upper vortex element p x in 
Fig. 31b. The strongest action is to be expected from the closest neighbor, 
that is, the upper element p 2 . Again according to (20.17), this action 
consists in an induced velocity directed vertically upward , indicated in 
the diagram by a vertical arrow at the upper left element. All the other 
elements p 2 will partly aid in this action or partly, but in a smaller degree, 
counteract it (e.g. the lower element p 2 ). The same argument applied to 
the lower element p x leads to the vertical downward arrow at the place 
of that element. In the diagram the influence of the real vortex upon its 
image is also indicated. 

We see then that the real vortex is enlarged when it approaches the 
wall because of the hydrodynamic action of the image vortex. The same 
is true for the image vortex. As the radius of the ring grows, so the forward 
motion directed to the wall attenuates, since the translatory motion of 
the vortex ring is essentially in inverse proportion to the radius. (This 
has been mentioned before but has not been proved.) Hence the vortex 
growing ever larger and weaker has evanesced to infinity before it reaches 
the wall. 

Using the same qualitative methods we can also understand the mutual 
slipping through of a pair of vortices (Fig. 33a, b, c, d). In Fig. 33a the 
radii and speeds of the two vortices are equal. Having been generated 
one after the other by the same device, their sense of rotation is the same, 
in contrast to Fig. 31a in which the senses of rotation wore opposite. 
This time, the interaction of the two vortices consists in the enlargement 
of the more advanced vortex and, simultaneously, in the diminution of 
the rear vortex as indicated by the vertical arrows in Fig. 33a. In Fig. 33b 
and c the vortices are shown before and after passing which becomes 
possible on account of the greater speed of the rear vortex (of. the hori¬ 
zontal airows in Fig. 33b). In Fig. 33c, the interaction of the vortex pair at 

“Speaking physically, the influence is, of course, all due to the wall, but we have just, 
convinced ourselves that this influence is correctly described by the assumption of a 
virtual image vortex. 
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this stage is again indicated by vertical arrows: The more advanced vortex 
grows, the rear vortex contracts, hence the first is decelerated, the second 
accelerated. The result is Fig. 33d, a repetition of Fig. 33a: The game is 
ready to start anew. 

But these qualitative methods are no longer sufficient for problems 
that involve the interaction of the vortex with itself . The translatory motion 



Fig. 33. The mutual threading of two vortex rings. 


of a circular vortex is of that kind. Now the cross section of the vortex 
ring must be assumed finite, e.g. as a circle of radius c very small in com¬ 
parison with the ring radius a. Within the circular cross section one might 
perhaps try a finite (e.g. constant) rotation o>; the vortex strength p. that 
so far has been used only for filamentous vortices is now connected with 
co by 

ll = 7TC 2 C0. 

The most convenient approach is through the stream function (19.24); 
within the vortex cross section the differential equation for W is not Eq. 
(19.26) but the inhomogeneous equation 

a*9 i a* . 0 

~rn --f“ "Tji “ 2co» 

op p op dz 

The representation of ^ (valid outside the cross section) by complete 
elliptical integrals of the first and second kind has already been given by 
Helmholtz. It serves as basis for the computation of the translatory 
velocity v T , a computation that is mathematically involved and at the 
same time physically unsatisfactory. It will be omitted here. The result is 13 



13 For a critical review of literature see A. E, H. Love, Encykl. d. Mathcm. Wiss. 
IV. 3. p. 118 
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The tenn written here as i is uncertain; it depends on the assumed co-distri¬ 
bution over the cross-section. Our previous statement, repeatedly used in 
the discussion of the experiments, that Vt increases with decreasing a and 
decreases with increasing a is confirmed by Eq. 3, but the physically unde¬ 
termined quantity a/c makes the result appear rather unrealistic. A com¬ 
parison between (3) and (1) shows that v T may be larger or smaller than 
v M 9 depending on the choice of a/c. 

Similar difficulties and a result formally quite analogous to (3) occur 
in the computation of the inductance of a wire (cf. vol. Ill), but in the 
electrical problem the radius c of the wire is of course physically deter¬ 
mined. 

How could we remove this uncertainty in the case of the circular 
vortex? There is hardly any other way but to investigate more completely 
the process of vortex formation at the edge of the circular aperture. This 
should result, if not in a definite radius c, then at least in a definite co- 
distribution over the cross section (of course, co should decrease radially). 
However, such an investigation could hardly be carried out and would 
certainly not be worth the labor; hence we have to leave the attractive 
and successful theory of vortex rings incomplete in an essential point. 

A more direct grasp of the translatory motion of the vortex may be 
achieved by comparison with the motion of the straight vortex pair in 
21, Fig. 29a. A vortex pair may be obtained from a vortex ring by re¬ 
stricting one’s attention to two diametrically opposite ring elements. 
Lengthening of these two elements makes up, in a certain way, for the 
disregard of the other elements and finally leads to a pair of parallel 
straight filaments. To be sure, the similarity of the two vortex arrange¬ 
ments is only superficial, but their translatory motions are remarkably 
analogous. If we replace in Eq. (21.3) the letter c, which denotes half the 
distance of the vortex pair, by the ring radius a, the translatory velocity 
of the vortex pair ’becomes 


V = . 

2nra 

This is indeed the first factor on the right side of our Eq. 3 for . The 
direction of v was perpendicular to the plane of the vortex pair; our v r 
is perpendicular to the plane of the ring, as it should be. 

A peculiar vortex motion may be observed in rowing. At the places 
where the oar breaks the surface of the water just previous to being lifted, 

small depressions of the surface appear—we could call them “dimples”. 

that run along on the surface. They are the endpoints of a vortex arcs that 
has been escorting the submerged contour of the oar while it was pulled 
through the water. The dimple-like shape has its cause in the combined 
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action of centrifugal force and gravity. The rotating water surface must 
be normal to the resultant force in the same way as it is normal to gravity 
if no rotation is present. Now, while the surface form of a mass of water 
rotating with constant co is the well known paraboloid, in our case co 
diminishes quickly in radial direction and vanishes at a finite distance 
from the vortex center; the depression is thus restricted to the immediate 
neighborhood of the end of the vortex filament. The running along of a 
pair of dimples is illustrative of the translatory motion v T of the vortex 
arc connecting the two dimples underneath the water surface. 

Since it has become certain through optical investigations (Zeeman 
effect) that the solar matter in the sun spots is engaged in vigorous vortex 
motion, one would conclude that, there too, a vortex filament has emerged 
to the surface, coming out of the interior of the sun; and one would assume 
that to each sun spot there belongs a companion spot with converse sense 
of rotation, the two being connected by a vortex filament of roughly semi¬ 
circular shape that passes through the interior of the sun. On the other 
hand, one should be aware of the fact that the solar matter is not a perfect 
inviscid fluid. Thus it appears rather a bold step to apply our ideas about 
vortex motion literally to the interpretation of solar phenomena. 



CHAPTER V 


THEORY OF WAVES 

Ever since waves were studied, water waves have served the natural 
scientist as a model for wave theory in general, although they are much 
more complicated than acoustical or optical waves. As surface waves they 
are bound to the common surface of two media, while the ordinary acoustic 
and optical waves are three dimensional waves . 

There is this fundamental difference between vortices and waves: 
vortices pull the matter along in their own motion while in a wave the 
average locomotion of an individual fluid particle vanishes; it is not 
matter that travels but energy and phase . 

We shall discuss in this chapter waves with different symmetry char¬ 
acteristics, such as plane waves , circular waves , ship waves , and Mach 
waves , starting out with the simplest type, the plane progressive waves. 
According to the nature of the restoring force we distinguish gravity waves 
and capillary waves. Gravity waves are the large, conspicuous waves which 
one usually has in mind in talking of water waves. 

23. Plane Gravity Waves in Deep Water 

We assume the wave as a completely periodic phenomenon and express 
the time dependence as on p. 98 in the form e waves of a more 
general time dependence can be obtained by superposition of partial waves 
having different circular frequencies (cf. 26). 

We further assume that the wave motion is generated out of the state 
of rest, say, by a gust, a mechanical disturbance or the like (in problem 
VI, 3 we shall investigate under what circumstances an air current that 
grazes along a horizontal water surface can produce a wave motion). Since 
the fluid can be considered as inviscid , and since we shall consider in this 
and in the following article only the potential field of gravity, it follows 
from the conservation law of 18 that the motion possesses a velocity 
potential. This can depend in the case of a plane wave only on two spatial 
coordinates x and y, where x is the direction in which the wave progresses 
and y the depth coordinate. The problem is independent of the third 
spatial coordinate z which is horizontal and orthogonal to the direction 
of propagation. $ is thus a two-dimensional potential as far as the space 
coordinates are concerned, and, according to 19, has the form f(x d= iy ) 
in an incompressible fluid. 
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Let y be counted positive downward; since we wish to obtain a train 
of waves advancing in the positive ^-direction, the ^-dependence of / must 
be of a trigonometrical form, or, of the form of an imaginary exponential 
when written in this more convenient way. This leads to the following 
possibilities 

(1) #-/(* + iy) e~ iat = A e i(kx -“ n e~ kv , 

or 

(la) *«/(»- iy) e~ iut = B e iikx ^ l) e +k \ 


Here, k is again the wave number, and there is 


( 2 ) 



03 


2tt 


f 


where X is the wave length and r the period. 

We first assume the water infinitely deep, that .is, the ^-coordinate of 
the ground y = h should be very large compared to X. 

At the ground, 


(2a) 


ky = 2x^oo. 


This shows that the potential (la) is not usable since it would yield infinite 
velocity amplitudes at the ground, but the potential (1) satisfies all con¬ 
ditions that have been imposed so far. 

The representation (1) contains three parameters, A, w, and 7c. A de¬ 
termines the amplitude of the wave for y = 0; both A and the (circular) 
frequency co depend on the particular form of the excitation. While these 
two quantities can be chosen freely, the wave number k must be de¬ 
termined in its ratio to «, for, according to (2), the ratio 


is the velocity of propagation of the waves. 

For the determination of k wo must utilize the condition for the free 
surface: 

(4) p = 0, 

(the atmospheric pressure is taken as zero). Eq. (4) follows from (12.19) 
if capillarity is neglected; it introduces a dynamic element into our theory 
while our argument so far has been wholly of a kinematic nature. 

The pressure p and the potential 3? arc connected by Euler’s equations, 
which we shall use in the integrated form of Bernoulli’s equation. Since 
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our problem involves a velocity potential variable in time, we have to 
take Bernoulli’s equation in the form (11.15). We shall, however, neglect 
the quadratic term (V$) 2 , since we consider the amplitude factor A as a 
small quantity (the usual procedure in mechanics of small oscillations). 
The abridged form of Bernoulli’s equation is then 

(5) —^ + ^(p+C/) = const. 


As explained on p. 89, the constant in (5) is independent of the space 
coordinates, but in general dependent on time. The only function of time 
which in our case does not upset the periodicity and the uniform advance¬ 
ment of the wave is 

const = F(t ) = 0. 


Under these circumstances (5) assumes the simple form 


(5a) 


a# u 

dt P • 


Here U is the gravity potential per unit of volume taken at the surface. 
Since y is counted positive downward, we have in general 

(&>) U — —pgy. 


Let the equation of the surface profile be y = y, where y is a function 
of x and t. A positive y means a depression, a negative y an elevation, of 
the surface. From (5a) we have 


( 6 ) 


Tt = - g "- 


The function y must have again the form of a progressive wave, like the 
one we have set up for the velocity potential <t>. Thus 

(7) v = 


The constant a introduced here is in general complex since it includes 
amplitude and phase of the surface function; also, a has the char acter of a 
small quantity like A. If we substitute (7) and (1) in (6), we ob tain after 
cancellation of the common exponential factor 

(8) iuAe~ kl = ga. 

We now expand e - *’ in powers of ky and neglect the products Ay, Ay 2 , 
etc. as small quantities of higher order; Eq. (8) then simplifies to 

(9) iuA = ga. 
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This is a relation between A and a, but it is not the relation between 
k and w we require. The latter is obtained by introducing a further kine¬ 
matic condition: We stipulate that the motion of the surface must coincide 
at any time with the motion of those fluid particles that happen to he at the 
surface at this time. That such a condition must be satisfied is rather 
obvious; we specify, however, that the components of the two motions 
taken in the normal direction n of the surface should be equal, since a 
motion of the fluid particles in the tangential plane does not change the 
shape of the surface, hence is immaterial for our problem. On denoting 
the velocity of the surface with V and the particle velocity with v as usual, 
our condition reads 


(10) V n = v n . 

The component v n , expressed by the velocity potential <f>, is 


However, if A is sufficiently small (the wave sufficiently flat), we can 
replace within a “cosine error”, that is, with disregard of terms of second 
order 


(10a) 


3 $ 

dn 


by 


3 $ 
by * 


V is treated correspondingly: we replace 


(10b) 


V n by 


dy 

at • 


that is by the “sinking speed” of the surface. With these simplifications, 
condition (10) reads 


(ID 


dij _ _ 3 $ 
dt dy 


Substituting for ij and f> from (7) and (l), we obtain, again after eancellar 
tion of the exponential on both sides, 


( 12 ) 


—iua — kA. 


Now, the comparison of (9) and (12) yields at once 


(13) 


A _ _ _iw 

a ~ io> ~ k 


Our conclusions from (13) are: 

1. There is a phase difference of ir/2 between the o-wave and the A■ 
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wave. If A is chosen a real quantity, which is permissible, a becomes 
purely imaginary; or, employing real representation, we can write for 
in accordance with (1) 

(14) <i> = A cos (kx — o )t)e~ kv , 
and Eq. (7) becomes now [cf. (13)] 

(14a) rj = — ^ A sin (kx — cat) 

or 

k 

(14b) 7] =- A sin (kx — cat). 

co 

2. The relation between k and co is given by Eq. (13): 

(15) co 2 = gk . 

Introducing here the velocity of propagation, we obtain [cf. (3)] 

The velocity of 'propagation depends on the wave length ; long waves travel 
faster than smaller ones. 1 

When the propagation velocity of a wave depends on the wave length 
as in Eq. (16), we speak of dispersion, using an expression borrowed from 


Fig. 34. Tho phase velocity V as a 
function of the wave length X. The 
diagram gives the dispersion of gravity 
waves for X « h (segment a), X » h 
(segment 6 ), X ^ h (segment c); h « 
depth of the water. 

optics. The dispersion in a medium is normal when longer (red) waves 
have larger velocities (smaller index of refraction) than shorter (violet) 
waves. The behavior of gravity waves in deep wat&i' thus corresponds to the 
case of normal dispersion in optics . 

x We should like to recommend to readers who are irritated by the complex represen¬ 
tation of periodic phenomena, to carry out the preceding calculation once more with real 
quantities and to convince themselves that they obtain again Eq. (16) although in a 
somewhat more cumbersome way. One would have to replace ( 1 ) by (14) and ( 7 ) 
by rj “ | a | cos (kx — <at + a), whore a is the phase difference between <p and 77 that is 
to be determined. 



(16) 


_ c>L _ 1 _ sh 

~ k* - k - 2tt ’ 


V = 
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Tig. 34 should make this clearer. V is represented by the upper half 
of an ordinary parabola which has the V-axis as a tangent at \ = 0. 
Only the middle part a of the parabola has been drawn as a solid line, 
this being the region for which our assumptions are actually valid. For, 
if the wave length X keeps increasing, it finally becomes of the same order 
of magnitude as the depth of the water h, and our assumption (2a) is no 
longer valid. This case will be taken up in the next article. On the other 
hand, if one goes to very small values of X, gravity is no longer the decisive 
dynamic parameter, but surface tension takes the lead; this brings about 
a fundamental change of the dispersion law (see 25). 

24. Plane Gravity Waves in Shallow and Moderately Deep Water 

If we now assume the depth h as finite, the second form of the potential 
(23.1a) need no longer be rejected, but is as good as the form (23.1); 
hence a linear combination of (1) and (la) may be taken for the velocity 
potential $>: 

(1) $ = e i{kx ~ at) {Ae~ kv + £e + “'}. 

The new boundary condition at the bottom is: v v = 0, or, d$/dy = 0 
for y = 0. This is, by (1), equivalent to 

—Ac - ** + Be +U = 0, 

a condition for A and B which is more conveniently handled, if we intro¬ 
duce a constant C defined by 

| C - Ac - ** = £c + ** 


so that 

(la) A = | Ce +k \ B = | OT*\ 

Then the potential $ assumes the form 

$ = e <( **-“° - { e * u-,,) + e-*'*-*’} 

2 

( 2 ) 

= «,<«■—.»<?.cosh k(h - y). 

The expression (23.7) for the surface depression remains unchanged; we 
rewrite it hero: 


Wsx-ut) 


(3) 


7] = CC 
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Likewise, the dynamic and kinematic surface conditions (23.6) and (23.11) 
remain valid. They give for y = 0, because of (2) and (3), 

(4) ioiC cosh kh = gc, 

(6) —woe = Cftsinh kh. 

We first discuss the case of shallow water, that is, 

kh <3C 1, cosh kh = 1, sinh kh = kh. 

Eqs. (4) and (5) yield in this case 

iwC = gc, —iuc = Ck 2 h, 


or 


( 6 ) 


C 

c 


g_ 

wo 


wo 

k\ * 


The formula for the velocity of propagation is now 


( 7 ) 


r = I = gh, 


Vgh. 


(One is reminded of the definition of the velocity head h = v 3 /2g on p. 45, 
but it is merely a formal analogy, due to dimensional reasons.) 

In shallow water the velocity of propagation is independent of the wave 
length; there is no dispersion. 

On the basis of Eq. (7) we can now complete Fig. 34 for large X values. 
The curve should approach a horizontal asymptote for X > h in the dis¬ 
tance ■\/gh from the X-axis, as indicated by the branch b of this line. 

When X and h are of the same order of magnitude (moderately deep 
water), Eqs. (4) and (5) still govern the behavior of the wave. In this case, 
they supply directly 

( 8 ) - =- 2 -=- in _ 

c wo cosh kh k sinh kh ’ 

from which we infer 

(9) tanh kh = ^ . 

On introducing x = kh and d = u 2 h/g, we obtain 


(9a) 


tanh x 


d 

x ' 


The solution of this transcendental equation can be obtained graphically: 
We plot the equilateral hyperbola d/x and the curve tanh x above x as 
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abscissa (the latter is a monotonic increasing function with a horizontal 
asymptote at the distance 1 from the z-axis). There is then only one 
nitersertion point oi the two curves, and its abscissa x = x 0 is the root 
o j<i. (* a), t le required value of k is x 0 /h. The velocity of propagation in 
moderately deep water is therefore 


(10) y = - = — 

k x 0 

Wo have obtained an implicit representation of the dispersion law which 
should be supplemented by a chart or table of the solutions of Eq. (9a) 
in function of the parameter d. We also see in what way Fig. 34 is to 
bo completed: the gap between segment a (h » A) and segment b (h « A) 
is bridged by segment c (h ^ X) corresponding to Eq. (10). Since this 


Fio. 35. Graphical solution of the transcendental Eq. (9a). 



part of the curve increases, too, one sees that the dispersion is normal 
throughout. 

The transition from a to c can also be read from the following formula 
which is a direct consequence of (9) 

(10a) F a = fJ = ^tanh^. 

K 2v a 

One obtains from (10a) 

for h » A: 7 a ^ , Eq. (23.16), 

for h « X: V 2 -► gh, Eq. (24.7). 

A remark on surf formation may be inserted here which is of a purely 
qualitative nature and includes porhaps an over-interpretation of our 
equations. Surf is bound to a region of very small h and, consequently, 
small kh = x so that tanh x = x. The transcendental Eq. (9a) becomes 
then algebraic: x = d/x. The root is 
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the velocity of propagation according to (10) is therefore 

(ii) v = Vgh, 

which is our formula (7) for shallow water. Now, our analysis is only 
valid for water of uniform depth, but we may try to apply it to the case 
of decreasing depth in the vicinity of the shore (cf. Fig. 36). Besides, our 
results apply only to small amplitudes since the amplitude squares have 
been omitted; nevertheless, we use them now for finite amplitudes, as¬ 
suming two values for h , viz., he characterizing the crest and h T charac¬ 
terizing the trough of a wave (cf. Fig. 36), and obtain from (11) 



Hence the velocity of propagation of the crest is larger than that of the 
trough, which would modify the shape of the wave as indicated in Fig. 36 



Fia. 36. Surf formation. 


by the crest to the right. This offers an explanation of the surf phenomenon 
on the basis of our equations, although it is doubtful whether the con¬ 
clusions are legitimate. 

We turn to the very attractive problem of the path of an individual 
particle in wave motion which shall be discussed under the assumption of 
moderately deep water. Let x , y be the particle coordinates in water at 
rest and x' } y' the same in water disturbed by the wave motion. The dis¬ 
placement from the rest position is then 

(12) £ = x' - x, y = y' - y; 

where ij no longer denotes the surface disturbance as before, but the dis¬ 
turbance at an arbitrarily specified depth y, (similarly |). The particle 
velocity according to (2) is 

®. = I = - §f = —ike Hkz ~“‘ ) C cosh k(h - y), 

(13) 

Vy = V = - ^ = ke^ ix - at) 


C sinh k{h — y ). 
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It will be noticed that $ is here differentiated with respect to x, y, while 
it should be differentiated with respect to the variable coordinates x', y'; 
also, we should write in (13) x', y' or x + £, y + y instead of x, y. The 
difference, however, would be of second order in the quantities C, £ and ij 
and may therefore be neglected. 

Integrating (13) with respect to t, which amounts to a division by 
—ico, we obtain 


(14) 


£ = h Hkx - a,) C cosh k(h - ij), 
r, = i ^ e ^-^c sinh k(h - y). 

CO 


where the constants of integration must be taken as zero because of the 
periodicity of the displacement. We introduce the notations (they will 
justify themselves presently) 

(15) a = — cosh k(h — y), b — —■ sinh k(h — y) 


and write the real part of (14), using these abbreviations: 

(16) £ = a cos (kx — «<), ri = —b sin (kx — cat). 

To find the equation of the particle path we have to eliminate t from (16). 
By squaring £ and y we obtain 


(17) 



which is the equation of an ellipse. The reason why we had to change 
back to the real representation becomes now apparent: the complex 
writing preserves its physical significance only in linear operations! 

The ratio of the minor to the major axis follows from (15) as 

[ 0 for y = h, bottom 

(17a) - = tanli k(h — ?/) = •{ 

° (tanh kh for y = 0, surface. 

The cxccntrieity of the ellipses is the same at any depth: 

(17b) <> = Vo* “ V = ^ . 

Tig. 37a represents the position and shape of the ellipses in the general 
case, Tig. 37b in the case of deep water, Fig. 37c in the case of shallow 
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Fra. 37. The path curves of water particles (a) in moderately deep water, (b) in 
deep water, (c) in shallow water. 

water. The ellipses of Fig. 37a are confocal if they are coaxially super¬ 
imposed upon each other. In the limiting case kh —>» we have by (17a) 

- = tanh (oo) = i. 
a 

The ellipses thus become circles as in Fig. 37b. The radii are determined 
by computing a or 6 from (15) and the first equation (la): 

kC Jr 

a = — cosh k(h — y) = - A e~ kh {e k{h " v) + 

= ~ A(p~ kv + e“* <2 *- , ' > ) - A e~ kv , 

u u ’ 

kC lr 

b = — sinh k(h — y) = - A e~ k \e HK ~" ) — 

= - A(e~ kv - e- km -’>) A er k " 

M W 

The radu of the circles are seen to decrease very quickly with increasing 
depth. In the other limiting case where kh and, a fortiori, k(h - y) go to 
zero we obtain from (17a) 

- = tanh 0 = 0. 
a 

The ellipses degenerate into horizontal straight segments (cf. Fig. 37c); in 
shallow water there is, so to speak, no space left for a vertical displace¬ 
ment. The amplitude of the horizontal oscillation, e, is independent of 
the depth y [cf. (17b)]. 

The stream lines of the velocity field are no less interesting t.bnn the 
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path curves of the particles. Since in the present case of plane waves we 
have a two-dimensional velocity field, the stream function St' is obtained 
by (19.5) from the following equations 

_ a# _ 3$ 

dx by ’ dy bx 

On substituting the general 2 expression for from (2), we obtain 
H = ke <lk - u,) Csmhk(.h - y), 

= ike iikx - at) C cosh k(h - y). 

The first or second of these expressions is now integrated over x or y re¬ 
spectively and the integration constant set equal to zero as before; this 
leads to 

* = —ie ilkx ~ at C sinh k(h - y). 

To find the stream lines we have to consider this equation at a specified 
instant f. Let us then take the real part for t — 0: 

(18) St - = C sin fcr-sinh k(h — y). 

For comparison, we write down the surface depression ri according to (3), 
express c by C through (6), and take again the real part at t = 0: 

(19) i ; = — - C sin lex. 

a 

A glance at (18) shows: the streamline Sf = 0 requires y = h: the bottom 
is therefore a part of the streamline, which is fairly obvious; but for kx = 0, 
±w, ±27t, wo have again S£ r = 0, whatever y is. At the same abscissas, i? 
vanishes likewise, as is seen from (19). Hence the flow pattern is divided 
into rectangular domains which contain the stream lines. Furthermore we 
conclude from (18) that b'b/bx = 0 if cos kx = 0, whatever y is. This 
happens at the abscissas kx — v/2, 3v/2, — , for which ij has a maximum 
or a minimum; at those points all streamlines are horizontal.—Altogether 
this is sufficient information to form an idea of the general pattern of the 
streamlines (cf. Fig. 38). 

The patterns of Fig. 38 and 37a are convincingly verified by actual 
photographs of path curves and streamlines. For the purpose of pho¬ 
tography the fluid is kept in a narrow glass container with parallel walls, 
and small light absorbing particles such as metal filings mixed in; one 


‘In the case of shallow water the stream lines are obviously horizontal. 
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photographs across the container and obtains the streamlines by a short 
exposure . In viewing the photographs the eye involuntarily connects the 
line elements traced by the dark particles and recognizes the continuous 
arcs of the stream lines, and also their position relative to the fluid surface 
which appears moderately sharp in the picture. With a longer exposure , 
e.g., as long as a half period, and a less dense interspersion of metal parti¬ 
cles, the path curves can well be distinguished as elliptical arcs, but the 
surface does not show up distinctly. This second picture gives also evidence 



of the propagation of the phase, if one compares the starting points (or 
end points) of the arcs left and right in the photograph. 

The particles remain essentially at their places; this, at least, is true 
if the amplitude is sufficiently small, as assumed in our calculation, but 
is no longer quite correct for a finite amplitude. Therefore it is only the 
phase that travels with the velocity V which we have computed; phase 
velocity would thus be a more accurate designation for V . 

25m Plane Capillary Waves and Combined Capillary-Gravity Waves 

In the following discussion we shall first disregard gravity entirely, 
taking only the surface tension T into account. The surface is no longer 
free of forces, but under the action of the normal pressure N caused by 
T. Accordingly, the condition for the hydrodynamic pressure at the sur¬ 
face is not p = 0 as in (23.4), but, in the case of a plane wave, according 
to (17.10) 



(Note that u of (17.10) must be replaced by the surface elevation — tj.) 
The value of p given by (1) is to be introduced in Bernoulli's equation 
(23.5) together with TJ = 0 (gravity is disregarded for the time being). 
Hence we obtain 
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Fio. 39a. A photograph of the streamlines (short exposure). 




fee*.,* 


•At; 


<* C ' 


Fro. 39b. A photograph of the path curves (longer exposure). 


The kinematic considerations at the beginning of 23 have dealt with 
the character of a plane wave in general and are consequently still valid. 
We therefore can take over the expressions (23.1) for and (23.7) for rj. 
Eq. (2) becomes after cancellation of the exponential and omission of 
second order terms 
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(3) iuA = — fc 2 a. 

Also the kinematic condition (23.11) is in force; it gives, as in (23.12), a 
second equation 

(4) — iua = kA. 

From (3) and (4) we have 

A = Ttf = _ to 
a p ica k 

and, therefore, the following relation between w and k 



The velocity of the capillary waves is 
/ 7 \ y 2 — “_ — b 

(0 v - k z - P ft, 



This then is a case of anomalous dispersion since V increases with de¬ 
creasing X, contrary to the gravity waves which show normal dispersion 
at all finite wave lengths. In Fig. 40, we have plotted V as a function of 



Fig. 40. Superposition of the phase velocities of capillary 
and gravity waves as functions of X. 


X, obtaining the descending segment 1 (broken line). For comparison we 
have added the characteristic of the gravity waves from Fig. 34 as branch 
2 (broken line). Let the intersection point which exists under all circum¬ 
stances have the abscissa X = X 0 . For X < X 0 the curve 1 is above curve 
2, since the propulsive force of the capillary waves depends on the curva¬ 
ture of the surface profile -which, for a given amplitude, is the larger the 
smaller the wave length. (This is also the reason why in Fig. 34 the seg¬ 
ment a was not continued beyond a certain lower limit.) For X > X„ the 
curve 2 is above 1. The unimportance of capillarity for large wave lengths 
which expresses itself in the small F-values justifies our use of the velocity 
potential for deep water throughout the present article. Even at a moderate 
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depth h the quotient h/\ is large for capillary waves, and so is a fortiori 
hk. 

It is now easy to treat the general case of combined action of capillarity 
and gravity. We have only to introduce in Bernoulli’s equation (23.5) the 
value p from (1) and the value for the gravity potential from (23.5b) 
U = — pgv• In place of (3) we obtain 


( 8 ) 


iuA 



k* + 


g)a- 


From (4) and (8) follows now, instead of (5), 

(9) - - -r- (- fc 3 4- g) = - % » 

a uo\p ) k ’ 


and therefore, instead of (6) and (7), 
(10) co 2 = - k s + gk, 


( 11 ) 


r -i-j k + l- v '+ v i- 


Here V x is the velocity of the capillary wave according to (7), and V 2 is 
the velocity of the gravity wave according to (23.16); the velocity of the 
combination wave is found by a quadratic superposition formula. 

Let us first compute from (11) the minimum of V as a function of X. 
We obtain 



But X mln is at the same time the abscissa of the intersection point of the 
branches 1 and 2, which has been denoted by X 0 in Fig. 40. In fact, one 
obtains from (7) and (23.16) the following equation for X 0 



hence X„ — X^ . The corresponding value of F min is found as 
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The general value ( 11 ) of V 2 can be put in the elegant form 


(14) 


V 2 _ 1 A min X \ 
V 2 mia 2 \ X + X m J’ 


which is easily verified. 

We finally turn to the numerical values which in the present problem 
are not without interest. The constant of surface tension between water 
and air 3 is 


T = 72 dynes 
cm 


72 


gr 

sec 2 


From ( 12 ) and (13) one obtains with p = 1 , g = 981: 

Xmia = 2x = 1.73 cm, V min = ^2^72 X 98l" = 23.2^ . 


Water waves with a velocity of less than 23 cm/sec do not exist ; waves of 
larger and of smaller wave length than \ min = 1.73 cm travel with greater 
velocity than 23 cm/sec. Lord Kelvin proposed for waves X < X min the 
name “ripples”; one sometimes observes big gravity waves the faces of 
which are covered with fine capillary ripples. 


26. The Concept of Group Velocity 

At the end of 24 the term phase velocity was proposed in place of 
velocity of propagation V and it was pointed out that the phase of the 
wave advances with the velocity V . The phase is given in our representa¬ 
tion [(23.1), (23.7), (24.1), etc.] by the exponent i(kx — cat); if it is kept 
constant, that is, if one looks for the locus of equal phase as time proceeds, 
one obtains the condition 

( 1 ) fc dx — co dt = 0 , therefore 37 = 7 = V. 

at It 

For waves of a given invariable frequency (or, borrowing an expression 
from optics, for monochromatic waves), this is the only velocity that can 
come into consideration. 

That is no longer true if waves of different frequency are superposed 
on each other. We speak then of a group of waves , particularly in the 
case where the frequencies are closely together. (Today one prefers, 
particularly in wave mechanics, the term “wave packet”, an expression, 


s Note that the most accurate method to determine T consists in the measurement 
of X of standing capillary waves excited by a tuning fork. Elevation measurements in 
capillary tubes tend to be inaccurate because of impurities along the walls of the tube. 
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which is perhaps not quite so elegant as appropriate.) The wave group 
progresses with the group velocity U which, in general, is different from 
the phase velocity V. It is convenient to write the expression for U in 
the following way that will be justified later: 

<2 > *-!• 

If the waves proceed without dispersion , that is, if V is independent of 
the wave length X (or of the wave number k) one obtains from (1) du = 
Vdk and therefore 


(2a) U = V. 

Group and phase velocity coincide only for wave processes free of dispersion. 
In general, however, we have 

dco = V dk + k dk, 

or, by (2), 

(2b) U - V + k ^ = V - X ^ . 


For normal dispersion (dV/dX > 0), the group velocity is smaller than the 
phase velocity , for anomalous dispersion (dV/dX < 0) the converse statement 
holds. 

For gravity waves in deep water we have by (23.17) 

y — ^/sE ^1_L y 

\2t ’ dX ~ 2X ’ 


and by (2b) 


(2c) 


U = V - | V < V. 


On the other hand, for pure capillary waves (25.7) yields 



(IV 

dX 



hence 


(2d) U = V + |y > V. 

For the combined capillary-gravity waves we have according to Fig. 40 
for X < X D1 i„ anomalous dispersion, therefore U > V; for X > X mln the 
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dispersion is normal and U < V. For X = X min , U = V, corresponding to 
the horizontal tangent in Fig. 40 and to the vanishing factor dV/d\ in 
(26). 

The possibility of U and V having opposite signs has also been dis¬ 
cussed . 4 

The concept of group velocity is originally a hydrodynamics! one 
(Stokes 1876), but has proved of fundamental importance in optics (Lord 
Rayleigh). In wave mechanics phase velocity has formal significance 
while the group velocity is the important physical quantity, viz. the 
velocity of the particle represented by the wave packet (L. de Broglie 
1924). 

Let us first reproduce here the usual elementary derivation of formula 

(2) , following Stokes. We superpose two waves that advance in positive 
^-direction, having the same amplitude, but slightly different frequency, 
hence slightly different wave number: 

(3) 7j == a {sin (k x x — ca x t) + sin (k 2 x — co 2 0}. 

The wave group so produced has the character of a beat : at points where 
the difference of two phases is equal to 2nir, there is reinforcement; when 
the phase difference is ( 2 n + 1 )tt there is neutralization. This can be seen 
if (3) is written in the following form 

/Q„\ _ Or, nno ( hi /y *_ ( ^1 ~f" ^2 &2 A 

(3a) rj — 2 a cos ^ ^ * 2 / \ 2 ® 2 J * 


The cosine term vanishes or equals =fcl, depending on whether the phase 
difference of the two partial waves is an uneven or even multiple of it. 
Introducing 


k x k 2 


= h 


C0\ "j— C0 2 


0 7 


COq 


k\ k 2 — A kj coi W 2 555 Aco 


we write for (3a) 


(3b) 


7 ] — C sin ( k 0 x — coqO, C = 2a cos ~ (A kx — A cat). 


The introduction of the “amplitude-factor” C for the cosine factor should 
suggest that it is a slowly variable quantity. We call it the group amplitude. 
The phase velocity of the compound wave as it follows from the sine 
factor in (3b) is 



*Cf. Sir Arthur Schuster, Theory of Optics, London, 1924, p. 330. 
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and thus not sensibly different from the phase velocities of the com¬ 
ponent waves 


= f 1 and 7* = t 2 . 

«i k 2 

On the other hand, the velocity of propagation of the “amplitude” C is 
found by setting 

Akx — Awi = const, 
which yields when differentiated 

(3c) Ak dx — Au dt = 0, 

In the limit Ak —» 0 we therefore obtain our formula (2). 

We can go beyond the very special assumption ( 3 ) when we consider 
an arbitrary group of waves whose frequencies are spread over a small 
frequency band. Since it is now convenient to return to complex repre¬ 
sentation, we put v in the form 

(4) v = a(k)e iikx - n dk. 

Jk'-t 

The amplitude of the partial wave is now a(k)dk and the small band width 
of the whole group 2 e, if measured in wave number units, so as to be 
concentrated about the central wave number k 0 . We rewrite the exponent 
in (4) accordingly: 

kx — cot = k 0 X — co 0 f + (k — k 0 )x — (a — u 0 )t. 

If this is done, (4) assumes the form 

/»Jfao + < 

(4a) 17 - Cc*C = / a(k)e tut ~ i ° )x ~ lu ~“° ),] dk. 

J &o— * 

To find the velocity of propagation of the amplitude C in this more general 
case, we have to set the exponential in C, which alone contains x and <, 
constant. This yields for the whole wave group the sensibly constant value 

dx _ co — cop __ Aco 
dt ~ k — k 0 ~ Ak 

in agreement with Eq. (2), if Ak is sufficiently small. 

It should be noticed that the more general formula (4) as well as the 
expression (3) constitute a superposition of infinitely long wave trains, 
but do not represent an isolated hill or a few crests and troughs. To express 
an isolated wave group (a wave packet) by analytical means would require 


dx _ Aco 
dt Ak ’ 
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the use of Fourier integrals; the integration in (4) would have to be carried 
out over all wave numbers from — » to + 00 instead of over the narrow 
range 2e. 

A wave packet can proceed without change of shape only if there is no 
dispersion. In the general case the group dissolves on account of the dis¬ 
persion since its partial waves do not keep together; this tendency is of 
particular importance for the particle concept of wave mechanics. The 
conservation of the packet in the absence of dispersion follows directly 
from d ; Alembert’s solution (13.11), at least in the case of a sufficiently 
small amplitude, when this solution applies to dispersion-free hydro¬ 
dynamics as well as to acoustics. An arbitrary initial disturbance rj = F(x) 
is then given by rj = F(x — Vt) at any later time if the initial velocity 
drj/dt has been suitably chosen. This means that the wave can advance 
without change of shape . 

In Fig. 41a and b a simple construction of the group velocity is shown 
that uses Eq. (2b) and the relation tan a = ± dV/dk. 



a b 

Fia. 41. Construction of the group velocity for a given phase velocity when the 
dispersion curve is given; (a) normal, (b) anomalous dispersion. 

Reynolds 5 and, simultaneously, Lord Rayleigh 0 have pointed out the 
relation between the group velocity and the transport of energy and thus 
enhanced the physical understanding of the concept of group velocity. In 
their theory the ratio of group velocity U to phase velocity V appears as 
the ratio of the energy flow 5 through a specified cross-section of the wave 
during the time r to the energy E contained in the fluid region ahead of 
this cross-section per length Vt: 



(5) 


U _ S 
V ~ E ■ 


s Reynolds, 0., Papers on math, and phys. Subj., Cambridge 1901, Vol. I, p. 198, 
from Nature 46 (1877) 343. 

“Lord Rayleigh, Scientific papers, Cambridge 1901, Vol. I, p. 322 and Theory of 
sound, Vol. I, appendix from Proc. London Math. Soc. 9, 21. 
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It is convenient for what follows, to identify the time r with the period 
of oscillation, so that Ft is equal to the wave length The energy E is 
more accurately defined as the energy surplus of the oscillating fluid over 
the fluid at rest. 

Let us examine these relations for deep water waves of sufficiently 
small amplitude. Since wo ai'e concerned with energy, that is with a 
quadratic function of the rates of displacement, we cannot use the complex 
representation. Taking the real equations (23.14) and (23.14b) 

$ = A cos (fee — wt)e~ k “, 

(6) * 

V - - A sin (Jcx — ut), 

ca ” 


we can obtain the potential energy of gravity contained between the un¬ 
disturbed surface y — 0 and the wave surface y = kj at a specified time 
t, per length \ in .r-direction and per width 1 in z-direction: 


(7) 


nri 

E V at = gp dx y dy 

do Jo 


k 2 A 2 


I /»X ,2 a 2 

- OP “2 / sin 2 (Jcx — cat) dx — gp^~r\. 

a a J o co 4 


Using the dispersion formula (23.15), we rewrite this result: 


(7a) E, mt = * lcA\ = | irA 2 . 

This is at the same time the difference between the potential energy 
of the oscillating fluid and the fluid at rest for the entire depth which 
reaches from y = rj to y — » for the moving fluid and from y = 0 to 
y «= 00 for the fluid at rest. 

The kinetic energy contained in this region has the same magnitude, 
as is always the case for small oscillations; this will be discussed in detail 
in problem V, 1. The total energy, or more accurately, the energy excess 
over the fluid at rest becomes therefore 

(8) E = E kiB + E» % = pwA 3 . 

In order to determine the energy flow 8 through the cross-section at 
x = which may be replaced by the cross-section x = 0, we have to 
know the pressure p at this (Toss-section. This is found from Bernoulli's 
equations (23.5) and (23.5b) as 
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Since p acts normal to the plane x = 0, its product with the ^-component 
of the velocity, multiplied with dy it expresses the work dW done at the 
surface element dy -1 during dt: 

d$ 

(9a) dW = pv z dy dt = — p — dy dt. 

OX 


The work performed at the cross-section x = 0 during the time r repre¬ 
sents the energy flow through this cross-section in this time. It is by (9a) 
and (9) 


( 10 ) 


s --1 it I. *> r £-- f' ii l *('!!+-Off- 


The terms pgy + const not written out in (10) have the periodic factor 
d$/dx. Since they are independent of t, their contributions cancel when 
integrated over the period t. Substitution from (6) gives 


S = pukA 2 [ dt sin 2 ut [ i 
Jo Jv 


’ dy 


or, after integration, 


(11) S = |xAV 2 *’ = |xA 2 . 

Here, e~ 2kv has been replaced by 1 which means omission of terms of 
higher order than A 2 . 

Comparing (11) and (8), one obtains 


( 12 ) 


5 1 

E 2 • 


This is indeed the value of the ratio U/V for deep water waves obtained 
in (2c). We have thus confirmed in this simplest case the general energetic 
definition (5) of the group velocity. It also holds in the considerably more 
complicated case of moderately deep water where Eqs. (2b) and (24.10a) 
lead to 


(13) 


U 

V 



_2kh_\ 
sinh 2 khz' 


Let us now have a look at this result from a more qualitative point 
of view; we again consider the wave train of length X ending at x — 0. If 
no dispersion were present, the entire energy content of the wave would 
flow through the cross-section during the period r; in other words, we 
should have S = E and U = V. Actually, only a part of this energy is 
transported in the case of normal dispersion (half of it with deep water 
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waves), whereas the other part remains in the oscillating fluid ahead of 
the cross-section. This makes the case of anomalous dispersion appear 
rather peculiar since more energy passes through the cross-section than 
is present in the X-train ahead of it; the energy remaining in the train 
would be negative. To maintain the wave motion in such a case requires 
expending more energy than travels with the wave; in the first case less 
excitation energy is required for the same amount of energy transported. 
Energy transport is thus easier in a medium of normal dispersion and more 
difficult in a medium of anomalous dispersion. 


27. Circular Waves 


The waves that are produced when a stone is thrown into water form 
a series of concentric circular crests and troughs; their amplitudes are not 
constant, nor are the distances between the crests. What one observes is a 
shaip decrease of the amplitude and an increase of the distance between two 
subsequent crests, which seems to follow a peculiar law. This problem that 
appears so simple requires for its solution a considerable mathematical 
apparatus: we not only need Bessel functions and Fourier integrals, but 
we should have to use the method of steepest descent if we were to treat 
it in full accuracy. A systematic treatment of these devices will be given 
in Vol. VI. At this point we shall limit ourselves to such explanations as 
are directly required here. 

For our analysis we shall replace the stone that hits the water surface 
by a “standard disturbance”: at r = 0 a cylindrical piston of radius r 0 is 
immersed in the water to a distance a from the surface and suddenly 
withdrawn at the time t = 0. If we again denote the surface depression 
by v], the initial state is given by 


( 1 ) 


7] = a, r < r 0 . 

V = 0, r >r 0 . 


In preparation for the problem of a single disturbance we first consider 
the much simpler case of a periodic excitation. 


1. The Periodic Case. Introduction of Bessel Functions 

The excitation we have in mind works in a similar way as the device 
that produces waves in a swimming pool: a straight board subjected to a 
periodic motion excites plane progressive gravity waves advancing normal 
to the board. We have investigated waves of this type in 23 for deep water 
and wish now to transfer our previous results to the present circular sym¬ 
metric problem. 
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Introducing cylindrical polar coordinates r, <p, y (y positive downward), 
we write the condition of incompressibility for the velocity potential $ 
(cf. problem I, 3) in the form 


( 2 ) 


a 2 3> , l gg , l §*$ , a 2 $ 
dr 2 + r dr + r 2 d<p 2 + dy 2 ~ 


If we at first assume circular symmetry, $ does not depend on <p and can 
be written as follows 


( 3 ) 


<f> = Af(r)e~ kv e- <at . 


Now the following differential equation results for/(r): 


( 4 ) 




We substitute hr = p and obtain 


(4a) 



ldf 

P dp 


+ f - 


0. 


Let J 0 (p) be the solution of this equation which is regular at p = 0 and 
assumes there the value 1. The power series expansion of this function 
can be easily found from (4a) by the method of undetermined coefficients: 


( 5 ) 


Job) 



+ 2? It 



+ ••• • 


If, on the other hand, $ is not independent of <p, then wc replace /(r) by 
fn(r)c"* and obtain instead of (4) and (4a) 


( 6 ) 


££» , l^n 
dr 2 ' r dr 


+ 



= 0 


and 

(6a) 


*L + l*L + 

dp 2 + p d P + 



= 0. 


Let J n (p) denote that solution of (6a) which is regular at p = 0 and admits 
the following expansion, 


( 7 ) 


Jnb) = 


x 

n\ 



1 

1 \(n + 1)1 


UY* +_I_ 

\2 / ^2!(n + 2)! 



which may be considered as a generalization of (5). The functions J n arc 
known as Bessel Functions of n th order ; they are entire transcendental 
functions. 
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The following relation between J i and J a 

( 8 ) Up) = - f p Up), 

can be immediately verified from (5) and (7). 

On writing Eq. (4a) in the form 

^( p ^) + pJu(p) = 0 - 

where J 0 (p) has been written for/, one has because of (8), 

pUp) = f p ( pUp ))• 

This relation, integrated to an arbitrary upper limit, yields the following 
formula 

J f*P O 

pj 0 (p) dp = Po./i(po). 

0 

We shall also need the integral representation 
(9) Up) = ^ /_*' e*'™" dec. 

It is not difficult to verify that this expression satisfies Eq. (4a) and has 
the value 1 for p = 0, wherefore it must be identical with (5). The same 
result can also bo obtained, though less directly by series expansion of 
the exponential function in (9). Obviously, (9) can also be written in the 
form 

(9a) Up) = - r e" 00 "” da. 

7T 

We now substitute / = Jo(kr) in the formula for the potential (3) and 
obtain 

(10) = AMkr)e~ h “e- iu ‘. 

This formula satisfies the condition for deep water: $ —>• 0 for y —*<*>, but 
it should also satisfy the conditions (23.6) and (23.11) for the surface 
y = 0. The analytical form of the surface depression is assumed in corre¬ 
spondence to the form of Eq. (10) 

(10a) v = a,/»(kr)c~"‘“. 

Our expression for <f> and loads, by exactly the same steps as in Eqs. 
(23.9), (23.12) and (23.13), after cancellation of J„(kr)e~' at , to 
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( 11 ) - = -£- = - % . 

a Ui) k 

Thus we reobtain the dispersion law (23.15) 

(11a) u = \fgic 

and the final expression for the potential becomes 

(12) $ = ^/o(fcr)<f*‘'- < "‘. 


2. Single Disturbance. The Fourier-Bessel Integral 

The content of the Fourier integral theorem is this: an arbitrary func¬ 
tion F(x) (provided it is not “too irregular”) can be represented by super¬ 
position of trigonometric functions “i” kx or by the equivalent exponential 
functions e' kx in the form 

(13) F(x ) = ^ f + ° dke ik ’ f’d!- F(&f -» < x <+„. 

This theorem has an analogue in the following representation of F by 
Bessel functions 

(13a) F(r) = f kdkJ u (kr ) f £ d( F(^J„(k(), 0<r<+co. 

»'o Jo 

Both theorems will be proved in Vol. VI, where (13a) will be obtained as 
a consequence of (13). 

We now apply (13a) to the initial state (1). Our function F(r) is then 
given by 

0 <r <r 0 , 
r 0 < r < 00 . 


f £ d£ Ji . 

Jo 

For the evaluation of the inner integral Eq. (8a) is used, which gives, 
with k£ = p and fcr 0 = p„, 



Its representation according to (13a) is 

(14) i7i_ 0 = a f kdk J 0 (kr ) 

Jo 


f o £<% JoQcQ = j? f o pdp Up) = ^ Ji(kr 0 ). 
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Instead of the double integral (14) we have got 

(14a) i?<-o = ar 0 [ J 0 (kr)J x (kr Q ) dk. 

Jo 

Now we can show that y and at any later instant t > 0 have the fol¬ 
lowing forms: 

(15) y = ar 0 J<Mer)J x QerJ exp (— i yfg\i t) dk, 

J 0 

(16) <f> = — iagr 0 f J 0 (kr)J x (bro) exp (— ky — i \/glc t) dk/ ’y/gh. 

For a proof, we observe first that (15) takes the value of (14a) if t = 0. 
Now, the expressions (15) and (16) are obtained by applying the same 
“operator” 

r 0 I J i (fcr 0 ) dk • • • 

Jo 

to the periodic solutions (10a) and (12), with due regard to the dispersion 
law (11a). Since (10a) and (12) satisfy the differential equation of our 
problem and the boundary conditions for y = 0 and y = <=, the same 
must be true for our expressions (15) and (16). Furthermore (15) and (16) 
satisfy the initial condition for t = 0 and are thus the required solutions. 

3. Integration with Respect to k. The Method of the Stationary 
Phase 

The quantities of physical interest in circular waves are all connected 
with the surface function y to which we therefore limit the following dis¬ 
cussion. To evaluate y we first replace J 0 in (15) by its integral representa¬ 
tion (9a) and reverse the order of integration, obtaining the double integral 

(17) y = — f da f dk Ji(/cr„) exp (ikr cos« — i \/qk {). 

T Jo Jo ' 

We denote the inner integral by K, put 2 t = t y/gro/r and introduce a 
new integration variable by p = y/kr 0 ; with these notations wo have 

(18) K = 2- [ p dp .7i(p a ) exp [i(p 2 cos a — 2pr)r/r,,]. 

M) J 0 


Here r/r 0 is a very large number, the exponential is, therefore, a rapidly 
varying function of p. In general, the positive and negative oscillations of 
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the integrand will cancel except at those places where the factor of ir/r 0 
is slowly variable. If we abbreviate this factor by 

(19) /(p) = p 2 cos a — 2 pr, 
this will happen when 

(19a) rw - o. V 

This observation leads to a method of estimating the value of the integral 
known as the method of the stationary phase. Since the “phase” of the 
quickly oscillating exponential function becomes stationary at p {) , one 
limits the range of integration to the neighborhood of this value and thus 
achieves the integration by elementary means. It was particularly Lord 
Kelvin who applied this method expertly to many problems of hydro¬ 
dynamics and optics. The mathematically exact form of this device 7 is 
called the method of steepest descent which we mentioned before. 

Eq. (19) can be written in the form 

f(p) = cos a {(p - po) 2 - pi] 

The integral (18) then becomes 

( 20 ) 2 

K = - exp (-ipj cos cL-r/r 0 ) / Ji(p 2 )p exp [i cos a(p - Pn)ty*o] dp. 

* 0 •'Vo-t 

where the range of integration is now an e-neighborhood of p 0 . The factors 
/i(p 2 ) and p in the integrand are slowly variable compared with the ex¬ 
ponential function and may be replaced by Ji(pl) and p„ . We finally 
substitute in (20) 


(20a) s = q(p — p 0 ), q 2 = — cos a 

r 0 

and obtain 

r + <r< 

(21) K = (2/r 0 ) exp (—ipl cos a-r/r 0 )/,(pS) ^ / e"” ds. 

Q * —Qt 

As to the position of the critical value p = p Q , (19a) gives, since r is 
positive, 

Po > 0 for 0 < a < | , 

Po < 0 for | < a < t. 


7 The problem of the circular waves has been treated according to that method in 
the Munich thesis of H. Widenbauer, Z. angew. Mathem. u. Mech. 14, 321 (1939). 
Our Fig. 42 has been taken from this paper. 
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In the first case p„ and, consequently, the value s = 0 fall in the range of 
integration 0 < k < »; net so in the second case. Thus the representation 
(21) is valid only for « < x/2. Otherwise we have 


(21a) 


K = 0; | < a < x, 


which means complete extinction by “interference”. 

The final evaluation of (21) is achieved by means of the well known 
formula 


(22) [ e~‘‘-dt = VV. 

On replacing t by 

t = e~ <(w/41 s, e = -is 2 , dt = e - <(r/4) da, 
we arc led 8 to 

(22a) f'V’ds = y/i. 

—co 

Iho left member is our integral in (21) whose limits become dz°° if r/r 0 
is made to approach infinity at constant e and cos a ^ 0. If we introduce 
the result (22a) in (21) wc obtain 


(23) K = (2 \AA») exp (-ipl cos a-r/r 0 + ^ . 

Now the value of p„ following from (17a) and (19a), 

„ _ IsTnl l 

0 \ 4r 2 cos a ’ 

is very small, provided 


(24) 




4 f 


w« 1 


(but we must exclude a small finite neighborhood of a = x/2). The Bessel 
function ,/, is, for small p„ , sufficiently well approxinoated by the first 
term of (7): 

= f. V.JM - f = | ter) V ’ 


cos 3 a 


"It, will bo noticed that. Uio original path of the integration in (22a) is the bisectrix of 
tho 1st and 3d quadrant, in tint complex «-plano which forms also the limit of convergence 
of the integral; this path may be* replaced by tho real axis and two circular arcs; the con¬ 
tributions of tins latter vanish if R —>«. 
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(25) 


K 




si] 

At) 


3/2 


exp (—igt 2 /Ar cos a + iir/A). 


4. Integration with Respect to a. Discussion of a Limiting Case 

We return now to (17), where we may restrict the integration interval 
to 0 < a < t/2 because of (21a). On introducing the volume displaced 
by the initial impulse, V 0 = rr\a, (17) is transformed into 

< 26 > » - t [£T C 


We finally have to make r 0 —> 0. In order to obtain a finite effect in 
the limit, V 0 must be kept constant, that is to say, the depth of immersion 
a must approach in a definite way. We shall come back to this eventually. 
The representation of v by (26) depends essentially on the variable' 


(27) 



Our aim is to determine the asymptotic behavior of ij if u -*<*>. Now for 
large u the exponent in (26) becomes once more a rapidly varying function 
of a, so that the method of the stationary phase can again be applied. 
Similarly as before, we denote the factor of u in the exponent of (26) by 
/(a) and have 




/(«) = > /'(«) 

sin a 




J COS a 7 

cos a 


The critical 

a-value is thus 



a = a 0 

= 0, 

/(«o) = 1, /(«) = 

i+ i- 

1 _i 

7/2 ' L, 

COS ' OiQ 

and consequently 




(28) v = 

_Za( 
- / \ 

'u\ 3/2 

K ~J exp (—iu + iir/4) j 

[ exp (- 
' 0 

ma /2) da. 


We need the value of the integral in (28) for large u. Keeping e constant, 
we apply the same argument that led us from (21) to (23). This time the 
integral in (28) transforms as follows: 
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By substitution in (28) we finally obtain 


(29) 




The dimensions in this equation are easily checked: u is a number ac¬ 
cording to (27), Vo/r 2 is a length and so is rj. 

Our method seems to break down at the upper limit tt/2 of the integral 
in (26) because of the denominator cos a, but according to (21a) this is 
at the same time the lower limit at which K vanishes. Thus one is probably 
right to assume tfyat a special investigation of the behavior of (26) at the 
upper limit is unnecessary. 

The real part of (29) is the surface equation in which we are interested; 
we have 


V = 


Vo 

\Z2ttt 1 


u cos a. 


tj becomes infinite for r = 0, which is quite understandable since the depth 
of immersion a has become infinite in the limiting process r 0 —> 0 for fixed 
V 0 . The amplitudes of the crests decrease according to u/r 2 or r~ 3 , the 
crests follow each other at the distance 


as is easily seen, if the phases of neighboring crests u = 2 im, u = 
2t(u + 1) are compared for constant L Hence the wave length is no longer 
a constant as in our previous examples of wave motion, but increases at 



Fkj. 42. Shape of the water surface t seconds after the 
ring waves were excited; l must satisfy the condition 
u » 1 . 


constant t with r 2 and decreases at constant r with f. Fig. 42 is a diagram 
of the surface profile rj. Its appearance agrees well with that of a water 
surface disturbed by the fall of a small object like a stone or a rain drop. 
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Our problem was set as a prize problem by the academy of Paris in 
1816 and solved by Cauchy. About this and a later paper of Poisson of. 
the report of H. Burkhardt. 8 

28. Ship Waves (Kelvin 9 s Limit Angle and Mach’s Angle) 

The wave pattern that is left behind by a ship at sea consists of a 
system of waves that envelopes the hull lengthwise and is interwoven 
with a system of cross waves. The two systems advance with the boat so 
as to be stationary relative to it. The beauty of the pattern is most im¬ 
pressive when viewed from an airplane or from the top of a high cliff, but 
the same phenomenon on a more modest scale develops behind a duck 
swimming in a pond. 

In our analysis the object that produces the waves will be considered 
as a point. The problem can then be formulated in the following way: 
The instantaneous location of the boat is the origin of a system of circular 
waves; this origin is in uniform rectilinear motion, its velocity being tlxe 
speed of the boat v. Our task is to find the result of the superposition of the 
successive circular waves. That it will be stationary relative to the boat is 
evident, but the detail structure of the wave pattern is surprising enough 
and can only be unraveled by a careful analysis. 

With a view to Fig. 43, let 0 be the location of the boat at the time 
t = 0, and Q its location t seconds earlier so that QO = vt. We wish to 
find the ordinate of the water surface v at the field point P. It is to bo 
compounded of all ordinates ij, that were produced at earlier instants t by 
means of the formula 

(1) v — & f Vt dt. 

v ~co 

The factor /3 in (1) must have the dimension of a reciprocal time; we put 
it equal to v/l. For the length l there is hardly any choice other than the 
cube root of the initial displacement 7 0 in Eq. (27.29). Thus we obtain 
from (1) and (27.29) 

(2) v = C f ku, exp (— iu,) dt, C — ^ n .- 

J -~ r ‘ V2tt 

where r, is the distance QP in Fig. 43, that is, the distance between the 
field point P and the location of the source of disturbance, t seconds ago. 

Now let P have the polar coordinates r and $ relative to the pole (); 
r and are therefore independent of t. According to Fig. 43 we obtain 

•Jahresberieht der deutschen Math. Ver. Vol. X, p. 429 (1908). 
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(3) r 2 , = r a + v 2 f + 2 rvt cos #, 
where < is negative. As in (27.27) we put 

(4) «. - f £ = /(*). 

The representation (27.29) which we have applied in (2) was computed 
under the assumption u » 1. With this condition, f(t) becomes again a 
rapidly varying function so that the method of stationary phase can be 
applied. We then have to find the roots of the equation f'(t) = 0. From 

(4) and (3) we obtain 


4 2 1 t 2 , i 

(5) “ f'(t) = ' ~5 (v 2 t + rz> cost?) = -5 (y*f + 3 rvt cost? + 2r a ). 

If ' t 11 T t 

Hence the roots of /'(<) = 0 are 


t = 


3r 

2 - cos«? d= 


4 


9r a . 
4? cos * 



If t? is an acute angle, the roots and t 2 are both negative 



Now, in order to fall in our integration interval — ® < t < 0, the roots 
not only have to be negative, they must also be real. This implies 

cos 2 t? > |, 1 1 ? | < t? 0 , 


where t? 0 denotes the limiting angle 

Q 

(7) cos 2 t?o = -j or tgt? 0 


1 

v§’ 


t? 0 = 19°28'. 


This angle was first dotenninod by Lord Kelvin. For | t? [ > t? 0 there is 
no such Z-value as would make the phase stationary, that is to say, the 
whole wave pattern is bounded on either side by a straight line forming the 
angle t? 0 with the direction of motion of the boat. This is shown in Fig. 44 
which is taken from Lamb’s 10 Hydrodynamics. 

The interference pattern itself can be understood on the basis of the 
integral (2) w hich essentially reduces to the two contributions of the neigh- 

10 H. Lamb, Hydrodynamics, Cambridge, 5th edition, p. 409 ff. 
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borhoods of 4 and 4 . These contributions contain the phase factors 
exp and exp [~i/(4)L By putting /(*,) and f(t 2 ) constant, one 

obtains the two systems of curves, the lengthwise and transverse waves 
mentioned before. In Fig. 44 the successive crests of the two systems have 
been drawn. We shall discuss these curves by giving the field point P a 



Fia. 43 (left). Illustrating the generation of ship waves. 0 is the present position 
of the ship, Q,Q' ••• are previous positions of the ship, P, P' • ■ • arc specified positions 
of the field point. 

Fig. 44 (right). Lengthwise and transverse ship waves. 

variety of positions, having in mind that the disturbance at P at the time 
f = 0 is essentially caused by two annular waves that issued from the 
source in the positions Q' and Q" at the times 4 and 4 respectively. 

Let us start with a field point position P — P 1 on the limiting line 
# = tfo . The two values 4 and 4 in (6) coincide: The common source 
position associated with this case is the point Q' in Fig. 43. Its distance 
from 0 is by (6) 


3 

OQ' = — vl( = — vt 2 = g r' cos , 

where r' is the distance of P' from 0. The direction of the curves of uniform 
phase /(4) = f(t 2 ) = const in P' is given by a circular arc element with 
center Q' and radius Q'P'. Both curves of constant phase pass through P' 
in the same forward direction. Considered as one curve they form a cusp 
at P'. 

If now t? is decreased and r so chosen that f{Q remains constant the 
source position associated with 4 moves to the left from Q' (see Fig. 43) 
since — »4 increases according to (6). When reaches the value zero, 
Q' reaches the position Q", so that 

OQZ' = —1>4 = § r(i + |) = 2r. 
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Here r is the distance between 0 and the field point P'f at which the 
transverse wave intersects the course of the boat. The direction of the 
phase curve is obviously perpendicular to the course; it coincides with the 

iriT 6 , C ^° f ?'i P " = r ab0ut the center «'■ This gives a 

general idea of the shape of the phase curves f(t 2 ) = const. 

If, on the other hand, we choose the r-values for decreasing so that 
/(ti) remains constant, —vt x decreases [see (6)] and the point O' in Fig 43 
moves nght to the new position Q t . The slope of the lengthwise wave 
through P becomes flatter, as is shown by the circular arc about Q, with 
radius Q, P t . The distance OQ" becomes for very smn l l t? 



so that Qr nearly coincides with the field point P[> when both are close 
to 0. The lengthwise waves should become tangential to the direction of 
travel at 0 if our method were still valid in the neighborhood of 0. This, 
however, is not the case: Our me hod of stationary phase breaks down for 
a short running time t. Nevertheless the general shape of the lengthwise 
waves has thus been clarified. 

The phase curves /&) = const,/(<*) = const are essentially identical 
with the actual wave pattern observed. Along either curve the contri¬ 
bution of the integral whose phase is not constant shows up as a secondary 
ripple, at least at some distance from 0. For a comprehensive analytical 
representation of both families of curves see Lamb loc. cit. and L. Hopf 
in his Munich thesis quoted on p. 120; there the evaluation is carried out 
by complex integration. 

Looking back at our result it appears strange that there should exist 
a limiting angle independent of the traveling speed v. This seems to dis¬ 
agree with the well known photographs of projectiles moving with super¬ 
sonic! speed, first obtained by the Austrian philosopher and physicist 
lOmst Mach (1838-19 US) with the so-called schlieren method. The pro¬ 
jectile in Mach’s beautiful theory is shrunk to a moving point, just as 
the steam boat before, from which compression waves originate continually. 
At the time of observation the wave that has originated t seconds ago has 
now spread over a spherical surface of radius r = ct where c is the sound 
velocity. In the meantime the projectile has traveled a distance x = vt. 
1 spherical shells so produced have an enveloping circular cone, the 
Mach cone. Half its apex angle is called the Mach angle and given by 



sin#. 
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The Mach angle is approaching zero with increasing v, in contrast to 
the limiting angle t? 0 — 19°18' in the case of the ship waves. 

The reason for this different behavior is found in the dispersion. The 
sound waves travel at fixed velocity c without dispersion. The deep water 



Fig. 45. A projectile moves with supersonic velocity between two parallel walls, the 
Mach cone is reflected at the walls. 



Fig. 45a. The projectile has pierced a thin wooden wall. The wood splinters also 
produce Mach cones of varying apex angles, according to their velocities. 
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waves follow the dispersion law V = Vg/k. With the velocity thus 
depending on the wave length, there exist waves which at any given 
speed of the boat run along with the boat, while in the Mach phenomenon 
all waves are overtaken by the projectile. Thus the fact that is inde- 
pendent of v becomes understandable. 

. We oouI(1 substantiate this interpretation if we treated the ship waves 
m shallow water, in the sense of 24. According to (24.7) there is no dis- 



. Fm - Tlu ‘ projectile passes a cylinder with circular slots. Tim spherical waves orig¬ 
inating at, the openings are tangential to the Mach cone of (he projectile. 


persion in this case, and Mach’s purely geometrical argument may be 
applied. If v > V the limiting single should go to zero with increasing v. 
'Phis problem, however, in which we would have to assume a flat dis¬ 
turbance (a flat-bottomed boat) seems to us rather artificial. However, 
the classical investigations of annular waves on which the theory of ship 
waves is based (Killer 1750, Laplace 177(5, Lagrange 1787) assumed shallow 
water. 

We close this chapter with some of the less well known pictures of 
the Mach phenomenon which were taken in the ballistic laboratory of 
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C. Cranz. Fig. 45 shows a projectile flying between two walls: the Mach 
cones suffer regular reflection at the walls, also, on this and the other 
photographs a tail of eddies is shed from the rear end of the projectile. 
Fig. 45a shows a shot through a thin wooden wall which is located at the 
left border of the picture: the projectile itself which has somewhat deviated 
from its path after piercing the wall and the numerous splinters flying 
along show their Mach cones. Note that the splinters possess Mach cones 
with larger apex angles than the projectile in accordance with their smaller 
velocities which, however, are still larger than the sound velocity c. Fig. 
45b is very instructive: the projectile was shot through a cylinder fur¬ 
nished with circular slots and is just emerging from the other end. Spherical 
waves come from the slots whose envelops fit the Mach cone of the pro¬ 
jectile accurately. Here we see a direct experimental realization of the 
mental picture we have of the formation of the Mach cone as the envelop 
of individual spherical waves. At the same time the photograph is a beau¬ 
tiful visualization of Huygen’s principle , which likewise operates with 
envelopes of spherical waves. 
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FLOW WITH GIVEN BOUNDARIES 

29 . Flow Past a Plate 

In this and the following articles we restrict ourselves to two-dimen¬ 
sional flow and may, therefore, make use of the powerful tool of the 
theory of complex functions. 

We take up again our discussion of elliptical coordinates £, 17 in 19. 
The connection with Cartesian coordinates x , y is given by Eq. (19.15) 

( 1 ) x + iy = c cosh (£ + irj). 

Here c is half the focal distance (cf. Fig. 27) and, at the same time, half 
the length of the projection of our plate in the #, 2 /-plane; the plate is 
supposed to be infinite in iz-direction. 

In elliptic coordinates the front and back sides of the plate are simul¬ 
taneously given by 

£ = 0, ~ 7T < 7) < +7T, 

corresponding to the infinitely narrow ellipse of Fig. 27. For these values 
the right member of Eq. ( 1 ) is real, hence y = 0 and — c < x < c. 

On the other hand, for 

77 — d=rt, 0 <C £ 00 

the right member of ( 1 ) becomes a positive or negative purely imaginary 
number, hence x = 0 and y ^ 0, as can also bo scon from Fig. 27. 
Consider now the analytic function 

( 2 ) $ + t\E r = const sinh (£ + iy) 

already anticipated in (19.20). Lot the constant in ( 2 ) be equal to iqc, 
where q is a real quantity having the dimension of a velocity: 

( 2 a) const = iqc; q, c > 0 . 

Now, $ + vl' is not only an analytic function of £ + iy, but through ( 1 ) 
an analytic function of x + iy likewise. Consequently $ and SI r may be 
interpreted as velocity potential and streamf unction (19) provided they 
satisfy such boundary conditions in the z, 2 /-plane as are required by the 
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problem under consideration. The values of $ and along certain lines 
of the #, 2 /-plane have been listed in the following table, the auxiliary 
variables £ and rj playing the role of parameters: 


£, 97-plane 

x, y-plane 

values of 3 >, ^ 

s = o 

x = c cos 17, y — 0 

^ = 0, $ = — qc sin rj 

TT 

71 ~ 2 

x = 0, y — —c sinh | < 0 

= 0, $ = ?c cosh | > 0 

1 * 

« = + 2 

x = 0, y = +c sinh ( > 0 

'Jr = 0, $ = — qc cosh ? < 0 

£ —> oo 

2 i 2 C 2t 

x + y = — e * —>oo 

¥ = -\-qx, $ = —qy 


The first three lines of this table are explained in our previous remarks, 
if one takes into account that the right member of ( 2 ) becomes real for 
£ = 0 as well as for rj = zkir/2 because of (2a). As regards the last line, 
the effect of the limit £ —>oo on x, y, etc. can be easily seen if one separates 
real and imaginary parts in (1) and ( 2 ). One obtains for large £ 

x = | e* cos 97, y = | e* sin rj , 

(3) 

$ = — ^ e* sin 97 , V ^ c* cos 97 , 


in agreement with the last line of the table. 

According to the 3> and SP values in the last line, the flow field in the 
neighborhood of the point infinity of the x,?/-plane is uniform, viz. 


(3a) 


Vy 



v x 


d<£ 

dx 


= 0. 


The first three lines of the table contribute the following additional 
information about the flow: the streamline ^ = 0 coincides with the 
negative y -axis (line 2) and with the positive y-axis (line 3). According to 
line 1 , a singularity appears at y = 0 . 

In its total extension, ^ = 0 may be described as follows: the branch 
97 = — tt /2 corresponding to the negative y- axis splits into two branches 
at y = 0 (center of the front side of the plate). They follow the surface of 
the plate and are obtained according to the first line, when 97 passes from 
—7 t/ 2 to w/2 either by adding or subtracting 7 r(—3 t/ 2 being equivalent 
to tt/2). The two branches join at the center of the back side and, from 
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there on, ¥ = 0 coincides with the positive y-axis . 1 This streamline to- 
gether with the known flow pattern at infinity forms a frame for the 

family of streamlines ¥ = const, that makes the diagram of Fie 46 
acceptable. s 

The point or, rather, the points 0 on the front and back side of the 
p ate are of particular interest. They are called 'points of bifurcation with 


Fig. 46. Plato at right angle to flow. 
The theoretical flow pattern downstream 
is a mirror image of the upstream pattern. 


I.v 

reference to the division of the streamline ¥ = 0 , or branch points with 
reference to the mapping function. Physically speaking, they are stag¬ 
nation points since the velocity of flow vanishes there (v x = v v — 0 ) 
According to Bernoulli’s theorem they are points of maximum pressure: 

From (11.9) we have for steady flow and in the absence of external forces 
(c7 = const) 

(4) p = const — 

If we put the pressure at infinity equal to zero, so that p is the “hydro- 
dynamic” pressure due to the acceleration of the fluid in the presence of 
the plate, then const = p /2 g 2 [g is the flow velocity at infinity according 
to (3a)] and 

(4a) P = %(q t ~v i ). 

This shows immediately that p 8tat is larger than any other possible p-valuc. 

The pressure distribution along the plate is found from our formulas 
as follows: From 



¥ = —q c sin 17 , x — c cos i\, 


■ i_.? ' n 27a which is in onc-to-ono correspondence with the x, j/-plano 

is shifted downward by v/2, the streamline * = 0 is represented by an E-shapod figure 
the uppor and lower horizontal of which correspond to the same ray y > 0, x «■ 0. ’ 



210 


MECHANICS OP DEFORMABLE BODIES 


[VI.29] 


we find 


and by (4a) 


v 


drj 
drj dx 


COS rj 

q - - 

* sin 77 


1 


P = 



cos 2 rj \ 
sin 2 ri) 


Here the front side is given by — t < r\ < 0 and the back side by 0 < 
r] < rr/2 and -3tt/2 < 77 < -tt, or simply, 0 < rj < t. The pressure 
becomes then 


p a= — 00 j for rj 



x = +c 

r at the edges of the plate 
x = — cj 


P = °i 



x = + 


z = — 


c 

\/2 at a distance 0.29c from 
h either edge toward the 
c center 


and, as we have found before p = p max = p <? 2 /2 for r\ = ±tt/ 2, z = 0, 
center of plate. 

This pressure distribution is impossible in a perfect fluid because of the 
occurrence of a negative pressure (which at the edges becomes even infinite); 
the fluid would separate under a negative pressure. 2 

A second consequence which is no less paradoxical, is this: The re¬ 
sultant pressure force exerted by the stream upon the plate is zero, (the 
resultant moment vanishes, too) since the pressure at any surface clement 
on the front side is canceled by the corresponding pressure on the back 
side. In other words, if the fluid is transformed to rest at infinity (by super¬ 
position of the constant velocity field $ = qy), so that the plate, moves 
through the fluid with uniform velocity q no work would have to be expended 
in such a process. Once the plate together with the surrounding fluid has 
been set in motion, it will keep on moving with constant velocity. 

This paradoxical assertion in a generalized form, in which it applies 
to rigid bodies of arbitrary shape, is attributed to d !Alembert or Euler. 8 


*Here the emphasis lies on the fact that the pressure becomes arbitrarily strongly 
negative; if it were only negative, but would stay bounded, we could make good for that 
by choosing the pressure at « sufficiently positive. 

3 In the introduction to his book, Hydrodynamik, Leipzig, Akademische Verlags- 
gesellschaft 1927, C. W. Osecn quotes Spinoza as an even earlier authority. One could 
say, in a sense, that Oscen’s book has as its aim the analysis of the paradox. For 
instructive detail observations in two dimension sec G. Hamel, Z. angew. Math. u. 
Mech. 15 (1935) 52 
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Kirchhoff, Lord Kelvin and, later, Minkowski* investigated the general 
conditions for a steady motion like the one in our example from the point 
of view of abstract hydrodynamics. It was found that the direction of 
the momentum would have to coincide with the axis of the moment of 
momentum to make the motion possible. In the case under consideration, 
however, the occurrence of arbitraiy large negative pressures makes the 
motion physically impossible. 

Let us now compare Fig. 40 with the photograph of a real flow past a 
plate in Fig. 47a. 4 The two Figs. 46 and 47a are in very good agreement 
upstream of the plate but have nothing in common downstream. In the 
picture of the real flow eddies occur behind the plate that are generated 
in the process of passing the edges of the plate and move downstream 
with the fluid. We shall investigate this phenomenon in 30 and 32. 

For the present, however, we wish to maintain our theoretical view¬ 
point incomplete though it is, and investigate the flow past an oblique 
plate. We rotate the z,?/-system with respect to the ^-system by the angle 
7 < t/2 and change Eqs. (1) and (2) into 

(5) x + iy = ce iy cosh (£ + irj), 

(6) $ -f = iq C sinh (£ -f i v + i y ). 


The table of p. 208 is now replaced by: 


$, i?-plane 

x , 2/-plane 

values of <¥>, 


[ X — C COS 7} cos 7 


£ = 0 

[y = c cos 7] sin 7 

^ = 0, $ = ~qc sin (rj + 7) 

7T 

| x = ±c sinh £ sin y 

\ ^ = ztgcsinh £sin 7 


[y = Tcsinh £ cos 7 

1$ = ±qc cosh £ cos 7 

8 

T 

£ 2 + y 2 = — c 2 * — > 00 

* 

II 

*0* 

II 

1 


*Prcuss. Akad. Ber., 1888, 1095. 

4 Figs. 39a, b and 47a, b are reproductions of photographs taken by the firm of 
Ahlbom in Hamburg. 
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According to the table, the front and back sides of the plate represented 
by £ = 0, -T < 17 < 0, and 0 < 17 < t are still the streamline = 0. In 
the neighborhood of the point infinity of the a^-plane, that is for £ —* », 
we have a uniform field of flow with constant velocity q as before; the 
streamlines in this region are the lines x = const, but the lines 17 = T-ir/2 
are no longer streamlines. Geometrically, they represent a pair of rays 
that coincide with the two halves of the bisectrix of the plate; the center 
column of our table gives for these lines the equation y = —x cot y. 
Altogether, there are no rectilinear streamlines in the finite domain. 

In order to analyze the flow pattern we first determine the stagnation 
'points. They are the branch points of the function that maps the $ + i'k- 
plane on the x + %-plane. Now, the general condition for a branch point is: 


( 7 ) 


dp + t¥) = 

d(x + iy) 


The differential quotient is calculated from ( 5 ) and ( 6 ) as follows: 

( 7 a ) d(3» + vtr) / d(x + iy) _ iq cosh (£ + iy + jy) 

d(£ + iy) / d(£ + iy) e iy sinh (£ + i,j) 

Condition (7) leads therefore to 

(7b) cosh (£ + iy + iy) = 0, 


or, on separating into real and imaginary parts, to 

(7c) cosh £ cos (17 + 7 ) = 0, sinh £ sin (17 + 7 ) = 0. 

Since cosh £ is never zero, and sinh £ vanishes only for £ = 0 , the solution 
of (7c) is 


(8) 77 = ± | — 7 , £ = 0 . 

Thus there are again two stagnation points one of which is in the front, 
the other in the back of the plate: 

( 8 a) £ = 0 , y = - | - 7 and £ = 0 , 17 = + | — 7 . 

They are not in the center of the plate, but shifted up and down by the 
same amount | x + iy | = c sin 7 , as follows from (5). In Fig. 48 they 
have been denoted by Oi and 0 2 . At these points we have again v x = 
v y = 0 and the pressure is, according to Bernoulli’s equation (4a), a 
maximum: p Btag = p mAI = pq 3 / 2 . From our derivation it follows that the 
stagnation points are points of bifurcation as before. The streamline that 
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meets the plate at 0, and divides there into two branches is norm* 1 '* to 
the plate, and so is the stream line issuing from 0 2 . 





X 


The 

Fig. 48. Flow past an oblique plate- 
theoretical flow pattern downstream ~ 

taincd by rotating the upstream 1 

about the center of the plate by 180°. 


The differential quotient computed in (7a) yields quite generally 
velocity of flow in the complex form 


"the 


(9) 


d(<f» + &) 
d(x + iy) 


—v x + iv v . 


This is a direct consequence of the form of /'(z) in (19.4a) together 

the Cauchy-Riemann equations (19.5). If we take the absolute valu° 111 

(9) and substitute (7a), wc obtain 


( 10 ) 


y\ = q 


cosh (f + in + iy) 
sinh (£ + itj) 


In particular for £ = 0, that is, on the plate itself, we have on either si do 


(10a) 


| v | = a 


cos (y + 7 ) 
sin ij 


The pressure distribution is found from (10a) by substitution in Bernoulli's 
equation (4a): 


( 11 ) 



cos 2 ( 1 ? + 7) \ 
sin 2 jj / 


This leads again to 


p = — 00 for 


0 


V = 


1 


±7T 


that is at the edges of the plate, and the point where the pressure vanishes 
is found from p — 0 as 


(12) 


cos 2 (17 + 7) = sin 2 ij 
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which can be written cos (rj + 7) = ± cos (t/2 - v ) } and therefore 


either 


1 + 7-5-1, 




The value ^ is positive, the corresponding point lies therefore on the 
backside; the converse is true for rj 2 . The zone of negative pressure is on 
the back side between rj = 0 and 1 7 = 77 j , on the front side between rj = — r 
and rj = m Since arbitrarily large negative pressures are not permissible, 
our solution in the case of the oblique plate has as little physical reality 
as in the special case of a normal plate. 

The comparison of Fig. 48 with the photograph of a real flow in 47b 
illustrates what we mean. Ahead of the plate the two stream patterns are 
rather similar, in particular, there is a stagnation point in front which 
has the expected position. The downstream flow, however, is entirely 
different. Instead of an antisymmetric repetition of the upstream pattern 
we meet again the characteristic eddies in alternating positions. 

In this article we have only dealt with the steady flow past a plate. A 
plate problem occurs also in acoustics, when a light circular disk is sus¬ 
pended in the non-steady field of a sound beam. This so-called Rayleigh 
disk plays a significant part in the measurement of sound intensities; the 
analytic methods discussed so far and developed in the following are of 
importance for the theory of this instrument, as Lord Rayleigh 5 has shown; 
for this reason our statement about the unrealistic character of the ob¬ 
tained solutions should be restricted to the case of steady flow. 


30. The Problem of the Wake; Surfaces of Discontinuity 

“There is nothing in the nature of a liquid that should prevent two 
adjacent fluid layers from sliding past each other with finite relative 
velocity, provided we consider the fluidity as perfect, that is, exclude all 
friction. Our assertion is certainly true for those properties of the liquid 
which are considered in the hydrodynamic equations, viz. the conservation 
of mass in each volume element and the equality of the pressure in all 
directions; these two factors do not preclude the possibility of a finite 
difference of the tangential velocities on either side of a surface in the 
interior of the fluid. The components of the velocity normal to the surface 
and the pressure, however, must be equal on both sides of such a surface”. 6 

fi Lamb, Hydrodynamics, Cambridge, 5th o.d., Chap. IV, Art, 77, 

°IIelmholtz, Preuss. Akad. Bor., 1808, 
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Helmholtz further points out that a sharp edged obstacle always pro¬ 
duces discontinuity surfaces in the flow and that in this way the negative 
pressures that would otherwise be present are avoided. He also observes 
that the discontinuity surface which originally is conceived as a geo¬ 
metrical surface curls up under the influence of friction and takes the 
form of a sequence of eddies (Helmholtz speaks of vortex filaments). All 
this will be discussed in 32; for the present we maintain the assumption of 
a perfect inviscid fluid. 

With this in mind wc again take up the two-dimensional problem of 
the plate, assuming the plate normal to the flow for the sake of simplicity, 
as at the beginning of 29. Two lines of discontinuity—if we now use two- 
dimensional terminology—issue from the end points of the segment that 
represents our plate. They are symmetric to the y- axis, but of unknown 
shape (cf. Fig. 49, where the edges of the plate are denoted by A and B). 



Fig. 49. Helmholtz flow past a vertical plate AB. 
The wake is delimited by the discontinuity lines AU 
and BU that originate at the edges of the plate. 


The wake is enclosed between the two discontinuity lines and the plate, 
and wc imagine the state of the wake to be dead water in the literal sense: 
its velocity is assumed as zero, and the pressure is evciywhcre constant, 
say, equal to p 0 . According to Helmholtz, we then have also for the fluid 
that flows along the discontinuity lines the following boundary conditions 
for the pressure and the normal component of the flow: 

(1) V = Vo , v n = 0. 

The tangential component v a follows now from Bernoulli's equation (29.4a) 
which yields because of (1) 

(2) | v | 2 = v\ = q 2 - . 

The tangential component is thus constant along the lines of discontinuity. 
Infinite velocities and negative pressures no longer occur. 

Kirchhoff 7 worked out Helmholtz's idea in detail and applied it among 
other things to the plate problem. He considers in addition to the two 
complex variables 


7 G. Kirchhoff, Crelles Journ. 70 (1869) and Vorlesungcn ubor Meohanik, Chap. XXII. 



[VI.30] 


FLOW WITH GIVEN BOUNDARIES 


217 


z = x ■+ iy and / = $ 4 - jq? 

a third variable 


(3) 


r = 


1 

— v x + iv„ 


connected with z and / by the relation 


(4) 


r 


dz 

df 


as in (29.9), and introduces the assumption that the wake reaches to infinity 
(we have tried to indicate that in Fig. 49). The pressure p Q then equals 
the pressure at infinity which we defined as zero in (29.4a), so that now 
p t) in Fjq. ( 2 ) must also be put equal to zero. From ( 2 ) we obtain 


(5) I —Vx + iv y | = v B = q 


all along the lines of discontinuity. Consequently we have for f the 
boundaiy condition 


(5a) I r I = \ ■ 

We wish to emphasize, however, that the assumption of discontinuity lines 
reaching to infinity is too restricted. Indications for this will be found at 
the end of this article. 

Let us now look for the image of the discontinuity line, which separates 
the moving fluid from the wake in the plane of the complex variable f 
(cf. Fig. 50). 


Fia. 50. Mapping of the s-planc on the f-plano. 



Starting with the point infinity of the z-plane, we have there 

v v = q, v x = 0 , and by ( 3 ) f = — | . 

The image point U in the f-plane is therefore on the negative imaginary 
axis. The images of the two discontinuity lines must pass through the 
point [/, in agreement with (5a). We draw now a semi-circle of radius 
1/2 and center zero; it passes through U and terminates at the real axis 
in the points f = dbl /q, which are the images of the points A and B in 
Fig. 49 (edges of the plate). All along the plate one has v u — 0 and therefore 
f real; this holds also at the edges. 
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.We finally consider the stagnation point 0 in Fig. 49. There 

v x = v„ = 0, and by (3) t = 00 ■ 

The image of 0 is the point <» of the f-plane. This determines completely 
the mapping of the two halves of the plate: Since f is real along the plate, 
as was just pointed out, one half of the plate maps on the segment OA, 
the other on the segment OB of the real axis in Fig. 50. 

In describing the circuit UAOBU in Fig. 49, the region of the “live” 
flow 8 remains to the left, and the region of the dead water to the right. 
Accordingly, the marked region in Fig. 50 to the left of the imago circuit 
corresponds to the region of flow, the unmarked region to the wake. Yet 
that does not determine the analytic solution of our mapping problem 
since the shape of the lines of discontinuity is still unknown. 

This part of the problem calls for a discussion of the mapping of the 
a-plane on the /-plane, the characteristic points of which are listed in the 
following table. As before we assign the equation Sir = 0 to the “sym¬ 
metric” stream line which separates at the stagnation point, whereupon 
the entire boundary of the dead water becomes real in the /-plane. The 
zero level of the velocity potential # is now assigned to the stagnation 
point 0; this makes $ negative along OA and along OB. We denote the 
unknown value of $ at A and B by / 0 . (Note that /<, is at the same time 
the value of / at A and B since Sir = 0; <f> must decrease from O to A or 
from 0 to B, hence is negative along OA and OB.) f 0 is negative and given 
by 


( 6 ) 


+ o 

v x dx = 

o 



v x dx. 


We have thus found a correspondence between the total boundary of the 
wake and the negative real axis of the /-plane, but it is not a one-to-one 




Fia. 51. Mapping of tho z-plano on the /-piano. 


correspondence, since, for instance, the plate front AOB is mapped on the 
double segment f 0 — 0 — f Q , cf. Fig. 51. This can be helped by making 
a cut along the negative real axis. The two borders of the cut form tho 
image of the wake boundary, while the positive real axis has already been 

8 If we had used the reciprocal variable = l/£, instead of the region of flow 
would map on the interior of the semi-circle and the circuit UAOBU on the closed 
boundary of the semi-circle. We have retained Kirchhoff’s original definition of £ in (3) 
to make a comparison with the original paper easier, although the map of the flow 
in the plane ?, being simply tho ho do graph of the flow, has a stronger physical appeal. 
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in one-to-one correspondence with the stream line ^ = 0. The marking 
of Fig. 51 indicates that the cut /-plane is the image of the flow field in 
Fig. 49. Ihe wake is mapped on a second sheet of the/-plane connected 
with the sheet of Fig. 51 across the branch cut (the two sheets form one 
Riemann surface). 



Z 

r 

f 

angular change 

A 

+c 

_ i 

Q 

So < 0 

1 

2 

B 

—c 


Jo < 0 

1 

2 

0 

0 

db oo 

0 

1 





2 

U 

00 

_ £ 

00 




Q 




Let us now try to find the analytical form of the mapping of the f- 
plano on the /-plane, omitting the 2 -plane and comparing the Figs. 50 
and 51. (It will be noticed that this is feasible without knowing the dis¬ 
continuity lines, since the plane of the physical flow matters no longer.) 
If the mapping were everywhere conformal, it would be given by a bilinear 
relation between f and /. There are, however, points where the con¬ 
formality breaks down, though not in the interior of the marked regions 
of the two figures, but on the boundary; they have been indicated in the 
last column of our table. The number going with A and B means that 
the angle r occurring at the boundary points A and B in the /-plane 
appears as the angle t/2 in the f-plane; the number | going with 0 should 
likewise tell us that the angle 2t at 0 in the /-plane appears in the f- 
plane as w. From this we infer that the relation between f and / must 
contain 


/ in the form \//> ? in the form (f ± 


We therefore consider the following bilinear relation of these quantities 

( r + «) _ V A- V7 

vr.+'Vf 
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or, written more conveniently, 


(<tf - l ) 2 


4' 


This function fulfills the requirements of the table as can be shown by 
expanding (7) in power series at the points A, B, 0. We shall come back 
to this in the next article in a more systematic way. 

Let us now compute f explicitly. Eq. (7) can be rearranged in the form 

(7a) (?r) 2 + 2 yM gf + 1 = 0; 


the roots of this equation are 


-M 




The salient point in this analysis is now that it is possible to eliminate the 
auxiliary variable f by (4) and to obtain a differential equation between 
the two original variables z and /, viz. 


= - 1 (J h 

Q W / 


-1 . 


Its integration determines the mapping function. 

It is convenient for this purpose to introduce the parameter a by 

= sin a, df = 2/ n sin a cos a da . 

’ Jo 


jj) _ I 
/ sin a ’ 


fo __ 1 = COSO! 

Jf sin a 


Choosing the upper sign in (9), we obtain 


dz =-- (cos a + cos 2 a) da 


which gives integrated 


= _ ?h L 


sin a + g (sin a cos a + 


In this integration the constant must be set equal to zero, since / = 0 
for a = 0 according to (10), and z is supposed to be zero if / = 0 according 
to our table. 
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For a = x/ 2 , / equals/o by ( 10 ); according to our table this character¬ 
izes the edge of the plate A, or s = c. Thus we have 


= - M°(i jlI) h _: 

ff l + 4/’ q ~ t 


which determines the hitherto unknown quantity f n . We substitute this 
value in (11) and obtain by separation of real and imaginary parts the 
following parametric representation of the plate: 

4c / . i ) 

x = —:— - S sin a -f- ■= (sin a cos a + «) f, 

(13) T + 4 1 2 J 

y = o, 

traced by the point x, y when a varies according to 
(13a) -=<«<+§. 

Now we allow a to take complex values, starting from x/2: 


Then one has 


ex = ^ ~ 0 < /3 < oo . 


sin a = cosh /3, cos a = + i sinh j3. 


If a. changes according to (13b), / remains real by (10) and (12), hence 
(13b) represents the continuation of the stream line 4^ = 0 beyond the 
end point A , that is to say, the lower branch of the discontinuity lino in 
Fig. 49. Its parametric representation is obtained from ( 11 ) by separation 
of the real and imaginary part in the following form: 


x + 4 


cosh /3 + |), 


y = —p-r (cosh $ sinh p — p). 

7r ~r *± 

This is a transcendental curve; its numerical determination makes no 
difficulty. For large ^-values it can be approximated by a parabola. 

Eqs. ( 10 ), ( 11 ) and ( 12 ) contain the general solution of our flow prob¬ 
lem. When a takes arbitrary complex values we obtain 




2(7C . 2 

—,—t sin a, 
7T + 4 


z = x + iy = 


7T —(“ 4 


sin a + ^ (ski a cos a + a) j. 
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An explicit representation of $> and in terms of x and y such as would 
be obtained by elimination of the parameter a is neither feasible nor 
necessary. 

To check our results we may compare the value of /„ in (12) with its 
original definition in (6). According to (6) we ought to have 

(17) f 0 = — f v,.dx = [ dx = $ c — $„ • 

‘'o J o OX 

By (15) we have the ^-values 

* —- ?£3. f or n — - 

it + 4 1 2’ 

$o = 0 for a = 0. 

Thus (17) and (12) are in agreement. 

Contrary to 29, the results of which led us to the d’Alembert-Euler 
paradox, our present theoiy gives a reasonable value for the total pressure 
P acting on the plate per unit of length under the influence of the streaming 
fluid. 

From Bernoulli’s theorem (29.4a) we have 

( 18 ) p -£'**’(>-?)*• 

Along the front of the plate v equals v x , hence v 2 = l/f by (3), and (18) 
takes the form 

(19) p -i 

This integral can be evaluated in the following elegant mann er: along the 
plate, dx equals dz; thus we obtain from (4) 

(19a) dx = £ df, p = 

From (8), where we choose again the upper sign, we have 



The reciprocal value of this expression may bo written 
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a result that could have been, read from the quadratic equation (7a). 
Upon introducing the last expression in (19a), we obtain 

(2°) P = -2 pq f'° ‘'sjf'-l df. 

As regards the limits of the integral and the factor 2, note that the pressure 
distribution is symmetric with respect to the center, and therefore the 
contributions of the upper and the lower half equal. 

If we now introduce the parameter a from (10) we obtain 


(21) P = —4p/ 0 g / cos 2 a da = —pf 0 qT 

Jo 

and, on substitution of f 0 from (12), 


( 22 ) 


P 

2c 


7T + 4 


pq 2 = 0.88 | g 2 


The pressure per unit of surface is thus proportional to the square of the flow 
velocity at infinity in agreement with the general hydraulic experience 
(cf., c.g,, p. 80); we could formulate our result also in this way: the pressure 
is proportional to the kinetic energy per unit of volume of the undisturbed flow, 
or, in other words, proportional to the stagnation pressure at 0. The numerical 
coefficient, however, does not agree too well with the results of careful 
measurements. In the case of the infinitely long plate the actual coeffi¬ 
cient is about 2.0 according to Prandtl (Stromungslehre, p. 165) 9 instead 
of our value 0.88. The reason is—also according to Prandtl 10 —that the 
real wake does not reach to infinity and the two separate regions of the flow 
join at some distance behind the plate. Besides, the pressure downstream 
of the plate is smaller than the pressure of the undisturbed flow because 
of the eddies present in the wake. This leads to a “suction” on the back 
side that adds to the pressure on the front side. 

The last remarks throw a good deal of doubt on the basic assumption 
of KirchhoiFs wake theory which has been widely accepted in literature. 
An essential feature of the theory is the assumption p 0 = 0 introduced in 
connection with Eq. (2). It is identical with the hypothesis of an infinitely 
extended wake as explained on p. 217. Attempts at a general treatment 


°Cf. also Hunsakcr and Rightmire, op. tit., p. 198. 

10 Sce C. Schmiedon, Z. fttr Luftfahrtforschung 17, (1940) 37 and M. Kolscher, 
ibid. p. 154. 
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of the problem which drop this assumption (see, e.g., footnote p. 223) are 
too complicated to be presented in this book. 

Let us finally have a look at the interesting question of stability; 
suppose the plate is not kept rigidly fixed, but is allowed to revolve about 
an axis through its center, what will be its position relative to the flow? 
If the preferred orientation were parallel to the flow, the total pressure P 
would vanish. The experiment shows, however, that the plate orients itself 
normal to the flow. 

A complete investigation of this question would require knowledge of 
the flow pattern and of the discontinuity surfaces also in the case of the 
oblique plate. We can do without that if we trust the stream pattern in 
Fig. 48 as far as the qualitative position of the stagnation point on the 
front side of the plate is concerned which, in Fig. 47b, is confirmed by the 
experiment. We take it then that the stagnation point travels toward the 
leading edge of the plate whenever the plate turns from the normal to 
an oblique position. The pressure maximum then travels in the same 
direction. When the plate, as in Fig. 48, is turned counterclockwise out 
of the normal position, the pressure produces a clockwise moment which 
tends to restore the normal position. This is therefore the stable 'position of 
the plate. The same argument applied to the parallel position shows that 
it is unstable . 

A weather vane likewise, would not turn into the wind but normal to 
it, if its axis were centrally located (actually the rear face is much larger 
than the front face). In fact, the Rayleigh disk (cf. p. 215) which is cen¬ 
trally suspended places itself normal to the sound beam. 

31. The Problem of the Free Jet Solved by Conformal Mapping 

It might appear that the mapping function given in (30.7) is the result 
of a lucky guess rather than of rigorous deduction. These doubts will be 
dispelled by the systematic derivation of (30.7) that follows here. 

Let it be required to map the positive quadrant 11 of a £-plane on the 
upper half of an s-plane; the simplest way to do this is by the relation 

(1) t = 

The mapping is conformal everywhere in the finite domain with the ex¬ 
ception of the origin of the two planes, where the straight angle w formed 
by the real axis at $ = 0 is mapped into the angle 7r/2 between the positive 

ll Our quadrant can be considered as a closed polygon, bounded by two straight linos 
and possessing two right angles at t = 0 and t = « as one sees by stereographic projec¬ 
tion. More generally, any polygon with arbitrary angles can be mapped on the half 
plane. There exists for this purpose a general integral formula of H. A. Schwarz and 
E. B. Christoffel, but we do not have to use it here. 
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real and the positive imaginary axes at t = 0. We consider now the f- 
plane connected with the t -plane by the bilinear transformation 


( 2 ) 


t = 


t + CL 

r ~ a’ 


f = 


a 


t - 1 1 


where a is real and positive. By (2) the positive-imaginary £-axis is mapped 
on the semicircular arc | f | = a which passes from f = —a through 
f = — ia to f = +a (bilinear transformations arc known to map straight 
lines into circles or straight lines), while the positive real axis of the £-plane is 
mapped into the two parts of the real f-axis a < f < » and — <» < f < — a. 

We now substitute (2) in (1) and obtain the mapping function 


(3) 


(T + a) 2 

(r - «) 2 “ 




which maps the upper half plane of the variable s on the region of the f- 
plane marked in Fig. 50. 

Let us turn to the relation between s and /: here we wish to map 
the upper half plane of s on the /-plane cut along the negative real axis 
as indicated in Fig. 51. The angle r at s = 0 must be doubled in the 
mapping, so that the angle at / = 0 becomes 2 t. The simple relation 
$ = V? of Eq. (1) would do this. We wish, however, to achieve at the 
same time the coordination of /-values_and f-values prescribed by our 
table on p. 219, and therefore subject -%// first to a bilinear transformation 
which wc write 


a V/ + 
\// + 


Combination with (3) and replacement of a by 1 /q gives 

(a\ + l) 2 = a V7 + ft 

((?? “ l) 2 y *\// + 5 

The coefficients a, /3, y, 5, determined 12 according to that table are 

«r = -i, f = fo + o, 

qt = +1, / = /« —y V/o +5 = 0, 

= 00 > / — 0 P = 5, 

_ qt = —i, / = 00 « = —y- 

12 The negative sign cm y in the second line of the table is obtained from Fig. 51 in 
the following way: %/f changes its sign in a transition from the upper to the lower border 
of the cut, if this transition is carried out without leaving the hatched sheet in Fig. 51, 
that is without crossing the cut. The value \/% in the first line that corresponds to the 
point A is thus to bo replaced by — V7o in the second line that corresponds to the 
point B. 
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Putting a = 1, we obtain for the other constants 

y = —1, 0 = b = — Vfo j 


and Eq. (4) assumes the form 


(4a) 


(rt + 1)» _ V/_- 
— l)" 1 — V/ — V/o 



Thus we have achieved a more cogent derivation of Eq. (30.7) based on 
the known mapping properties of the bilinear function and the square root. 

We now apply the same method to the classical problem connected 
with Torricelli’s name, viz. the outflow from a large reservoir, already 
treated in 11, p. 87. At that time we took it for granted that the fluid 
leaves the orifice in the form of a jet. Now we wish to follow Helmholtz 
who was the first to realize that the problem of jet formation should be 
made the object of hydrodynamic investigation. In the paper quoted on 
p. 215 he actually gives the present problem as the only example to 
illustrate the idea of the discontinuity surface. 

We shall treat here the two-dimensional equivalent of the problem of 
jet formation. This means replacing the orifice in the tank wall by an 
infinitely long slit of width 2c in a plane wall perpendicular to the drawing 
of Fig. 52. The action of gravity on the emerging jet will be disregarded. 



Fig. 52. Two dimensional scheme of jet. contraction. 


The center line of the jet is taken as y-axis, the wall as #-axis. The two dis¬ 
continuity lines that issue from the sharp edges of the slit will approach 
each other since the water enters the orifice also from the sides; the cross- 
section of the jet decreases therefore after its emergence from the orifice 
(vena contracta). The principal aim of our investigation is to determine 
the degree of contraction, that is to say, the ratio of the jet cross-section 
at large distance to that in the immediate neighborhood of the orifice. 
The details of the calculation need not be presented since the problem is 
mathematically identical with that of 30. 

Fig. 52 has been drawn in the plane z = x -f- iy. In addition we con¬ 
sider as on p. 217 and p. 218 the planes 
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( } ^ -v x + iv u and f " * + 

Alrnig the two discontinuity lines the pressure is constant; it is equal to 
the atmospheric pressure which we take as the zero level for p. From 
Bernoulli s equation (29.4) we then have v 2 = const along the discontinuity 
lines, therefore 


| v I = const = <7 and from (30.3) | f | = ^ . 

Hero q represents the magnitude of | v | at the points A and B, or, as we 
may also put it, the value of the velocity at sufficient distance from the 
orifice, as it is given by Torricelli’s Eq. ( 11 . 10 ). 

At the infinitely distant point U of the jet, where the side component 
v, evidently vanishes, we oUtain from ( 5 ) 


(5a) £ = — - . 

2 

Along the inside of the wall where v„ vanishes, £ becomes real; for, we have 
from Fig. 52 and Eq. ( 5 ) 

+«>£>- at the wall OA, 

2 

(5b) 

-•<£<-- at the wall O'B. 

2 


The region of flow in the f-plane of Fig. 53 has therefore the same 
shape as in Fig. 50. In addition, Fig. 53 shows the image of the infinitely 
distant point U' on the upstream prolongation of the center line of the 
jet. (Tn approaching the point U’ from the orifice we have to assume 
»r = 0 , v y —> 0 , therefore Im (£)—> — <=o.) 



4 . 

l 

V'fO_ 

I 

Ml _ 

1 V'“-y % 


0 
U ' 


O' 


Fig. 53 (left). Mapping of the s-plano on tho f-plane. 
Fig. 5*1 (right). Mapping of tho s-plano on the/-plane. 


Fig. 54 shows tho flow region of the /-plane. Let the stream line Vr = 0 
coincide with the axis of symmetry of the flow TJU' (real axis of the /- 
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plane). $ increases along this line in the direction from U to U', since 
v = v y has here the direction from U’ to U. We assign to the streamlines 
that run along the walls of the reservoir and the discontinuity lines the 
value 18 of the stream function 


*- ± 1 * 0 - 

The entire region of flow is mapped on the strip of the /-plane bounded by 
these two Sf'-lines. If we now assign the zero level of the velocity po¬ 
tential <f> to the equipotential line that passes through the edges A and 
B of the slit, then the images A and B in Fig. 54 are located on the imagi¬ 
nary axis of the /-plane. The “lower” and “upper” tank walls are repre¬ 
sented by the segments AO and BO' of the boundaries of the strip, while 
UA and UB are the images of the boundaries bf the jet. 

As before we have now to find the analytical relation between £ and 
/, and use again a table that incorporates the correlations already indicated 
in Figs. 52-54. 



Z 

r 

/ 

A 

+c 

1 

Q 

. TT T 
*2*0 

B 

—c 

_ 1 

3 

• ‘ 7r 1 
-*2*" 

0 

+ CO 

+ 00 

$ 

+ 

8 

O' 

— 00 

— 00 

$ 

1 

8 

U 

+ioo 

_ i 

9 

— 00 

U' 

—i oo 

—i oo 

+ CD 


In the previous problem we had to map the cut /-plane in its full 
extension on a specified part of the f-plane which we were able to do by 
using the square root as a mapping function. In the present case we want 
to map a mere strip of the /-plane on the same part of the f-plane as 
before. This can be achieved by the exponential function. We use Kirch- 


“The factor t/2 of 'f'o simplifies some of the following formulas. 
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lioff s notation. e w where the variable w is proportional to / with a scale 
factor 14 that depends on the choice of : 



r Ihe mapping function (4) takes now the following form 

to + l) 2 ie" - 1 
to -1) 2 *- + i ■ 

Here a, y, 8 have been determined according to the foregoing table, 
e.g., by satisfying the conditions required for the points B, A and [/; the 
conditions at the remaining points are then automatically fulfilled. In 
analogy to (30.7a) we obtain for q the quadratic equation 

to) 2 + 2te-gr +1 = 0 

with the solution 

<?f = — i(e* + Ve 2 ” + 1). 

Because of (30.4), where df is to be replaced by ^r 0 dw, this yields the 
differential equation 

(7) dz = - ^ («" + V '7 r +T) dw. 

Lot us now consider the three straight lines of Fig. 54 

* = 0, ¥-±|*o. 

r Pho quantities f and w are real if ^ = 0; the left member of (7) is then 
purely imaginary. The point z travels along the y-axis from — oo to + 00 
as it is expected to do (Fig. 52). Along the two other lines e” becomes 
purely imaginary. On putting 

e' n = =fcw, dw = — , 

Eq. (7) appears in the following form: 

(8) dz = ~ (dbs + •y/s* — 1) —- . 

___ 7 6 

14 No to that. KirehhofT in his treatise Vorlesungen fiber Mcchanik, Chap. XXII, 3, 
defines the velocity potential with reversed sign, chooses the coordinate axes not sym¬ 
metrical to the jet, and does not set in evidence physical parameters of the problem 
such as q. This procedure, which amounts to putting q equal to 1, has been generally 
accepted in the literature. We are of the opinion, however, that a better grasp of 
KirchhofTs ingenious method becomes possible by the introduction of definite unite 
from the start 
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The square root is real for oo > 5 > 1 ; for these values of s, z is real and 
travels along the “upper” and “lower” tank wall y = 0, x > c and x < — c. 

As we are mainly interested in the free boundaries of the jet that issue 
from the slit, we must consider the range s < 1. This makes dz in (8) 
complex, as it has to be in the case of curved jet boundaries. We choose 
the upper sign in (8) which corresponds to the lower jet boundary in 
Fig. 52 and put 


s = sin a, 


I > « > 0- 


Eq. (8) takes now the form 


j_ ¥. _ N cos a , i¥ 0 - ia cos a , 

dz = — (sm a + % cos a) —- da = — e -da. 

q sin a q sin a 

This yields after integration the result 

/n\ .¥0 / -ia 1 1 1 H - cos a\ . , 

(9) — 2 lo ^ I~— e o s a / + CODSt> 


which may be checked by differentiation. The constant can be determined 
by requiring z = c for a = tt/ 2, that is, at the point A. Then we obtain 


const = c 



(9a) 



+ | lo s 


1 + cog oA 
1 — cos a) 


Separation into real and imaginary parts gives: 


( 10 ) 


X = 0 


■y (1 - sin a), 


¥„/ 1 . 

V = ~ \^cosa - 2 log 


1 + cos a \ 
1 — cos a/ 


These equations are the parametric representation of one of the two jet 
boundaries; the other is obtained from (10) by c ha n ging the sign of x. 

For a = 0 we obtain from (10) 


* 



J/ =00, 


that is, the behavior at the infinitely distant point U in Fig. 52. Half the 
width of the jet at U is therefore 
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( 11 ) 



Finally, we have to lind the physical meaning of the constant ¥<, which is 
of course connected with the velocity q. We write down the second Cauchy- 
Riemann equation (19.5) 


( 12 ) 


w = _ a# 

bx by 


At the cross-section l 7, that is, at large distance from the orifice, we find 
the velocity uniformly equal to q and parallel to the y-axis; the right 
member of (12) is therefore constant. Integration of (12) between the 
limits x = 0 and x = b which correspond to St = 0 and S t = (ir/2)'Sr 0 yields 


(12a) 



In combination with Eq. (11) one has 


b — c 



2 + i, 

- b = c 

X 


so that the relative contraction of the jet is 


b _ x 

c 2 + x 


0.611. 


The actual contraction coefficients used in hydraulic practice are close to 
our theoretical result; they serve to predict the efflux through a given 
orifice from its geometry. 


32. Kdrman’s Vortex Street 

The analysis of a given physical situation usually requires a certain 
amount of idealization, so that the tools of mathematics can be success¬ 
fully applied; to find workable idealizations is the art of the mathematical 
physicist. Bearing this in mind, let us investigate a problem already 
presented by Helmholtz (cf. p. 216): What is the nature of the mechanism 
that leads to the curling up of the discontinuity surface into a sequence 
of vortex filaments? In the case considered in 30, the vortices originate 
at the sharp edges of the plate; in general vortices may be generated by any 
obstacle that is in the way of the flow. The photographs 47 a, b give a good 
idea of them. Loosely speaking, the vortices operate like ball or roller 
bearings distributed along the discontinuity surface that separates the 
streaming fluid from the dead water. This visualization gives at least the 
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correct sense of rotation of the vortices on either side of the wake. There 
is however this difference: the vortices do not run along in the same way 
as the balls in the race of a bearing. They would move with the stream, but 
they influence each other; actually the mutual influence produces an addi¬ 
tional velocity which is superimposed on the principal velocity of the flow 
and has in the simplest case the opposite direction as we shall see. 

K&rm&n 18 idealized the sequence of vortices produced at an obstacle 
by assuming an infinitely long straight vortex street and disregards the 
origin of the vortices by transferring it to infinity. The vortices on cither 
side of the street are equidistantly arranged: this characterizes the steady 
state which has developed in the (infinitely) long time that passed after 
they had been generated. On either side of the street the sense of rotation 
is different; the “upper” vortices are clockwise, the “lower” vortices 
counterclockwise. The principal velocity points to the right, corresponding 
to that of a free flow that rolls on “bearings” along a wake at rest. K&rm&ix 
restricts himself to the case in which the additional velocity is parallel to 
the street; we shall start our analysis with the same assumption. 

The first consequence is, as we shall show, that the two rows of vortices 
must be either opposite as in Fig. 55 or alternating as in Fig. 50. (Note 


Additional 

velocity 

0 




Princijoail 
" m y/c/oci+Y 
+ f 

+ > q + * 


-2 

5 


I* 


Fig. 55. Karmin’s vortex street consisting of two rows of vortices of different orienta¬ 
tion. The vortices are in opposite position. 


that “vortex” means concentrated vortex filament, indicated in the figure 
by a dot with semicircular arrow.) 

Consider Fig. 55; number the vortices from — » to + » and choose 
the vortex 0 of the upper street as “field” vortex, that is, consider this 
vortex as subjected to the induction of all the other vortices as in 21. 
There are no contributions to its velocity from the neighboring vortices =fcl 
on the same side of the street, since the induced velocity is normal to the 
line connecting with the inducing vortex and points in the sense of its 
rotation. The contributions of the pair ±k cancel for the same reason. 
The contribution of the opposite vortex 0 points in the negative direction. 

“Th. v. K4nn4n, tlber den Mechanismus dos FlOssigkoits- und Luftwidcrslandes, 
GOttinger Nachr. 1911 und 1912. Cf. also Kirm&n and H. ltubaeh, Physikal. J5. 13 
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of the street . Also the contributions of the pair =t 1 on the other side, which, 
individually, are inclined to the street, give a resultant in the negative 
direction of the street , and the same is true for the pair ± k. 

When the vortices are not exactly opposite to each other, the same 
construction will give a total induction at our field vortex that is oblique 
to the street with the one exception of the alternating case of Fig. 56. Here 
we compound the inductions due to the vortices 0 and 1 on the opposite 
side (broken lines in Fig. 56), and generally the inductions of the pairs 
(—ft, k + 1) and obtain again an additional velocity at the field vortex, 
pointing in the negative direction of the street. Fig. 56 gives in addition 
an idea of the presumable path of the fluid particles that wind in and 
out between the vortices, in reasonable agreement with the photographs 
in Fig. 47a and b. 

These photographs suggest at the same time that the alternating ar¬ 
rangement of Fig. 50 rather than the one of Fig. 55 occurs in nature. In 



Fra. 50. K&rm&n's vortex street; the vortices are in alternating position. 


order to explain this preference K&rm&n investigates the stability of both 
arrangements. 

The concept of stability applied to a problem such as ours needs some 
comment. In Figs. 55 and 56 the locations of the vortices 


z h = x h + iy k 

are accurately given by the positive or negative integer number ft so that 
the additional velocity can be calculated according to well known complex 
methods. To investigate the stability we have to impart small displace¬ 
ments or disturbances 

Zh = x k = vy k 

to the vortices. 10 The introduction of such disturbances changes also the 

16 This variation is actually too restricted since it occurs only in the x t j/-plane while 
in the 3 -direction the displaced vortex filaments are still supposed to be straight as they 
originally were. A more general stability investigation which introduces variations 
in g-direction has been carried out by K. Schlayer in his Munich thesis [Z. angew. 
Malhem. und Meoh. 8, (1928) 352]. One can defend the special variations admitted by 
K&rman, observing that “infinitely long” straight vortex filaments can at any rate only 
bo produced in a flow between parallel plates at a small distance (sec p. 160). The 
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additional velocity. For instance, the statement that the total induction 
of all vortices on the same side as the field vortex vanishes is no longer 
true. In the disturbed state the velocity of the field vortex depends on all z k 
regardless on which side of the street they are. We assume the dependence 
as linear neglecting the higher powers of z k . The variation of the induction 
produced by the variation of the z k determines the time rate of change 
z 0 of the field vortex as a linear function of all the other z k . Thus we obtain 
first an infinite system of linear differential equations of first order for the 
z k which can be reduced, however, to a system of only two differential 
equations of the same character (see later). According to the general 
theory of small oscillations 16a , one determines first the principal modes of 
the system, that is, one finds solutions with the time dependence e u . 
This procedure was carried out in a very simple case in Vol. I, 3.24 and 
prob. IV, 2. If X is purely imaginary the vortex street is considered stable 
since oscillations of constant amplitude would be attenuated by friction 
which has been neglected so far. But the occurrence of even one complex 
\-value with a positive real part makes the vortex street unstable, since a 
system can only be stable if all principal modes are stable. Karman 17 has 
shown that an arrangement of vortices as in Fig. 55 is unstable for any 
value of h different from zero; the alternating arrangement of Fig. 56 is 
stable if and only if 

(1) sinh-7r = 1, hence - = 0.281. 

a cl 

Our Figs. 55 and 56 have been drawn with about this numerical value of 

h/a . 

The complete representation of the stability investigation, which is 
rather an involved mathematical problem, would take up too much space 
here. We shall indicate only the main points of the calculation. In doing 
so we shall at the same time broaden the basis of our investigation by 
following a paper of Maue. 18 We shall assume that one row of the street 


stability of such an experimental arrangement is indeed demonstrable by moans of 
the special variations used in the text, provided the plate distance is sufficiently small. 
According to Schlayer, there is, however, always a weak instability toward general 
variations, and it increases with increasing plate distance. 

16a For a discussion of the method of small oscillations see, for instance, Karman, Th. v. 
and Biot, M. A. Mathematical methods in Engineering, New York, 1010, Chapters 
V and VI. 

17 K4rmAn , s investigation has been supplemented by Bl. Dolaplschiow who consid¬ 
ered terms of second order. [Z. angew. Mathem. u. Mech. 17 (1037) 313, 18 (1038) 2031 
18 A* W. Maue, Z. angew. Mathem. u. Moch. 20 (1940) 130. Eqs. (0) to (8) that go 
beyond K&rm&n’s original investigation have been taken from this paper. Mr. Maue 
kindly contributed the appendix to the present article. 
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is shifted relative to the other by the amount d < a (in Fig. 55, d = 0, 
in tig. 56, d = a/2). r Lliis makes no formal difficulties if the origin of the 
2 -plane is located at the center of the pair 0, 0 and if the points are num¬ 
bered in such a way that the points on the one side are diametrically 
opposite to the points =F k on the other side of the street, viz: 


(2) z k — z \, z\ = z 0 + ka , z Q = ~ (d + ih). 

(The superscripts 1 and 2 refer to the upper and lower rows of the street 
respectively, z Q indicates the location of the 0-vortex belonging to the 
upper side of the street.) 

First, we give a very simple expression for the complex potential 
/ = <E> + valid for arbitrary d, as it depends on d only by z 0 . Our 
starting point is Eq. (19.10) which describes the combined action of a 
positive and a negative vortex; the numerator and also the deno mina tor 
occurring there vanish respectively at the center of the positive and negative 
vortex. The generalization of this equation for our vortex street is simply 


(3) 


/ = 



sin 


sin 


(z — z n )ir 
a 

(g + to)* ’ 
a 


In fact, the numerator vanishes now for all points 

z = z 0 + ka = z\ , 
and the denominator for all points 


« = - (go + ka) = zl 


as required by (2). The periodicity of the sine makes each vortex act 
with the same strength. The factor A in (19.10) that characterizes the 
vortex strength has been changed in accordance with (19.8a) and the 
signs have been adjusted in such a way as to correspond to the orientation 
of the vortices in Fig. 56. 

By differentiation of f with respect to z one obtains as in the familiar 
relations (30.3) and (30.4) 


(4) 



fv = v x + iv v , 
[v* = v s — iv y . 


Here v is the velocity of a fluid particle characterized by its complex co¬ 
ordinate z. If we wish to apply this formula to one of the vortex points, 
e.g., to the field vortex z = z 0 itself, then we must keep in mind that its 
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induction upon itself is zero and has to be omitted in the expression for /. 
This can be done by adding to the right member of (3) 


+ — log (2 - 2o). 

T 


According to this, Eq. (4) yields, when we introduce u = u x + iu v to 
denote the velocity of the field vortex z Q , 


u * = it i. 

T (k 


8in (2^0)1 

log- a ~ . ~ - log (2 - 2 o) 


sin 


(2 + Zq)t 


a 


the differential quotient (4) is to be taken at z = z 0 . We therefore intro¬ 
duce 


(2 - 2 0 ) - = e, (2 + 2 0 ) ~ n = 2z 0 \ + «, 

a CL CL 


and find in the limit e —> 0 

(6) u* = - ^ ctg ^ . 

a a 

This formula is valid not only for the vortex z = z n , but, because of the 
periodicity of the street, also for any other vortex. The condition for the 
“additional velocity” u to point in the direction of the street is simply 
that (5) be real; consequently the expression 

ctg ^ , or because of (2) etg - (d + Hi) 

d CL 

must be purely imaginary. This occurs only if d = 0 or d = a/2. In both 
cases we have from (5) 

d = 0, u* = u* = —- - coth - t, 

a a ’ 

(5a) 

d = ? , n* = u x = — - tanh - %. 

* a a 

By means of the stability criterion stated in (1), the second line of (5a) 
can be written in the form 


(5b) d = f, u* = - - 

Thus the additional velocities constructed in Figs. 55 and 50 have been 
found. The principal velocity indicated in the same figures—it could be 
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denoted by q as in the plate problem—has the value zero for the particular 
frame of reference we have chosen (center of the pair 0, 0). This can be 
seen from Eq. (3): If z is allowed to go to infinity along some specified 
path lying outside the vortex street, then the quotient of the sines tends 
to a constant limit; thus / is constant and q = 0 . 

In all other cases u is oblique relative to the vortex street. The angle 
of inclination 7 follows from (5) by an elementary calculation: 


( 6 ) 


. 0 d 
sin 2t - 
, u v a 

tg 7 = -” = - T 

x sinh %r - 


The absolute value u of u is also obtained from (5): 


( 6 a) 



t 2 bt • 2 d 

cosh 7 r-sm t - 

a a 


i 2 o d 

cosh 7 r-cos 7 r - 

a a 


This formula is the generalization of u x in K&rm&n's result, which is our 
u x in Eq. ( 5 a). 

If we let the vortex street be generated by a flow past a plate, as at 
the beginning of this article, Eq. ( 6 ) must obviously be associated with 
the case of an oblique plate. This should not imply, however, that the angle 
7 in ( 6 ) is equal to the angle 7 in Fig. 48 (the former is actually smaller 
than the latter). Unfortunately, the photograph 47b does not show clearly 
the obliquity of the street produced. 

We have still to discuss the central part of our problem, viz. the in¬ 
vestigation of stability. Following Maue, we choose a slightly modified 
approach: instead of prescribing displacements z h for the vortex points, 
we modify the sine functions occurring in the complex potential ( 3 ) in the 
following way: 

(7) sin (z - z Q ) ~ - fi(z) and sin (z + z 0 ) - — f 2 (z). 

a a 

The perturbations £1 , f 2 arc supposed to be small. They are connected to 
the arbitrary variations z k by the requirement that the zeros of the func¬ 
tions (7) should occur at z\ + zl and zl + z\ respectively. This is achieved 
by putting 


fi(«o + ka) = (- 1 )* ^ zl, U-z 0 + ka) = (- 1 )* ^ zl . 

a a 
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In this way the functions f have been fixed except for a function of the 
period a. The velocity of the vortex points after perturbation is now 
found as in Eq. (4) by differentiation of the modified function/. Upon 
expressing the sam e velocity by the time derivatives of the perturbations 
one obtains two simultaneous linear differential equations between fi , f 2 > 
their first and second derivatives with respect to z ) and ti > ?2 • The dis¬ 
cussion of these equations which we omit here yields the stability criterion 


( 8 ) 


sinh - 7r 
a 



7T. 


This is the direct generalization of Kdrmdn’s criterion (1). Thus there exists 
also in the case of a vortex street that advances in oblique direction, a 
certain value h/a for any given value d < a such that the vortex street 
maintains its arrangement after perturbation except for small oscillations 
that do not increase. 

Fig. 57 illustrates this result and at the same time K&rm&n’s special 


Fig. 57. Illustrating the generalized stability criterion. 
The width h of the vortex street as a function of the 
mutual displacement of the two rows of vortices. 

case [Eq. (1)]. It is an h versus d plot for all possible stable vortex streets. 
If the sinh in (8) were approximated by its tangent at the origin, the h 
versus d-curve would become an ordinary sine curve. Since the hyperbolic 
sine increases monotonically with its argument, the actual h, d-depondence 
is a slight distortion of the sine curve appearing on the right side of (8). 
The ma xi m um ordinate corresponds to Kfomdn's case d = a/2. For d = 0 
one has h = 0, just as in the geometrically identical case d = a. In both 
cases the two rows of vortex points coincide point by point and cancel 
each other: the end points of the stability curve have no physical sig¬ 
nificance. 

One can expect that an experimental investigation such as was carried 
out by KArm&n and Rubach for straight vortex streets (cf. footnote on 
p. 232) will also confirm the generalized stability criterion (8) for oblique 
vortex streets. 
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Appendix 
The Drag Problem 

Karm&n’s real aim in his investigation of the vortex street was to 
establish an analytic drag formula. For this purpose he considers a body 
moving through the fluid in the rear of which a vortex street has developed 
that reaches to infinity. The calculation is performed in the 3 -plane of the 
street, x being the direction of motion of the body. The body itself is 
considered as infinitely long in the direction normal to the 3 -plane. One 
delimits in the plane a sufficiently large rectangular region by a control 
surface, which includes the body and a sufficiently long stretch of the 
vortex street, and investigates the balance of momentum inside the control 
surface. The terms to be considered are: the pressure interaction between 
fluid and body, the increase of momentum inside the control surface due 
to the generation of new vortices, and the flux of momentum through the 
control surface. The first of these three terms is to be taken negative; its 
real part represents the drag, its imaginary part the side force normal to 
the direction of motion. 

Even in the case where the direction of the vortex street coincides 
with the direction of motion of the body the calculation is rather involved. 
The more general case studied by Maue where the directions of the vortex 
street and that of the motion of the body form an angle with each other 
will probably always occur, unless there is a special relation of symmetry 
between the body and the direction of its motion. The drag formula is 
not given in Maue’s paper quoted on p. 234 but has been kindly con¬ 
tributed by the author for use in the following discussion. It contains 
K&rm&n’s formula as a particular case. 

The notations used here conform to those of 30 in the plate problem. 
The drag P corresponds to the integral of the pressure over the width of 
the plate in (30.22). The effective width of the body normal to the direc¬ 
tion of motion in the x + ^2/"Pl ane is now denoted by 2c, while previously 
2c was directly the width of the plate. In the present notation q is the 
velocity of the body relative to the fluid which is at rest at infinity; the 
previous q was the flow velocity at infinity while the plate was at rest. 
The dimensionless drag coefficient is denoted by X (previously, 0.88). The 
distance of two neighbored vortices is a , h is the width of the street, and 
u its velocity of progression as calculated in (5). 

According to Maue, the drag formula that replaces (30.22) is 


(9) 
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where X is given by 

(10) X = — Bt]’ Vl ~ CV - 2Ci? 9 }. 


Here, A, B, C stand for 

( 11 ) 


i— 

A =-0 sinh /S, B = - sinh f}(l3 cosh /3 — sinh (8), 

T 7T 


C = g (1 ~ sinh s 0); 


the numbers 0 and tj are defined by 



The drag coefficient (10) thus depends on three ratios, viz. the two quanti¬ 
ties appearing in (12) and a/c that appears in (10). 

In K&rm&n’s case d = a/2; hence, with sinh 0 = 1 by (8), (11) gives 

(13) A = 0.794, B = 0.31, C = 0. 


From (10) Karman’s drag coefficient is now obtained in the form 

(1« X - f (o.794 2 _ 0514(2)’), 

depending only on the ratios a/c and u/q. In the papers quoted on p. 232 
these ratios have been obtained from experiments carried out with a flat 
plate: 

(15) a/2c = 5.5, u/q = 0.20. 


With these numerical values (14) gives 


(16) 


X = 1.0, 


a considerably larger value than Kirchhoff’s coefficient 0.88 in (30.22). 
The latter value is too small as already mentioned in connection with the 
results of Prandtl and his coworkers. 

W. Heisenberg 19 has made an attempt to determine the quantities (15) 
theoretically from certain conservation theorems that should hold in the 
generation of vortices. He finds, in excellent agreement with K&rmdn, 
a/2c = 5.5, u/q = 0.23, which would yield, by (14), X = 1.8. 

10 Physik. Z. 23 (1922), 303 with an additional remark of Prandtl. 
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33. PrandtVs Boundary Layer 

It seems unsatisfactory that in all examples of potential flows 20 dis¬ 
cussed in this chapter the fluid was supposed to be inviscid. However, in 
the case of an incompressible fluid in two- or three-dimensional potential 
flow the disregard of viscosity has no bearing on the differential equations , 
although it is of decisive importance for the boundary conditions . 

This can be seen by a glance at the Navier-Stokes equations (16.1). 
If curl v = 0 (potential flow) and div v = 0 (incompressible fluid), the 
friction term /iV 2 v can be dropped entirely from Eqs. (16.1) because of 
the relation 

V 2 v = grad div v — curl curl v. 

Hence irrotational solutions of the Euler equations are always solutions 
of the Navier-Stokes equations: the viscous forces have no dynamic effect in 
the interior of the fluid if the flow is inotational. 

This is no longer true at the boundary between the fluid and a solid 
wall. While the boundary conditions for a perfect fluid are for this case 

(la) v n = 0, v e arbitrary, 

they read for a viscous fluid according to (10.9) (condition of adherence), 

(lb) v n = 0, v e = 0. 

It is only in the proximity of the wall that the viscous forces become dynam¬ 
ically important as a consequence of the modified boundary condition (lb). 
For a flow with large Reynolds numbers we may assume, however, that 
the modification of the perfect fluid stream pattern due to viscosity does 
not extend very far into the interior of the fluid. 

The existence of the two different types of boundary conditions (la) 
and (lb) has its mathematical basis in the occurrence of second (spatial) 
derivatives in the general Navier-Stokes equations in contrast to the Euler 
equations, that contain only first order derivatives. In order to single out 
a solution one therefore needs two vectorial boundary conditions in the 
first case and only one such condition in the second case. On the other 
hand, to reconcile physically the contradictory conditions (la) and (lb), 
a fluid layer is inserted between the presumable region of validity of the 
potential flow and the wall. In passing through this layer, the thickness 
of which becomes arbitrarily small with decreasing At, the tangential 
velocity v , drops rapidly to zero. For small but finite y (air, water), the 

ao K4rm4n , s vortox street is of course also a potential flow; its vorticity is concen¬ 
trated in the vortex filaments, that is, in the singularities of the potential. Also the 
wave motions in Chap. V were treated as potential flows (see p. 168). 
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layer will still be reasonably thin, provided the overall dimensions of the 
wetted wall and the immersed bodies are large and the flow is sufficiently 
fast. The principal part of the flow lies then outside 1 , the la,yen- and behaves 
like the potential flow, of a perfect fluid. This idea forms the basis of the 
boundary layer theory first proposed by Prandtl in 1904. 

The actual calculations by Prandtl 21 and his coworkers have the 
character of an approximate theory. 22 In the calculations which arc mostly 
two-dimensional, inside the boundary layer the influence of the small 
velocity differences parallel to the layer on the friction terms is neglected. 
For small g the thickness of the boundary layer is proportional to Vm- 
Expressed in terms of_the overall Reynolds number of the flow, It, it is 
proportional to 1 /V& The pressure gradient normal to the boundary 
layer is neglected on account of its small width, and the pressure inside 
the layer therefore identified with the pressure of the adjacent potential 
flow which impresses, as it were, its own pressure on the whole boundary 
layer beneath. For the flow immediately adjacent to the boundary layer 
Bernoulli's equation applies, thus we have for a line element da in the zone 
where the boundary layer passes over into the free stream 




Note that the fluid begins to flow against the pressure gradient if dr,/da 
changes sign from plus to minus at some point. 

Further calculation shows that d 2 v t /dn 2 at n = 0 is negative in the 
region downstream from such a point. If the pressure gradient is large 
enough (dvjdri) nmQ can also become negative, which means that the flow 
in the immediate neighborhood of the wall is reversed. This lends to the 
generation of vortices so that downstream from this point the laminar 
flow is replaced by flow processes of a different character. 

The accuracy of this theory is quite high in spite of its approximate 
character, because the Reynolds numbers that occur in practical cases are 
usually large. In a given case the theory serves to decide whether the 
flow will everywhere stick to the rigid boundary and thus essentially re¬ 
main a potential flow except for the thin boundary layer, or whether 
separation of the flow will occur, and, consequently, formation of eddies. 

For very large v ,. (corresponding to veiy large /e-values) the assumption 
of a laminar flow within the boundary layer is no longer correct; the flow 

ai Verh. des III. Int. Math. Kongresses in Heidelberg, 1004, Leipzig, 1005. Detailed 
representation in Prandtl-Tietjcns, Hydro- and Aerodynamics, New York, 1034, 
VOl ’»riL Modern developments in Fluid Dynamics, ed. S. Goldstein, Oxford. 1038. 

n d ^ c ^ 810n “ to text foflows a report of Th. v. Kdnnan in Vorlrage aus dem 

Gebiet der Hydro- und Aerodynamik (Innsbruck 1922), Berlin 1924, Springer. 
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becomes turbulent even inside the narrow boundary layer. This is of 
importance for the overall flow pattern because the separation point may 
be shifted downstream quite considerably, if the boundary layer becomes 
turbulent. An approximate prediction of the behavior of turbulent bound¬ 
ary layers based on a semi-empirical theory, has likewise become feasible. 

The flow past a wing is one of the problems which have been solved 
analytically in this sense, that is, by the application of potential flow 
theory. The two-dimensional wing theory, the beginnings of which go back 
to Kutta 23 and Joukowski, 24 represents the flow as a plane potential motion 
with non-vanishing circulation and uses freely the methods of conformal 
mapping. The mathematical form of the three-dimensional wing theory is 
due to Prandtl. Here the flow is represented as a three-dimensional po¬ 
tential flow with a discontinuity surface, that may be visualized as a two- 
dimensional system of vortex filaments. The theory furnishes not only the 
lift distribution over the span but also the (induced) drag, that is, the 
dynamic equivalent of the kinetic energy that remains in the flow field 
behind the wing. 

A. Betz and his coworkers developed the theory of the finite wing into 
a tool for the aeronautical engineer so that today pressure distributions 
for wings of any plan form (also with deflected ailerons, etc.) can be 
computed. 


^Sitzungsbcr. Bayer. Akad. 1910 and 1911. 

M Z. f. Flugtcchnik u. Motorluftschiffahrt, 1 (1910). 



CHAPTER VII 


SUPPLEMENTARY NOTES ON SELECTED 
HYDRODYNAMIC PROBLEMS 

34. Lagrange 9 $ Equations of Motion 

Lagrange's equations 1 have been referred to this supplement since they 
cannot compete with Euler's equations in importance as far as the setting 
up of hydrodynamic problems is concerned. Before we occupy ourselves 
with them, we wish to emphasize that Euler's equations, rather than 
Lagrange's, are the “unusual" equations. In ordinary mechanics we 
consider a mass point m, or some well defined part of a mechanical system, 
give it a certain tag q (coordinate) and determine the time rate of change 
of momentum p, corresponding to q, in accordance with the given forces 
and constraints. Now, in the case of Euler's equations we consider a 
volume element dr and identify it rather than the mass element pdr, by 
coordinates; we again determine the change of momentum in accordance 
with the given forces and constraints, but we do this at the space-fixed 
element dr (note that the pressure plays the role of a constraint, cf. 12). 
The mass element that occupies dr at the given instant is lost sight of 
thereafter. 

On the other hand, when setting up Lagrange's equations we follow 
the usual procedure and ascribe to the mass element dm certain tags 
a, 6, c, e.g. its coordinates x 0 , y 0 , z Q at the time t = 0. We ask then for 
the location x , y i z of this element dm at the time L Thus x , y, z and the 
pressure p are the dependent variables, while a, b, c and the time t are 
the independent variables of Lagrange's equations. 

No difference has now to be made between local acceleration d\/dt 
and. material acceleration dv/dt The material acceleration which is the 
decisive parameter in the momentum balance, is now directly given by' 2 

d*y 

dt ' dt 2 ' et 2 ' 


The usual terminology is historically not correct, as it ho often happens: “Lagrange's 
equation” occurs actually in the papers of Euler quoted on p. 84. 

_ J Th f notation Mema to be more consistent than the notation (Px/dt* used by Ivirch- 
hoff and sometimes found in text books. 
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The eci^-^tions that determine the acceleration vector are: 

/•in §jc dx , d^y dy d\ dz_ _ _ d_ U + P 

dt* da dt~ da dt 1 da da p 

and t'V 0 corresponding equations to be formed with respect to b and c, 
instead °f a. Eq. (1) follows from (11.2) if the component equations of 
(11.2) are multiplied by dx/da, dy/da, dz/da, respectively and added, 
provided the fluid is incompressible (p = const) and the external force 
has a potential U (F = —grad U ). Equations (1) are non-linear, but so 
are Euler’s equations; if Lagrange’s equations were linear they would 
indeed Present a tremendous advantage. 

Tlio derivative d/da means of course that b, c and also the fourth 
variable t are to be kept constant; we have e.g. 

d/U = dUdx d/Udji dlldz_ 
da dx da dy da dz da 

Note, that (1) contains no other differentiations than with respect to the 
four independent variables a, b, c, t and that they apply only to the four 
dependent variables x, y, z, p (and to the given function U ). 

The three equations (1) must be supplemented by the condition of 
incompressibility. Now the ratio of the instantaneous volume dr to the 
initial volume dr 0 is (as in any point transformation) given by the functional 
determinant (Jacobian) 


dx 

dx 

dx 

dx o ’ 

dy« ’ 

dz 0 

dy 

dy 

§y 

dx„ ’ 

dy 0 ’ 

dz 0 

dz_ 

dz_ 

dz 

dx 0 ’ 

dy<> ’ 

dz 0 


or, with, the usual abbreviation, by 

(2a) = dfo Ui g) 

dr 0 d(x 0 , y„ , z„) ' 

The x 0 , 2/0 » z o can be expressed in terms of the tags o, b, c; according to 
the multiplication theorem for determinants the right member of (2) then 
becomes the product of the two functional determinants 

d(o, b, c) 
d(x 0 , y 0 , zo) ' 


dfa V, z) 
d(a, b, c) 


and 
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The last determinant is evidently independent of the time L ^•“' in¬ 
variability of (2) in course of time, i.e. the condition of incompressibility, 
can thus be written in the form: 


dD _ n J, _ d(s, y, 

dt ~ ’ 9(o, b, c) 


It contains only differentiations of the three dependent variables x, y, z 
with respect to the four independent variables a, b, c, t. 

The set (1) and Eq. (3) are Lagrange’s equations for incompressible 
fluids. 

The corresponding relations for compressible fluids are obtained from 
(1), if one replaces 


(3a) ® by <? = f ^ and — by V, 

P •/ P P 

where V is the potential per unit of mass of the external force. In addition, 
(3) must be replaced by 


(3b) 


I iW»-o. 


Kirchhoff 8 used Lagrange’s equations in a rigorous proof of Helm¬ 
holtz’s theorems on vortex conservation and was therefore able to avoid 
the use of formula (18.8), which we had to use, since our proof starts 
from Euler’s equations. 


35. Stokes’s Resistance Law 

On p. 78 we discussed the very slow (“creeping”) motion of a viscous 
incompressible fluid as an example for a flow the dynamics of which is 
almost exclusively determined by viscous forces; the next step would be 
neglecting the inertia forces altogether. According to the value of the 
Reynolds number (16.8) 



we decide when omission of the inertia terms is justifiable, the condition 
being 

(1) R « 1. 

The problem which interests us here,—it is usually connected with the 
nam e of Stokes—is the steady motion of a sphere through a liquid. Let 


*Vorlesungen fiber Mechanik, Chap. XIV, 1. 
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a be the radius of the sphere and v its velocity which has become uniform 
after a short initial period. The motion proceeds under the infl uence of an 
external force such as the difference of gravity and buoyancy, possibly an 
electric field, etc. Condition (1) can not only be satisfied by a large value 
of the kinematic viscosity v , but also by sufficiently small values of a or v. 
Instead of moving the sphere through the fluid one may as well keep the 
sphere at rest and have the fluid flow past the sphere (inverse flow); the 
resultant pressure force acting on the sphere is then equal to the resistance 
force encountered by the sphere in the direct flow. 

Stokes resistance law plays an important role in the evaluation of 
certain fundamental experiments in physics. Einstein made use of it in 
his theory of the Brownian motion which leads to a determination of 
Loschmidt’s number (cf. p. 53). Later it has become important again in 
Millikan’s determination of the electronic charge. 

We consider the steady state of the motion. The weight of the sphere 
is then balanced by the resultant friction forces and cannot appear in 
the equations or boundary conditions. Adopting now the viewpoint of 
the inverse motion, we take as a starting point the equilibrium conditions 
for a viscous fluid (10.8a, b), that is, the Navier-Stokes equations with 
omission of the inertia terms. The body force F of gravity acting on the 
fluid can be disregarded. In other words, we have now a kinematic problem 
defined by a system of equations, which reads in Cartesian coordinates: 


( 2 ) 




dx 


— mV u, 


fj = ^ 


§2 - 


dz 


= aiV w; 


it is to be supplemented by the condition, of incompressibility 


(2a) 


du dv . dw 
dady~T~ dz ~ 


and by the boundary conditions of the problem. Let the origin coincide 
with the center of the sphere, the 2 -axis pointing in the direction opposite 
to the motion of the sphere (the fluid flows past the sphere in the direction 
of the positive 2 -axis). From (2) and (2a) we have directly 


(3) 


V 2 p = 0. 


We now introduce spherical coordinates r, <p referring again to the center 
of the sphere, so that e.g. 


(4) 


cost? = 


2 

r ' 


The spherically symmetric solution of (3) is, according to (19.22), 



(5) 


r 
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but our problem is not spherically symmetric, the 2 -axis being the preferred 
direction in which the fluid moves toward the sphere. We consider there¬ 
fore the expression 

(5a) p = A 1 ^J, 

which obviously is also a solution of (3). On carrying out the differentiation 
in (5a) and replacing A Y by A, we obtain, because of (4), 

A 

(5b) p = — -jy cos#. 

A much more general solution of (3) is obtained in the form of the series 


(5c) 


V = 


E^n 


m-0 


ill 

dz n r 


) 


the first two terms of which coincide with (5) and (5a) respectively. Eq. 
(5c) represents an expansion in terms of negative powers of r, the co¬ 
efficients being the spherical harmonics P„ (cos &). Without giving here 
the general definition of spherical harmonics, we note that the factors 1 
and cos t? appearing in (5) and (5a) are spherical harmonics in the usual 
normalization: P 0 (cos #) = 1, P, (cos = cos ■&, and that the spherical 
harmonics with higher subscripts are polynomials in cos of higher order. 
(Legendre’s polynomials). Since in our boundary conditions [(12a, b), see 
below] only the first power of cos & appears, we conclude that in (5c) only 
the term with n = 1 lends itself to our purpose; when we put A 0 = A t = 
A» = — 0, the series (5c) reduces to our trial solution (5b). 

We first have to write equations (2) in their legitimate vectorial form. 
This is done by means of Eq. (3.10a) which supplies, because of div v = 0, 

(6) p, curl curl v = —grad p 

instead of (2). It is now easy to pass over to spherical coordinates. We 
denote the components of the velocity vector v taken in direction r, <p by 
v, ,v t , v,, and observe that the ^-component must vanish because of the 
axial symmetry of the problem; also, all differential quotients with respect 
to <p must vanish, in other words, 


The r-component of Eq. (6) is, according to the solution of problem 1.3, 
or, according to Appendix III and IV, 




r 


d\r\) ■ 1 8 

dr 2 sin d& 




(8) 
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Here we assume the r and # dependence of v r in the form 
(8a) 

rv T = R cos d, 

where R denotes a function dependent on r alone. Substituting in (8) an d 
expressing p according to (5a), we obtain, after dropping the factor cost?, 
the ordinary differential equation for R 

?(?«-?*) 

which may also be written 

( 9 ) r'R" + 2 rR' - 2 R 

A particular integral of (9) is R = -A/n 
associated homogeneous equation 

R=Br+p, 

hence the general integral of (9) is according to a well known theorem 



= M 

and the general integral of the 


R = ~ + Br + § 
ju r 

and the velocity component v T is found 

(10) „ r = (_A + B + ^ cogt > 

The component v& may now be found from the condition of incom¬ 
pressibility (sec solution of problem 1.3) the form of which suggests a trial 
separation v# = li x sin??, where again R x depends on r alone. One finds easily 


hence 


R ' = £r~ B + 


C_ 

2 r 3 ’ 


(ii) 

The constants of integration A, B, C must be determined so as to satisfy 
the boundary conditions of the problem. If q denotes the undisturbed flow 
velocity at infinity, the boundary conditions are 

(12a) r = a : v r = v# = 0 


(12b) 


r = <» : v, = q cos tf, 


Vi = — q sintf. 
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Eq. (12b) is fulfilled if we put B = q; then Eqs. (12a) can be solved for 
A and C and give 


A 32 

M 2 


a, 


C = 


1 

2 


hence we obtain finally 


( 3 a 1 a 3 \ 

Vr = <1 "2r + 2?J C0S * 

(13) 

( 1 , 3 a 1 a 3 \ . 
v* = +ir + I7)* m ^ 


and by (5b) 
(13a) 



The result shows that the choice of the special solution (5b) in place of 
the more general one (5c) was in order. It is true that we have not proved 
that (13) and (13a) are the only possible solutions of our problem. On 
the other hand we are convinced that every problem of mathematical 
physics that has been correctly formulated can have only one solution. 

We have yet to derive the formula for the resistance experienced by 
the moving sphere or, which is the same, for the pressure force acting on 
the sphere at rest) it is composed of the following two parts: the component 
of the hydrodynamic pressure force in the direction of the positive 3-axis 
and the contribution of the viscous pressure force in the same direction. 

The hydrodynamic pressure acts radially. According to (13a) its com¬ 
ponent in the positive 3-direction is at the surface of the sphere, that is 
for r = a 


—v cos $ = /I “ 
2 a 


cos 2 


Integration over the sphere whose surface element is 27ra 2 sin ddd gives 

(14) diriiaq J cos 2 $ sin & d& = 3t yaq J x 2 dx = 2 iryaq. 

To calculate the viscous pressures, we start from Eq. (10.2) which corre¬ 
lates the tensors p ik and e ik and is valid in any orthogonal coordinate 
system, hence also in our polar coordinates. In the present notation we 
have 


(15) 


Prr = ”2 llk TT , 


Prfi = “2jLt6 rd . 
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The displacements e have been defined in curvilinear coordinates in Eqs. 
(4.26) and (4.28). The rates of displacement e are obtained from these 
equations if the Sq,, Sq 2 , Sq 3 are replaced by the components of the velocity 

v r , v a , e„ , (v r = 0) 

and the px , p 2 , Pa by r, d, tp. Since ds 2 = dr 2 + r 2 dd 2 + r 2 sin 2 tp dtp 2 , one 
has & = 1 , 0 a = r, 0 8 = r sin &. Hence (4.26) yields 


(16) 

and (4.28) 


dVr 

dr 


(17) 


2 e rl j 


1 to, dvj_ _ 1 

r d& dr r Va ' 


When we substitute for the velocity components according to (13), only 
the middle term of (17) gives a non-vanishing contribution for r = a, so 
that 


3 o 

e rr = 0, « ri » = — ;~sin£. 

According to (15), the friction pressures are then 

(18) p TT = 0 , p rfl = l^sintf. 

The component of p ri in the positive 2 -direction is 

p r <j sin & — | ^ sin 2 & 

£i CL 

which must be integrated over the sphere: 

(19) Zirfxaq / sin 3 & dd = Zirfiaq / (1 — x 2 ) dx = 4nrnaq. 

Jo J-i 

This together with the contribution (19) gives Stokes's famous resistance 
formula 

(20) D = Qir/jxiq . 

Analogous to the problem of the sphere in uniform translatory motion 
q is the problem of a sphere rotating uniformly, with angular velocity <o. 
In this case the opposing moment 4 (sec problem VII.4) is 

(21) M = 8xjua 3 w. 


4 Cf. Kirchhoff, Vorlcsungeu liber Mochanik, Chap. XXVI, 3. 
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These results are valid for liquids and gases at ordinary pressures. For 
gases at low pressures one has to add a correction term to Eq. (20) which 
is due to Cunningham. In the corrected formula the right member of (20) 
appears with the denominator 

( 22 ) 1 + « l ~ , 

where l is the mean free path of the gas molecules, which increases with 
decreasing pressure; the physical interpretation of the numerical coefficient 
a is somewhat problematical. 5 Cunningham's correction was of great im¬ 
portance in the determination of the electronic charge according to Milli¬ 
kan's method. 

To introduce the concept of the mean free path means to leave behind 
the framework of a continuum theory and enter the domain of statistical 
mechanics. The continuum theory which has led us to Stokes' formula is 
only valid on a scale that is large in comparison with Z. In our case, the 
scale is set by the radius a. Cunningham's correction term is subject to 
the same condition if it is to be considered a correction: this is no longer 
the case if l ~ a, as one sees directly from (22), and a comprehensive treat¬ 
ment of the problem is then no longer feasible. 

Another limitation of our considerations is that they are only good for 
small Reynolds numbers [cf. inequality (1)]. When R increases, the inertia 
terms that have been neglected so far gain in importance; the laminar char¬ 
acter of the flow, however, is still maintained, disregarding some vortices in 
the wake. The resistance law, which was linear in q for Stokes's case 
now assumes by and by a quadratic character. Full turbulence is only 
reached at a certain R = R orit at which, in addition to the wake, the entire 
flow field in the neighborhood of the sphere becomes turbulent. At this 
point the resistance law changes its character suddenly. 

Let us now have a critical look at the omission of the inertia terms in 
the preceding analysis. According to (5b), we have the following asymptotic 
behavior at r —>-oo; 

p ~ ^ , hence grad p ~ ^ . 

The terms V 2 w, V 2 v, V 2 w retained in Eq. (2) have the same order of 
magnitude as grad p. The inertia terms which we neglected vanish at 
00 partly with the third, but partly with a smaller power of 1/r. The 
latter happens in the case of those inertia terms which read in (.’artesian 
components u, v, w 

6 Th. Sexl, Zur gaskinetischcn Begriin clung dor Stokes-CuimiiighamBohen Formel, 
Ann. Physik. 81 (1926) 855, 
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(23) 


du 
dz ’ 


dv 
dz ’ 



When these terms are calculated from (13) they are found to vanish only 
as 1/r 2 . It is true that the Navier-Stokes equations can be rewritten in 
such a way that the Reynolds number R — qa/v appears in these terms 
(introduce the dimensionless coordinates x/a, etc. and suitably rearrange 
the factors p, p, and a, cf. 16). But although R is supposed to be small, 
this cannot change the fact that the ratio of the neglected terms (23) to 
the terms retained becomes arbitrarily large if r —» oo. 

On account of this Oseen devised a treatment of the problem that 
retains the terms (23) in principle, but replaces them by their first order 
approximation 6 


(23a) 


du 

pq te 


PQ 


dv 

dz 



The integration of the equations so augmented is by no means simple and 
forms one of the principal parts of Oseen’s book quoted on p. 210. In the 
light of his result our preceding formulas appear as the first term of a 
power scries expansion in terms of the Reynolds number R. In particular, 
the resistance law (20) has the form 

(24) W = 6 W (l+ !*:), 


when the first order term is retained. 

Fortunately the validity of Stokes result which has found such wide 
acceptance in experimental and theoretical physics is not perceptibly 
affected by this correction; this is due to condition (1), the fulfillment of 
which we have assumed throughout our discussion of laminar motion. On 
account of Eq. (24) one can now comprehend why the transition from the 
linear to the quadratic resistance law mentioned before does not proceed 
suddenly but gradually. The onset of full turbulence, however, at R = 
li orit cannot be understood in this way. 


36, The Hydrodynamic Theory of Lubrication 

Lubrication today is essentially a problem of “creeping” motion. In 
older text books of applied mechanics the friction between journal and 
bearing was treated as a problem of dry friction. The arguments put forth 
had nothing to do with hydrodynamics and are only mentioned here to 
point out the contrast to the later developments. 

°Thus an error is introduced at r = a, where actually w = 0 and not = q, and the 
error for r —*■« is diminished but that should not imply that Oseen’s calculation leaves 
anything to bo desired in the way of mathematical rigor. 
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In order to apply the ordinary concepts of friction theory developed 
in Vol. 1,14 7 one must assume direct contact between journal and bearing. 
In Fig. 58 the journal pressure P, which is referred to the unit of length 
of the bearing, has been drawn vertically downward. This should not 
imply that it is actually vertical. In general it is composed of the gravity 
load, possible components of the driving force and inertia effects; it will 
therefore be inclined to the vertical. 

At the point of contact B the acting forces are the friction R , which 
is opposite to the sense of rotation, and the normal pressure N. The re- 



Fig. 58 (left). Relative position of journal and bearing according to the assumption 
of dry friction. 

Fig. 59 (right). Fluid friction in the case of the centered journal. 

sultant of the two, Q, forms the angle of friction a with N (a means here 
the kinetic angle of friction, defined by the coefficient of kinetic friction f 
according to / = tan <x). The equilibrium condition requires that Q and 
P are antiparallel and equal. The remaining couple QP then represents 
the moment of friction about the centerline of the journal which is balanced 
by an opposite driving moment. If r denotes the radius of the journal and 
r sin a the arm of the couple, we have 

(1) M = Pr sin a. 

According to this the moment of friction should be independent of the 
circumferential velocity U and proportional to the journal pressure P; the 
point of contact B should be situated behind the vector of the journal 
pressure, in reference to the sense of rotation. 

The Russian engineer and officer N. Petroff was the first to look at 
this problem from the point of view of the viscosity of the lubricant. 8 In 

7 Scc e.g. Synge and Griffith, op. cit., Sec. 3.2. 

8 Cf. Petroff, N. Friction in Machines and the Effect of the Lubricant (in Russian), 
Eng. Jour., St. Petersb. 1883, a German translation in Ostwalds Klassikor, No. 218 
(Leipzig). In the same volume also the following papers: Reynolds, On the Theory of 
Lubrication etc., Phil. Trans. Roy. Soc. Vol. 177 pt. I, 1886, or Papers, Cambridge 1901, 
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his conception the journal is exactly centered in the bearing so that the 
surrounding lubricant forms a layer of uniform thickness d (see Fig. 59). 
Throughout this layer the velocity drops from its value U at the journal 
to the value zero at the bearing in an approximately linear way. The 
tangential friction pressure at the bearing is then txU/d . By summation 
over the circumference one obtains the moment of friction per unit of 
length 

(2) M = %cnjr\ 

This dependence is inverse to that of (1), since we have now proportionality 
with U and independence of P ; also, the factor u points to the lubricant 
and not to the materials of journal and bearing like sin a in (1). 

The equilibrium conditions of statics, however, are not satisfied by 
(2) since the journal pressure P can never be balanced by the friction 
forces. Reynolds came therefore to the conclusion that the actual position 
of the journal in the bearing is not the central one; it could only be central 
for infinitely large circumferential velocity U . In addition Reynolds showed 
that the point of smallest layer thickness h is not behind P but in front 
of it. Unfortunately, Reynolds formulas are difficult to understand, since 
his calculations refer to bearings with only partially encased journals, as 
of railroad cars. 

Fully encased journals with complete peripheral lubrication, the most 
desirable type for high speed electrical machinery, lend themselves to a 
comprehensive analysis, (cf. the third of the papers quoted in the foot¬ 
note. Only a little later and under the influence of this paper Mitchell 
carried out his construction of the particular type of step bearing that 
has been named after him and has become important for heavy thrust 
bearings in turbines with vertical shafts.) 

The essential point is that the journal is displaced in the direction 
normal to the journal pressure while it runs (see Fig. 60). The foundation 
of the theory of the bearing is obtained by an approximate calculation of 
the flow pattern of the fluid wedge in Fig. 01, where we neglect the y- 
component v of the velocity in comparison with the ^-component u; w is 
exactly zero, since the problem is considered as two-dimensional. Ac¬ 
cording to the fundamental equations of “creeping” motion (35.2) and 
(35.2a) we then have 


Vol. II; Sommerfold, Zur hydrodyn. Thoorie dor Schmiormittclroibung, Z. Math. Phys., 
50, 1904. Mitchell, A. G. M. The Lubrication of Plane Surfaces, Z. Math. Phys., 52, 
1905; Sommerfold, Zur Theorie dor Schmiermittelreibung, Z. techn. Phys., 2, 1921.— 
More recent literature e.g. in Horsey, M. D., Theory of Lubrication, New York 1938, 
Wiley. 
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or 


V = p(x), u = u(y), 


dp d 2 u 
dx ~ ** dy 2 ’ 


u 


±d£ 

2p dx 


y 2 + 


+ 


this yields because of the boundary condition u = U for y = 0 ('journal’) 
and u = Oiory — h (bearing) 



The flux through the cross-section is 



- TT — ^ 

2 U 12p dx ' 


Although h is variable in Fig. 61, the flux must be the same for all cross- 
sections (condition of incompressibility!). Thus, if h 0 denotes an assumed 
cross-section at which dp/dx — 0, we have 


( 4 ) 


tf_dp 

dx 


0 h ~ h 0 )U. 


From (3) and (4) the friction pressure per unit of area of the boundary 
y = 0 is found 


(4a) 


v - „ _ 4h ~ 3hn . 

Vw 11 dy M h 2 U - 


Now transfer these results from Fig. 61 to Fig. 60, introducing the 
following notations: 0, r and O', / are center and radius of journal and 
bearing, respectively, the excentricity e = distance 00', d = r 1 - r is 



Fig. 60 (left). The journal is shifted normal to the direction of tho journal pressure. 
Fig. 61 (right). Simplified scheme of a lubricant film of variablo thickness. 
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the play, A is a variable point at the bearing surface, characterized by 
the angle ip whose vertex is at 0. We have correspondingly 

OA = r + h 7 O'A = r', r + h = e cos <p + r\ 

lhc last (approximate) equation, obtained by projecting the segments 
00' and O' A on the line OA, can be written in the form 

(5) h = d + e cos <p. 

This meaning of h is now introduced into Eqs. (4) and (4a) in order to 
adapt 0 them to the conditions of Fig. 60: 



By integration with respect to ip between the limits 0 and 2i r one has 
(7) p( 2tt) - p(0) = 6 nrU(J 2 - h Q J 3 ), 


(7a) M = -pr 2 U(±J, - 3/i 0 J 2 ). 

As before, M stands for the friction moment transferred to the journal 
per unit of length; the J y s serve as abbreviations for 


( 8 ) 


d H- c cos <p 
_ dtp _ 

{d "4“ c cos <p )"* 


- 27r(d 2 - 6 2 )- 1/2 


/. - r 

Jo 

Jo 

j - - r (,!+?«,,>» - j*+ i 


= 2rd(cT - eT , 


e 2)-./ 2 


If the value given for the integral Ji is known, the values of J 2 and J* 
can be found according to 


d J i j 1 d»/ 2 

dd ’ * ~ 2 dd 


Since p must have the period 2ir, one concludes from (7) and (8) 


( 0 ) 



= d 


d*-e 2 
d 1 + h e 2 • 


•It would not have boon difficult to derive thoso equations directly in polar coordi¬ 
nates instead of in coordinates *, y, z as wo did it. 
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With this value of h 0 the moment becomes 


( 10 ) 


M = - 


toyfU d 2 + 2c a 


Vd 2 - e 2 d 2 + i e 2 ' 

Putting in analogy to (5) 

(11) h 0 = d + e cos 1 

one obtains from (9) 


(Ha) 


COS <po — o' 


3 de 


2 d 2 + U*' 

If e = 0 (centered position of the bearing), we have 


n T 07T 

cos ^o = 0, <po = 2 or — ; 

on the other hand, we obtain in the case of the largest possible exccntricity 
e = d 

COS (Po = — 1, (pQ = 7T. 

Now, the definition of /i 0 according to (6) has been 
^ = 0 for h = /i 0 , 

therefore the two values ^> 0 belonging to /i 0 determine the points of minimum 
and maximum pressure. In the centered position these points are dia¬ 
metrically opposite to each other. At maximum excentricity, that is to say, 
if contact is made between journal and bearing, they coincide at the point 
of contact. 


-0 Fio. 62. Equilibrium between the hydrodynamic pres¬ 
sures p, q t and the bearing pressure P. 



Our next task is to relate the pressure distribution to the direction of 
the vector of the journal pressure. 

We notice that the pressure gradient dp/d<p depends only on h [sec (6)], 
and is therefore an even function of <p } as h is itself, when we count <p from 
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the zero line OO'. The pressure itself is consequently an odd function of <p , 
say pi , plus an integration constant, say p 0 . In forming the sum total of 
the pressure forces, the contribution of the constant pressures p Q obviously 
vanishes. Denoting by p A and px the pressure values pi at two symmetri¬ 
cally situated points relative to <p = 0, we find the resultant action on the 
journal indicated in the larger of the two force parallelograms in Fig. 62: 
it is normal to OO'. 

Applying the same reasoning to Eq. (6a), we see that the friction 
pressures (shear stresses) at the journal surface are even functions of <p] 
they are indicated by q A , qx in the figure (note, however, their tangential 
direction opposite to the sense of increasing <p). By construction of the 
corresponding parallelogram of forces at 0 we see that the friction pressures 
at A and A' give also a resultant normal to OO'. Thus the overall resultant 
of the hydrodynamic forces acting on the journal is normal to OO'. Since 
this resultant balances the journal pressure P , it must be opposite to P, 
in other words, the displacement of the journal is normal to the journal 
pressure P, a result anticipated in Fig. 60. 

The value of the displacement e can now be determined. One has only 
to form the sum of the resultants of p and q and balance it against the 
prescribed value of P: 


( 12 ) 



J p 


Bin <p cup 


J 


The first term can be transformed by partial integration; one of the two 
resulting terms, [—p cos vanishes because of the periodicity. Alto¬ 
gether (12) becomes 

(12a) f(&-q)«»vdv. 

Here the term q may be omitted since dp/d<p outweighs q = p rv by a full 
order of magnitude of r/h [cf. Eqs. (6) and (Ga)]. Hence we obtain the 
simpler relation 

(12b) - = - h a J |-,) 


where 


J* 



cos <p d<p 
(d + c cos <p ) 2 ’ 


From (8) we find easily 



J, 



cos <p dtp 
(d + e cos <pf ' 
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If this is substituted in (12b) and the value of h n taken from (9), an ele¬ 
mentary calculation gives the result 


(13) 


P d 2 _ 3e d 2 

2wnV r~ ■s/cf — e 2 d a + ^ e 2 


The excentricity e or rather the ratio e/d is here determined as a function 
of the left member of (13). This value of e, substituted in (10), leads to 
the determination of the moment M. In what follows we are only in¬ 
terested in the magnitude and not in the sign of the moment. Note, that 
a particularly simple expression for M is obtained, if (10) is divided by (13): 


(13a) 


M d- ± 2e a 
P 3e 


In discussing this result, we first consider two limiting cases: 

a) U —>c°. From (13) we have e = 0, that is, the journal is centered; 
Eq. (10) yields immediately 

(14) M = 27T M r 2 ^ , 

which is Petroff’s equation. 

b) U —» 0. In this case, (13) requires c = d, that is, contact between 
journal and bearing. Eq. (13a) gives accordingly M = Pd which we may 
also write in the form 


(15) M = rP ■£ . 

This becomes identical with our formula (1) for dry friction if we define 
the angle of friction in the present case by sin a = dfr. 

c) We are also interested in the case where M is a minimum for given 
journal pressure P and given play d. When the differential quotient of 
the right member of (13a) with respect to c is set equal to zero, one obtains 

d 2 t n d 

~ 7 + 2 - o, 6 = vl • 

With this value of c Eq. (13a) gives for the moment of friction 

(16) M = Pd = 0.94 Pd. 

that is, only 6% less than the limit of M for U —*■ 0, which has been de¬ 
termined in (15). 

These results are collected in the diagram of Fig. 63. Here the dimen¬ 
sionless quantity y = M/Pd has been plotted as ordinate over the abscissa 
2 , which is the reciprocal of the left side of (13), viz. 
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(17) , = f. 10 

P d 2 ' 

The solid curve represents the content of the two Eqs. (10) and (13), 
that is to say, the result of the elimination of the displacement e. It is 
best computed from the following parametric representation which is 
identical with (13a) and (13) or (10) and (13): 


(18) 


V = 


1 + 2ft 2 
3/3 ’ 


® = V1 - /3 5 


1 ±±£ 
3/3 ’ 



In the same figure formulas (1) and (2) have been plotted as broken lines; 
in the present variables they simply read y = 1 and y = z, the tangents 


Fig. 03. Comparison between theory 
and experiment in terms of the dimension¬ 
less variables y — M/Pd and z = 

2 TTtlU^/PfP. 



of the solid curve tit z — 0 and z = oo, The fact that our curve depends 
solely on the dimensionless quantity z expresses a similarity law which is 
valid in the hydrodynamic theory of lubrication: No matter what particular 
values of the dimensions r and d , the lubricant y, the speed [/, and the 
load P combine to give a certain 2 , it will always lead to the same = e/d 
and thus to the same value y = M/Pd by (18). 

When we now ask how well this theoretical result is confirmed by 
measurements on actual bearings, the answer is this: in the neighborhood 
of the minimum and to the right of it for not too large rvalues we have 
not only qualitative but numerical agreement between theoretical and 
experimental values. One would then conclude that in this range the phe¬ 
nomenon of lubrication is determined entirely by the coefficient of viscosity 
yj and that the laminar character of the motion, which we have assumed 
throughout this analysis, actually occurs. But for large and for very small 
2 -values deviations from the theoretical curve occur, as indicated by the 

10 This expression is sometimes called the Sommcrfeld variable in lubrication 
literature. 
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dotted branches in the figure. Since in these regions the similarity law is 
no longer valid, the proper representation should consist of a family of 
curves y vs. z depending on the variation of one of the parameters P, U etc. 

The empirical curve does not rise nearly so steeply for large z-values 
as the theoretical curve, which has been interpreted to indicate that the 
motion of the lubricant is no longer laminar but turbulent. 

For very small z-values the actual rise is very much steeper than it 
should be according to our theory. Here, qualities of the lubricant other 
than its viscosity become prevalent; they have been given the name of 
oiliness and refer to the adhesion of the lubricant to the metallic boundaries 
of the bearing. It is highly probable that the strength of adhesion be 
connected with the formation of monomolecular layers as studied by Lang¬ 
muir, which originate in the parallel orientation of the chain molecules 
along the surface of the oil. However, a discussion of the physical problems 
of “boundary lubrication” would lead us far beyond the limits of classical 
hydrodynamics. 

So far we have treated our problem as two-dimensional, assuming an 
infinitely long bearing. Introducing a finite bearing length means to impose 
new boundary conditions on pressure and velocity. For the designer the 
practical problem arises to regulate the inflow of the lubricant and its 
outflow at the ends of the bearing in such a way that the free bearing space 
is filled by the lubricant all along the bearing. There is also the difficulty 
of negative pressures. The variable part of p, denoted by p x , is an odd 
function of the angle <p, as we have seen. While p x rises in the narrowing 
sector between the journal and bearing wall, it must drop again to negative 
values when the point of proximity is passed. There is thus the danger 
that the layer breaks in the region of minimum p x , unless the constant 
part of p 0 of the total pressure p is large enough to make p = p 0 + p x 
everywhere positive. The quantity p 0 which depends on the inflow and 
outflow conditions of the lubricant is in our theory an arbitrary parameter; 
its proper choice is left to the skill of the designer. 

One cannot expect an idealizing theory to do better than to establish 
general rules in an eminently practical problem like ours. Yet these rules 
may be quite important for the practical design as is bom out by the 
success of Mitchell’s segmental bearings. 

37. Riemann’s Shock Waves. General Integration of Euler’s Equa¬ 
tions for a Compressible Fluid in One-dimensional Flotd 

We have so far successfully avoided dealing with the quadratic terms 
in the equations of hydrodynamics assuming either infinitesimal amplitudes 
(wave motion) or “creeping” flow, in which case those terms were dropped 
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as part of the effect of inertia. In the present article, however, we shall 
finally attack the quadratic terms directly. Riemann 11 was the first to 
brave the challenge of this problem. Hugoniot, Hadamard and many 
others followed in his steps. 

Riemann’s method consists in transforming the non-linear hydro- 
dynamic equations by an interchange of the dependent and independent 
variables; this leads to linear equations in the case of one-dimensional 
states. Riemann then shows how to integrate the resulting linear differ¬ 
ential equations, and his method has become the model for the general 
integration problem of linear partial differential equations of second order 
of the corresponding (hyperbolic) type. This will be taken up in Vol. VI. 

We first present a preliminary review of the results of Riemann’s in¬ 
vestigation: two waves proceed in opposite directions from each point of 
the initial disturbance in a similar way as in d’Alembert’s solution of the 
corresponding problem for infinitesimal amplitudes (see Fig. 16, 13). Let 
the pressure be given as function of the density, p = <p(p), for example 
in the polytropic form of (7.1); then we have according to Riemann: 12 
“The velocity of propagation of both waves relative to the gas is vV(p)» 
but in space it is increased by the velocity of the gas flow measured in 
the direction of the propagation of the wave. If it is supposed that <p'(p) 
does not decrease with increasing p, an assumption that holds in reality, 
stronger compressions must advance with larger velocities; it follows that 
the waves of compression will diminish in breadth and must finally become 
compression shocks”. 

So much for an introduction. We start now with the transition from 
the non-linear to the linear equations. Disregarding gravity or other ex¬ 
ternal forces we choose the rr-axis parallel to the direction of motion. If 
differentiations are indicated by the usual subscript notation the original 
hydrodynamic equations for a one-dimensional gas read: 

(1) p t + up x + pu x = 0, 

(2) u t + uu z + -p* = 0. 

P 

In (2) p x can be expressed by p x since according to the assumption p = <p(p) 

(3) p x = c 2 p x , c 2 = ^ = <p'(p ). 

As in (13.5) c is again the sound velocity ; in the case of infinitesimal ampli¬ 
tude c could be considered as a constant, but now c is a function of p. 

“fiber die Fortpflanzung ebenor Luftwollon von endlicher Schwingungsweito. Abh. 
d. Gcitt. Ges. d. Wiss. 1860. Also Gos. Werke, p. 156. 

“From Riemann's abstract of his paper in Gcittingcr Nachr. 1859, No. 19. 
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Eq. (2) can be rewritten by the use of (3): 

c 2 

(4) u t + uu x + - p x = 0. 

P 

Eqs. (1) and (4) are linear and homogeneous in the differentials of the 
independent variables x and t, while these variables themselves do not 
occur in the equations. On the other hand, the quantities p and u and 
their differentials occur in non-linear form. We therefore introduce with 
Riemann the pair x, t as dependent and the pair p, u as independent 
variables by putting 

x = x(p, u ), t = t(p } u) 

dx = x p dp + x u du , dt = t p dp + t u du. 

If these expressions for dx and dt are introduced in the differentials 
du — u x dx + u t dt and dp = p x dx + p t dt, 
the following identities result: 

(5) du = + u t t p ) dp + (u x x u + u t tu) du 
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The second equation can be transformed as follows: 

± f _ _ -c 2 Q t eTv 

dp X W p dv, dp du’ 

where we have introduced a new dependent variable V = V(p, u). The 
variables x and t are connected with V in the following way (c depends only 
onp): 


( 10 ) 


x — ut — V u , i = - i 7, , 

c 


so that the second equation (9) is identically fulfilled. The new variable V 
is now introduced 13 in the first equation (9); this gives 


(ID 


_ A/V 

dp \c r 


i r.) = o. 


which is a linear partial differential equation of second order for the single 
unknown 7. 

This equation is simplified if we introduce instead of p the new inde¬ 
pendent variable 

dl = c 

Jo p dp p 


( 12 ) 


f\ dp > 

J Q p 


Writing at the same time ij instead of u, we have the following relations: 




(f F *) - ; v '<| i - + y < i f 

We now assume the polytropic p, p-relation as in (7.1), such that 


dp 9 n—1 

f p =c = nap , 


2 - - V™ P {n ~ v/t - 
P 


p = ap , 

The relation between £ and p and the expression d(p/c)/dp is then 
(12a) 


2VW („_!>/* 
$ = ^T p 


d_p_ 3 — n 1 
dp c n — 11 ’ 


and our differential equation (11) roads in the now variables 


(13) 


V e( ~ ~ 7, = 0, 


13 From t.ho first and second equation (10) one has respectively x u — ul u — t = V uu 
and pt p + t = —3/3p(p 3 7 p /c?). 
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where for brevity we have put 

(14) k = ^7 . 

n — 1 

In the case k = 0, Eq. (13) reduces to the equation of the vibrating 
string, and we have d’Alembert’s solution (13.11) 

(15) V = Vo = F(i + v ) + G(6 - v), 

where F and G are arbitrary functions that have only to meet certain con¬ 
tinuity conditions. More generally, we have the following lemma due to 
Bechert : 14 If IF is a solution of the equation 

(16) W (( - W„ + ! W ( = 0 
then 


(16a) 

is a solution of the equation 


t at 


(16b) 7 „ - v„ + v, = o. 

This can be shown simply by differentiating (16) partially with respect to 
t and putting W ( = fF according to (16a). One obtains then 

which becomes identical with (16b) on carrying out the differentiations 
and dropping the factor $. 

Since the general solution (15) of Eq. (13) is known in the case k — 0, 
we have the general solution in the cases k = 2, 4 , 6 • • • in the following form: 


(17) V a 


ldVo 
t at ’ 


v 4 


i a i dVo v 
t aff at 5 8 


i d i d l aVo 
t aft aff af ’ 


These elementary integrable cases may be written comprehensively by 
setting k in (14) equal to an arbitrary even integer 2 h. The polytropic 
exponent (in the sense of p. 49) associated with h is found from (14) as 



n = 1 + 


2 

2/t + 1 • 


Bechort, Zur Thoorie cboncr Storungen in rcibungsfrcicn Gascn. Ann. d. 
Phys. 37 (1940) 89; 38 (1940) 1. 
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It is this rational form of n which makes Bcchert’s result so interesting 
since it discloses a surprising thermodynamic side view. 

For an adiabatic change of state of a gas we have according to p. 50 

(18a) a - 1 + j , 

where / is the number of degrees of freedom of the molecule. For diatomic 
gases (e.g. for air) / equals 5, as already mentioned on p. 50. For mona¬ 
tomic gases / equals 3. In this case there are only the three degrees of 
freedom of translation since those of rotation cannot be excited. In present 
day physics this follows directly from a quantum-theoretical argument, 
while Boltzmann had still to make the rather artificial assumption that 
the monatomic molecules were spheres and the diatomic molecules were 
ellipsoids of revolution, in order to understand the cases/ = 3 and / = 5. 
In these two cases there is 

( 7i = 1 for monatomic gases 
h = 2 for diatomic gases 

Thus it turns out that just the physically most interesting cases are dis¬ 
tinguished in that they can be integrated 15 by the elementary expressions 
V 2 and V, of Eq. (17). 

It is difficult not to be impressed by what appears to be a “pre-es- 
tabliBhed harmony” between mathematics and physics. An idea suggests 
itself that the performance of mathematics is adapted in some miraculous 
way to the exigencies of physics. Yet, the scope of the miracle is rather a 
limited one: For molecules consisting of throe and more atoms such as 
H 2 0 or Nil 4 the number / = C: three translatory degrees of freedom plus 
three of rotation. These gases do not belong to the intograble cases in this 
sense. On the other hand, the case / = 1, k = 0, which is the simplest 
integrable case, is not realized in nature; one would have to imagine a 
strictly “one-dimensional gas” whose atoms can only move in one direction 
and cannot rotate. 

It would be a mistake to think that the integration becomes impossible 
unless n is one of the rational numbers defined in (18). To show this we 15 
write the sequence of equations in (17) once more in general form: 

d9) y 2 * = (^)V „ with r = f, s = V2?. 

“Mr. Bechort kindly informed mo that this peculiar behavior of the cases (18) had 
been noticed before by A. E. H. Love and F. B. Pidduck. Cf. Trans. R. Soc. London 222, 
167 (1922). 

Similarly as in Bechert’s second paper quoted on p. 266. 
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According to a well known extension of Cauchy’s integral formula in the 
theory of complex functions it is possible to express the /i-fold differential 
quotient in (19) by a complex integral: 


( 20 ) 


V u 


1 (-D* X VW^w, rj) 
2nd h\ J (y) — 


dw. 


Here h is supposed to be an integer number, and integration refers to a 
closed path in the w-plane, surrounding the point w = f. The argument 
of F 0 as it is written in (20) indicates that the original dependence on { 
is to be replaced by that on \/2w while the dependence oh rj remains 
unchanged. However, in the representation (20) the fact that h is an 
integer is unessential. One may replace 2 h by the arbitrary quantity k the 
specialization of which led us to 2/i, if one replaces at the same time 


h + 1 by 


+ 1, 


(-!)» 

h\ 


by 


exp 


(H 


In this way one has instead of (20) 1 


( 21 ) 


V k = 


exp 


(H 


7 0 (V2w, rj) 


2 ”r(|+ i) 


J (m — 


\ j (w - r) 


(fc/2) + l 


■(I+ 1 ) ' 


dw. 


Evidently (21) satisfies the differential equation in the same way as (20); 
it represents the general solution since it contains two arbitrary functions 
F and O in the expression for V 0 under the integral sign. Our statement 
that just the physically interesting cases of the monatomic and diatomic 
gases are integrable , should now be put more precisely: they are distin¬ 
guished from the other cases by the elementary form of their general 
integral. 

We have limited this discussion to Riemann’s case of one spatial co¬ 
ordinate. The generalization to two or three variables 18 presents great 
difficulties. The differential equation which is the analogue of (13) in the 
general case has so far resisted all attempts at a general solution. 


17 The sign $ does not mean hero a single loop about the point w *■ since this 
would not be a closed path because of the branch points of (it? — $) a t $ and at 
infinity; the path must now be a double loop about w =* f and w — «. Such paths 
occur in theory of functions at various occasions. 

18 K. Bcchert, Ann. Phys. 39 (1941) 169 and 357, 40 (1941) 207. In the first of those 
papers a class of cylindrical and spherical waves is treated, in the second friction and 
heat conduction is taken into account. 
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In the foregoing we have only dealt with the formal side of the 
problem. Although this presents enough interest, it is now time to turn to 
the physical aspect of the motion as it was described above in Riemann’s 
summary. lor this purpose we do not need the integral V in its com¬ 
pleteness, but go back to the definition of the variables £ and tj [see Eq. 
(12) and after]. We put with Riemann 

r = 2" ( * + ”) = I ill d p + u )> 

( 22 ) 

(f' C -d P -u), 

and note that the assumption of a polytropic p, p-relation is immaterial 
for what follows. The quantities r and s represent in our particular case 
the characteristics of the differential equation (13) and play a decisive part 
in the general theory of differential equations of this type. (For further 
details see Vol. VI). 

From (22) we calculate the derivatives 



(differentiations with respect to the original variables x and t are again 
represented by subscripts.) A glance at the expression 

(24) r t + (u + c)r x = — jp, + (a + c)p x + ~ u t + - (u + c)w x | 

shows that the right member vanishes because of the equations of motion 
(1) and (4). If wo compute in the same way s t and s x from (22) and form 
the expression s t + (u — c)s x we find again the right member zero as 
before. Both results may be indicated in the following way: 

(25) wt} + (tt±e) tot} = °- 

If we foim the total differentials dr and ds with respect to x and t and 
express the partial derivatives r t and s t by r x and s x respectively according 
to (25), we obtain 

dr = r x dx - (w + o)r x dt and ds = s x dx — (u - c)s x dt. 

These are differential identities between the original independent variables 
x and t and the variables r and s, which are valid if u and p (of which c is 
a known function) fulfill the differential equations (1) and (4). Consider 
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now the point x varying in course of time. The total derivatives of r and 
s with respect to t, if x = x(t), are 

dr (dx \ ds (dx . \ 

These relations can be interpreted as follows: at a point (not a particle) that 
travels in such a way that 

/«m ., t dx . dx 

(27) either = c or — = ^ — c 

the quantities r or s keep their values. In other words, a certain valuo 
of r respectively $ travels with the variable velocity u + c respectively 
u — c. As long as | u | < c, the first moves in the positive the second in 
the negative ^-direction. 

As an example take the case of an initial pressure disturbance re¬ 
stricted to a short interval of the z-axis. Compression waves issue in both, 
directions from the interval if we assume an initial disturbance in the form 
of a pressure increase . However, the two wave profiles do not preserve 
their shape as in Fig. 16; the wave front becomes steeper since larger 
densities travel faster according to (27). Hence it is understood that the 
compression waves finally become compression shocks . At this point our 
calculation which disregards friction and heat conduction, ceases to be 
valid. The extensions of the theory that are necessary in the case of 
shocks have been investigated by Hugoniot and Hadamard. 10 


| K" 



Fig. 64. The waves caused by an initial disturbance progress in both directions and 
are deformed in this process. The notations V and W of the figure have the same meaning 
as the parameters of the characteristics, r and s, as functions of x and t. In comparing 
Figs. 64 and 16, note that the central curve in the present figure represents the dis¬ 
turbances V and W individually , while the corresponding sum is represented in Fig. 1(>. 

This may suffice for an exposition of Riemann’s results which we 
quoted on p. 263. Fig. 64 has been taken from Bechert’s first paper quoted 

u Cf. the comprehensive representation by G. Zempl6n in Enc. d. Math. Wiss^ 
Vol. IV.3, Art. 19, which is to be supplemented by a more recent paper of It. Becker,. 
Z. Phys. 8 (1922) 321. 
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on p. 266. It lefers to the simplest case of a strictly “one-dimensional” 
gas (see p. 267) which shows, as Bechert points out, the characteristic 
traits of wave propagation in spite of the extreme idealization. 

38. On Turbulence 

With the present report which is divided in a number of sections we 
enter the most difficult part of hydrodynamics. Under (A) we have col¬ 
lected a sciies of half empirical , half theoretical statements about the prop¬ 
erties of turbulent flow. Inasmuch as they are of a theoretical nature, they 
are. based on the Stokes-Navier equations and the diffusion of momentum 
which these equations can be considered to express (see p. 76). 

Under (B) we approach the fundamental question whether it is at all 
possible to explain the observed facts on the basis of the Navier-Stokes 
equations. In particular, one asks whether these equations give acco un t 
of the instability of the laminar motion that sets in at a certain Reynolds 
number. Rarlier attempts to settle this question by the method of small 
oscillations failed; it had been impossible to find a critical limit, and the 
laminar motion appeared to be stable at any value of R. The method of 
small oscillations had been applied to the fully developed laminar flow, 
that is to the Ilngen-Poiscuille flow and to the Couette flow with the 
aim of investigating the stability of a flow in a pipe and between plates, 
respectively. 

Considering these negative results, such experts in the field of turbu¬ 
lence as Th. v. Karman and Sir Geoffrey Taylor have occasionally in their 
papers favored the idea that turbulence like gas theory can only be under¬ 
stood by statistical methods. The underlying physical fact is that a fluid 
is a system of very many (in principle infinitely many) degrees of freedom, 
all of which come into play at large Reynolds numbers. The motion be¬ 
comes then so complicated that one can expect simple answers only to 
those questions that concern the average behavior of the moving particles. 
This is especially true for the limiting case of the so-called isotropic 
turbulence; some preliminary remarks according to hitherto unpublished 
work of C. F. v. Weizsacker and W. Heisenberg will be made on this topic 
under (D) where we arc concerned with what one may call fully developed 
turbulent equilibrium . 

Previous to that we shall briefly discuss under (C) investigations of 
the process of generation of laminar flow in its relation to turbulence : the 
processes at the inlet in pipe flow experiments and the formation of 
PrandtTs boundary layer when the plate is set in motion. This was Prandtks 
own view of the problem, and was soon taken up successfully by Tollmien, 
Tietjcns, Gortlcr, and Schlichting, all of whom belong to Prandtl's school. 
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In these investigations the method of small oscillations is not applied to 
the velocity profile of the developed laminar flow, but to the intermediate 
profiles that occur while the laminar flow comes into existence. The sig¬ 
nificance of the velocity profile for the stability of the flow had been 
anticipated in much older investigations of Lord Rayleigh which, however, 
dealt only with inviscid fluids. The more recent investigations of PrandtPs 
group start from the complete Navier-Stokes equations (i.e. in their 
abbreviated form for small oscillations) and actually result in stability 
limits, which, to be sure, do not refer to the final laminar motion but to 
the way of its generation. 

Under (E) we shall bring a mathematical example of a system of 
differential equations that lead to phenomena similar to those of turbulence 
in fluids. It is a non-linear system that resembles the Navier-Stokes equa¬ 
tions in structure, but is much simpler than those. This example, which 
is due to I. M. Burgers, may strengthen our belief that turbulence does 
belong to classical hydrodynamics, although to a part of it that presents 
great difficulties to the mathematical attack. 

A. Some Properties of Turbulent Flow 

Empirical data on the turbulent state in pipes and channels are very 
extensive, having been compiled by hydraulic engineers over a long time. 
In organizing this material two principles have to be observed: The flow 
must be referred to equal Reynolds numbers and the wall roughness must 
be taken into account. As to the second requirement we shall restrict 
ourselves to smooth walls so that we do not have to digress too far into 
technological details. “Smooth” is, of course, meant in the sense of the 
limit: wall roughness —>0. Under these conditions one obtains the general 
result: In the fully developed tiirbulent state the velocity distribution in pipes 
with geometrically similar cross-sections is similar , or, the ratio of the 
velocity at a certain point to the velocity average over the entire cross- 
section is independent of the Reynolds number. 

Fig. 65 shows this velocity distribution for a circular cross-section in 


Fig. 65. The velocity profile in a circular pipe 
for the turbulent and laminar stales of flow 
(solid and dotted lines respectively). 

comparison with that of the Hagen-Poiseuille flow. Tn the latter case we 
had a parabolic velocity profile; the velocity at the center being equal to 
twice the average velocity. In the turbulent case the velocity at the axis 
of the tube is only a little larger than the average velocity, which has 
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been assumed the same for both cases in the diagram. Only in the proximity 
of the wall the velocity drops quickly to zero; a narrow wall zone develops 
in this region, where the flow is more or less laminar, and the viscosity the 
important quantity. 

The term velocity as it is used here with reference to the turbulent 
state is to be understood in the sense of the time average of the velocity. 
The individual particle velocity at a given point is by no means constant 
in time. T-he spectrum of its temporal and spatial variability covers a wide 
range; it has been possible to obtain more detailed information about it 
in a characteristic limiting case [see section (D)]. We denote the time 
average of the velocity by U , a velocity in the direction of the axis of the 
pipe (x-axis); the additional components of the individual velocities are 
denoted by u, v, w. Likewise, P stands for the time average of the pressure 
and p is the individual instantaneous pressure difference relative to P. 

In addition to the law of turbulent velocity distribution we have the 
law of the turbulent pressure drop. In the laminar case the pressure gradient 
was proportional to the velocity, in our case it is proportional to the 
square or in better approximation to the 7/4 th power of the velocity 
(Blasius Law, see p. 120). When this law is expressed according to (16.11) 
and (16.13) by means of the similarity invariants R and S, it reads 


J = — s, 

L a 


S = AfT 1 ' 4 , 


where a is the radius of the pipe and X a numerical coefficient. Written in 
our present notation, it takes the form 

(1) - ? = R~ U4 = —(-Y*U 7/ * 

ax a a W 

This equation shows that the coefficient of viscosity is no longer of de¬ 
cisive importance for the state of the flow; its influence expresses itself by 
the factor v l/4 and is rather weak. Another kind of energy loss prevails 
which is connected with inertia effects and becomes evident in the factor 
p, or rather p 3/ * if the dependence of the kinematic viscosity v on p is also 
considered. 

Prandtl and Karman were able to deduce the velocity distribution in 
the wall zone from (1), using certain additional assumptions. Consider a 
fluid element of thickness dx extending over the pipe cross-section: The 
difference of the average pressures P acting on the two faces of the el em ent 
must be balanced by the shear forces acting between fluid and pipe wall. 
Thus we have 
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or, according to (1), 


rvn.38] 


( 2 ) 


To 


dP a Xp /V\ 1/4 T 7 7/.t 

dx 2 2 W 


Let now y = a — r be the distance between a point inside the wall zone 
and the wall. According to Prandtl and Karm&n there is only one way to 
construct a dimensionally correct and physically meaningful expression 
that approximates 20 the shear stress r at the point y, viz. 

(2a) r = const p(^j U 7/ \ 

From (2a) one obtains directly 

—(rr 

Hence the velocity inside the wall zone increases from zero at the wall 
with the l/7 th power of the distance from the wall. This agrees well with 
experimental results. K&rm&n was also able to develop from the same 
assumptions a formula for the heat conduction in the wall zone, which is 
in good agreement with the observations. 

We shall now discuss the original approach to the turbulence problem 
made by Reynolds 21 and, in connection with his work, by H. A. Lorentz. 22 
We restrict ourselves to a steady main flow along the ^-direction with a 
pressure gradient — dP/dx on which a non-steady quasiperiodic addi¬ 
tional motion is superimposed. Let the state be two-dimensional, i.e. de¬ 
pending only on x and y. The main flow depends then only on y, the turbu¬ 
lent additional motion has the components u and v that depend on t, x 
and y. We shall consider the time averages of the total velocity v and of 
the total pressure Q, that is of the quantities 

(4) v x = U + u, v v = v, Q = P + p 
for which we stipulate 

(5) v x = J7, v v = 0, Q = P, hence u = 0, v = 0, p = 0. 


“Note that (2a) does not give (2) for y =» 0, but becomes infinite. According to 
K4rm&n (Z. angew. Mathem. u. Mech. 1, 1921, p. 233) the reason is that (2a) is only 
asymptotically valid (i.e., for infinitely large Reynolds numbers). 

“In the paper quoted in footnote 18 on p. 114. 

“Akad. Amsterdam, Zittingsvorlag, 6. p. 28, 1897 and Gos. Abhandlungcn, Teubnor 
1907, p. 43. 
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v,v x = V 2 + 2Uu + mi = U* + uu 
V X Vy = Uv + w '= WJ 


d - d — d _ d _ 

y x v x v x = -uu, - VxVy = - W ' 


Furthermore, in a quasiperiodic motion the averages of the time de¬ 
rivatives such as du/dt vanish: 


^ = 0- 
dt ’ 


and because of (4) and (5) 


(5d) ^ “ °> V 2 u = 0, V 2 t, = 0, | = 0. 

We now write the equation of motion in the abbreviated vectorial form 
(16.1) and set F = 0: 


(®) P qI + p(y grad)v = - grad Q + M V a t>. 

As a consequence of the condition div v = 0 we have the identity 

dv x dv x d , a 
V *to +V "ty = di V * V ' + di V * V '' 

which permits us to write the ^-component of (6) in the form 
(6 a) p ^ +p ± VtVx + P ^v x v u = - ff + mV 2 u x . 

Forming the time average of this equation we obtain with the use of (4), 
(5), and (5a, b, c, d) 

m -g + ,v‘c. 

The quantities on the left side are gradients of friction pressures which 
appear here alongside with the gradient of the normal pressure P. To bo 
in accordance with our system of notations (10.4) these quantities ought 
to be denoted as follows: 

( 7a ) + Yy Vl " whcrc Pix = = pvv. 
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Now it should be remembered that the term U to the right is also due 
to friction pressures; this was pointed out in Eqs. (10.G)-(10.8b). But 
the previous pa originate in the molecular disorder of fluid particles on a 
microscopic scale, while the present p xx , p xv , in (7a) are caused by the 
molar disorder of fluid domains of macroscopic* size engaged in turbulent 
motion. In either case the physical origin of the friction pressures is the 
transfer of momentum . Take as an example the molar friction pressure p xv : 
momentum is transferred from the motion in ^-direction to the side motion 
Vj a process that cannot remain without influence on the momentum balance 
of the ma in flow U. In this sense we should interpret the appearance of 
the terms (7a) on the left side of Eq. (7) of the main flow. But the average 
pressures (7a) do not lend themselves to the ordinary methods of differ¬ 
ential analysis; this is the reason why in this approach to the turbulence 
problem recourse is taken to statistical methods. 

Of the two friction pressures p £V and p xx the first is the important one, 
hence we shall indicate the contribution of the second only by • ■ • . Let 
us also adopt in what follows the usual terminology in this branch of 
hydrodynamics and speak of frictional shear stress rather than of frictional 
pressure; we write accordingly 

( 8 ) t = cr xv = — p xv = —pw 


Instead of Eq. (7) we have then 

® ' f -MVCT + I+-, 

For V 2 U we may also write d 2 U/dy 2 since U is a function of y alone. 
Eq. (9) is the determinative equation of the main flow. 

We obtain the equation of the ^-component of the turbulent additional 
motion by introducing (4) into (6) and by subsequent reduction with the 
help of (9) and (5d): 




v—= + H 

dy p \bx by) p 


V 2 u + 


Here the sign • • • covers also the terms of second order in u and v . There 
is a corresponding equation for the ^/-component v of the turbulent motion 
and a second equation (9) for bP/by. 

Quantitative information about the character of the turbulence can 
hardly be expected from these very involved equations. We have men¬ 
tioned them here mainly for the purpose of later reference in section (E) 
and to point out the significance of the molar friction stress r. The latter 
concept leads to the idea of a length l characteristic for the turbulence, 
viz. the mixing length , introduced by Prandtl in 192G; it corresponds to 
the notion of the mean free path in gases: 
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Prandtl’s argument 33 is this: Suppose a “fluid lump” of average ve¬ 
locity U (y) is shifted from y to y Z; in terms of the additional motion, 
this means a fluctuation of approximately 


, dZ7 

u = l — . 
dy 


It is a reasonable assumption that the fluctuation of the side motion v in 
the mixing process will be of the same order of magnitude. This admitted, 
one obtains for r according to (8) an expression of the following form 


( 11 ) 


r = pf 


§U dU 
dy dy 


If this is introduced in (9), the result is a differential equation that depends 
only on the quantities of the main flow and can be used for its analysis. 
However, the results obtainable in this way require continual experimental 
checking because of the hypothetical character of the relation (11), 


B. Older Attempts at a Mathematical Theory of Reynolds’ Turbu¬ 
lence Criterion 


Even before Reynolds started his theoretical investigations, Lord 
Kelvin 34 had treated the problem of flow stability by the method of small 
oscillations, but did not obtain definite results. Twenty years later the 
problem was attacked again; the object at this time was to study the 
stability of the foim of the Coucttc flow 33 represented in Eq. (16.14), 
which is mathematically so very simple. If a small disturbance (u, v ) with 
stream function is superimposed on the main flow U, which has a 
rectilinear velocity profile, the resulting differential equation of fourth 
order 


( 12 ) 


avV , TJ avV <£u_ b± 

dt dx dy 3 dx 




that describes the problem in the general case, splits up, because of 
dfU/dy* = 0, into 


(12a) 




dx 


- w 3 )> 


0, vV = X. 


One resolves now ^ and x in Fourier components by putting 

(12b) * = X = F(y)e iiax ~ fin . 

23 Stromungslehre, Vieweg 1942, p. 105. 

24 Phil. Mag. 24, 188 and 272 (1887). 

^W. M. F. Orr, Proc. Irish Acad. 27 (1007). — A. Sommorfeld, Internat. MathcmJ 
Congress, Rome, 1908, Vol. Ill, p. 116. 
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The resulting ordinary differential equations for / and F are of second 
order and can be solved by known functions over the whole range 0 < 
y < h (Bessel functions of order J and f). The boundary conditions at 
y = 0 and y = h give a transcendental equation for P in the form of a 
certain second order determinant that must vanish if non trivial values 
of the integration constants are to be obtained. If for a given real a. this 
equation has a solution with positive-imaginary part, then instability pre¬ 
vails in the sense that disturbances of the wave number a increase in time. 
The critical Reynolds number would thus be determined by that a-value 
for which the imaginary part of P vanishes for the first time. 

However, Mises 26 was able to deduce from the nature of the tran¬ 
scendental equation that such a value of P cannot exist, or that the straight 
Couette flow is seemingly stable toward all disturbances a. This conclusion 
has been confirmed by Hopf 27 in a more direct way by a detailed discussion 
of the corresponding types of oscillations. Moreover, it seems that ac¬ 
cording to Noether 28 the stability proof can be extended to all flows 
between two plane parallel plates (unless special discontinuities occur in 
the initial velocity profile). 

Detailed calculations in the sense of Eqs. (12) and (12b) have been 
carried out by Sexl 20 not only for the flow between plane plates but also 
for the Couette flow proper 30 between coaxial cylinders, and likewise for 
the Hagen-Poiseuille flow. In every case the transcendental equation 
associated with the problem leads to the conclusion that the flow is stable. 

Thus we have striking contradiction between theory and experiment. 
What conclusions should we draw? Should we suspect the method of small 
oscillations that has proved reliable in all other domains of mechanics 
including astronomy? Should we rather assume that for such a proof of 
instability finite instead of (infinitely) small disturbances ought to be 
resorted to just because the object of investigation is the laminar motion? 

Or should we blame the Navier-Stokes equations as inadequate for 
our problem? This does not seem justifiable either, particularly since in 
the last analysis they form the foundation for all previous theoretical 
statements, including Reynolds’s laws of similarity. 


26 R. v. Mises, Heinrich Weber-Fcstschrift, 1912, p. 112 (Tcubnor), Jahresbericht 
d. D. Mathem. Vereinigung 21 (1912) 241. 

27 L. Hopf, Ann. d. Phys. 43 (1914) 1. 

*®F. Noether, Z. angew. Mathem. u. Moch. 6 (1926) 232. 

29 Th. Sexl, Ann. d. Phys. 83 (1927) 835, 84 (1927) 807, 87 (1928) 570. 

*°In the more refined experiments on Couette flow performed by Sir G. Taylor 
(cf. p. 121) the deviation from the laminar motion occurring beyond the stability limit 
turned out to be helical (hence three-dimensional) rather than axially-symniotric. 
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C. Reformulation of the Turbulence Problem; the Origin of the 
Turbulence 

It was possible to find a way out of these difficulties when investigators 
directed their attention, as Prandtl had done it, to the manner in which 
turbulence comes into being in a given flow arrangement (cf. also our dis¬ 
cussion of pipe flow experiments on p. 118). Here again the Couette flow, 
in which the flow field is bounded by a plane plate moving in ^-direction, 
proved simpler than the pipe flow. At the beginning of the motion a 
boundary layer develops along the plate; the other plate bounding the 
flow field may be supposed at infinite distance, for the time being. The 
fluid that fills the space between the boundary layer and that plate is 
considered at rest or in laminar motion according to a preassigned law 
U(y). The decisive factor for the stability is the velocity profile of the 
boundary layer, as was first recognized by Tollmien. 31 Tollmien’s stability 
criterion (Gott. Nachr. 1935) states that velocity profiles with inflexion 
points, such as occur in a boundary layer with positive pressure gradient, 
are extremely likely to become unstable. To characterize the investiga¬ 
tions that aim in this direction (determination of the eigenvalues and 
approximate calculation of the eigenfunctions in the strip between the 
plates) we quote a paper 32 of Schlichting: “The main flow is not assumed 
to have a fully developed linear velocity distribution; one rather in¬ 
vestigates one by one the velocity profiles that occur between two parallel 
plane walls when one wall is suddenly set in motion, changing from a state 
of rest to one of constant velocity. A boundary layer then forms along the 
moving wall, the thickness of which increases with time, and if the main 
flow stays laminar, its velocity profile approaches asymptotically a straight 
line. In contrast to this, the earliest among these transient profiles have 
finite critical Reynolds numbers whose magnitudes depend on the shape 
of the profile. The actual Reynolds number of the Couette flow is then 
obtained as the lowest stability limit during the initial period”. 

If the problem is formulated in this way, its solution is of course much 
more difficult than the problem contained in our Eqs. (12). It can only 
be solved by the use of step by step approximations, carried out by 
numerical and graphical methods, which we can only mention here. They 
lead to a definite, practically meaningful value of the stability limit which 
depends, however, on how the turbulent state was produced. 

n W. Tollmien, ttber die Entstohung dor Turbulonz, Gottingor Nachr. 1929. 

“H. Schlichting, Ann. Phys. 14 (1932) 905. He refers to previous work done by 
other authors in Prandtl’s group: O, Tictjcns, Z. angew. Mathem. Mcch. 5 (1925) 
200, W. Tollmien, 1. c., of. also later papers of Schlichting in Gott. Nachr, 1932, 1933, 
1935. 
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To illustrate once more the changed view point we could perhaps say: 
Not the instability of the laminar flow as such is proved as it was tried 
under (B), but it is shown that the road toward it is blocked by unstable 
states. Thus the instability is not an inherent quality of the final state 
but of its history. 

D. The Limiting Case of Isotropic Turbulence 

In view of this complicated state of the problem one can ask whether 
there exist ideal flow conditions that are approached by the turbulent 
fluid in the limit of infinitely increasing Reynolds number; this final state 
could be called turbulent equilibrium. We suppose that no spatial direction 
is preferred and thus speak of isotropic turbulence. In the state of isotropic 
turbulence the space of the fluid is divided into turbulence elements or 
turbulence cells of ever changing size that are arranged in some statistical 
way. The eddies in the cells follow the Navier-Stokes equations, but are 
too complicated for complete mathematical treatment. Thus the equilib¬ 
rium between the different turbulence elements can only be described 
statistically. One asks for the probability that a certain size of the turbu¬ 
lence elements occurs. This brings us back to the search for the spectrum 
of the turbulence elements which was already mentioned on p. 271. 

The kinetic theory of gases may serve as an approximate model of 
this theory. Although the mathematically exact state of the gas (position 
and velocity of the gas molecules) is entirely determined by the history 
of the gas (i.e., the preceding states), one is only interested in the statisti¬ 
cally most probable distribution (sometimes also in the probability of a 
given deviation from that distribution) which is given by the Maxwell- 
Boltzmann law. Similarly in the turbulence problem, where one is in¬ 
terested in the statistically most probable distribution of the vortices, which 
can be described in the form of a statement about the frequency of vor¬ 
tices of a certain size and a certain rotational speed. 

Weizsacker obtains the velocity spectrum of the isotropic turbulence 
by a similarity consideration in which turbulence cells of different sizes 
are compared under the assumption of a quasisteady state (i.e., its change 
in time is small compared with the time needed to establish statistical 
equilibrium). A further assumption is the random nature of the state. As 
a result the following spectral law is obtained: The mean velocity of a 
particle relative to its surrounding neighbors varies as the third root of its 
diameter. As a consequence, the energy density in function of the wave 
number is proportional to the —5/3 power of the wave number. However, 
these laws are only valid in the middle part of the spectrum, which part 
is very extended in the case of large Reynolds numbers. For small wave 
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numbers (large turbulence elements that are comparable in size with the 
container) the statistical treatment must be replaced by the consideration 
of the individual hydrodynamic boundary value problem; for very large 
wave numbers (small turbulence cells) the Navier-Stokes friction causes 
the spectral intensity to drop to zero very quickly. 

Heisenberg substantiates the same results by the use of Fourier 
analysis and supplements them by the calculation of the factors of pro¬ 
portionality, by a more exact investigation of the limiting cases of small 
and large wave numbers, and by the determination of the pressure fluctua¬ 
tions. 

For all details and in particular, for the comparison with the experiment 
we refer to the papers of the two authors.* 

E. A Mathematical Model to Illustrate the Turbulence Problem 

To J. M. Burgers who had been trying to explain the facts of turbulence 
on an statistical basis, we owe a mathematical model 83 from which prop¬ 
erties analogous to those observed in actual turbulence can be deduced 
with mathematical rigor. The simplified system of equations which 
Burgers puts tentatively in place of preceding Eqs. (9) and (10), is 

f 

(13) 

du TT 

— = TJu — vu. 

dt 

These equations are non-linear like the actual equations of turbulence 
(■ u 2 occurs in the first and Uu in the second equation), each equation con¬ 
tains a dissipative friction term [vXJ in the first and vu in the second 
equation, corresponding to the terms juV 2 !7 in (9) and (fi/p)V 2 u in (10)]. 
The constant P in (13) replaces the pressure gradient dP/dx in (9) and, 
like it, represents a driving force. The independent variables are U and 
u as before; U is the main motion, u the turbulent additional motion. 
However, Eqs. (9) and (10) refer to a domain of three independent vari¬ 
ables x, y y t , while there is only one independent variable t in (13). 

*C. F. v. WoizHiicker, Das Spektrum dor Turbulonz bci grossen Rcynoldsschen 
Zahlon; W. Heisenberg, Zur Hl-atist-ise,hen Theorie der Turbulonz, Z. f. Phys., 124, (1948) 
p. 608-057. See also W. Heisenberg, On the theory of statistical and isotropic turbulence, 
Proc. It. Soc., 195, (191.8) p. 402, and Th. v. Kdrman and C. C. Lin, The statistical 
theory of turbulence, Advances in Applied Mechanics, II, Academic Press, New York, 
1950.' 

^Mathematical Examples illustrating relations occurring in the theory of turbulent 
fluid motion, Akad. Amsterdam 17 (1939)1. 
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The non-linear terms in (13) have been chosen in such a way that 
they drop out when the expression for the “energy” is formed; for we 
require the permanence of the general rule, according to which two equa¬ 
tions of the form (13) should be added after multiplication with U and u 
respectively, and so would yield the energy expression. In our case one 
obtains 

(13a) | j t (ir + zt 2 ) = pu - v (u* + u 2 ). 

In the right member, the first term is the work per unit of time performed 
by the driving force P which, supposedly, acts only upon the main motion; 
the second term is the energy dissipated by friction. 

There exists a “laminar” solution of (13), viz. 

(14) U = U 0 = — , u = 0. 

V 

It is stable as long as 

(14a) p < „ 2 . 

This can be seen directly if the method of small oscillations is applied. 
One puts 

U = U 0 + £, u = ri 

and neglects higher powers of { and 77 . Then, by (13), one has 



(14b) 

§ = (C/o - v)r,. 

The first of these equations represents an exponentially decr easing dis¬ 
turbance; this is also true for the second equation but only if U 0 < v; 
hence by (14) we have condition (14a). For U 0 > v and, therefore, P > v\ 
Eq. (14) is still a solution of (13), but it is unstable because of the second 
Eq. (14b). 

There exist, however, two solutions for P > v 2 which we characterize as 
turbulent, since they include a contribution of the additional motion. They are 

(15) U = v, u = u 0 = ± s/P — v 2 . 

Both solutions are stable for P > /, for, if one puts 

U = v u = Uo -{-y 

and again neglects higher powers of £ and 77 in accordance with the method 
of small oscillations, (13) becomes 
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(15a) 


dt 


~v£ — 2u oV , 


dii 

dt 


= u„$. 


If one sets up a trial solution in the usual form 

(15b) | = Ae u , r, = Be u , 

one obtains the following conditions which determine X and B/A: 

\A — —vA — 2u 0 B, 


\B = u 0 A; 

they yield on elimination of B/A 

X 2 + v\ = -2ul 

(15c) _ 

x = “ | ± ~ 2m " = ~ | ± y/fs - 2P. 

The roots X are negative real for 

v Kl < 8 V 

and turn complex with negative real part when 

p >b'- 


The disturbance (151)) thus attenuates exponentially for any P > v 2 , 
which means that the solution (15) is stable for these values of P. The 
stability limit lies at P = v 2 where one of the roots (15c) vanishes. The 
same value of P is the stability limit of the laminar solution and thus 
reflects Reynolds criterion of stability. It is true that, in contrast to the 
hydrodynamic reality, in our case both the laminar and the turbulent 
motion are steady, i.e., independent of t, but the example should be 
taken as a model and docs not attempt to explain the turbulence. (There 
is also this difference that in the model two forms of turbulent motion 
are equally possible [see (15)], while in reality the laws of turbulent 
motion appear to be uniquely determined by the Reynolds number.) 

Following Burgers, we give a graphic representation of the results by 
drawing in Figs. 66 and 67 a t/-diagram of the two curves 



and 


du 

dt 


= 0 . 


(16) 
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The equations are given by (13), viz. 

(16a) u + vU = P and (16b) u = 0, U — v respectively 

Eq. (16a) is a parabola, Eq. (16b) a pair of lines consisting of the 17-axis 
and a parallel line to the w-axis. Since we have got two steady solutions 
in (14) and (15), their representations in our diagram are the intersection 



Fig. 66 (left). Diagram of Burger’s turbulence model in the “laminar” case P < r. 

Fig. 67 (right). Diagram of Burger’s turbulence model in the "turbulont” case P > r. 

points of (16a) and (16b). In Fig. 66 the parabola lies entirely to the left 
of the line U = v, hence there is only one intersection point; it belongs to 
the solution (14) and is unstable. There are three intercel,In points in 
Fig. 67. One of them lies on the 17-axis. It belongs to solution (14) that is 
now unstable; the two others belong to the stable solution (15). 

Burgers 34 extended his method of “mathematical models” in several 
steps in the attempt to bring it closer to the actual behavior of a turbulent 
fluid. He considers a system of three simultaneous differential equations in 
which the main “flow” U is coupled with two additional motions, u and 
v, and permits these motions to depend not only on time but also on a 
spatial coordinate. This we shall not discuss here since the simple model 
of Eq. (13) in our opinion illustrates the mathematical situation suffi¬ 
ciently: By the non-linear character of the equations the occurrence of (two) 
entirely different types of motion is made possible. These types, which we 
again distinguish by the terms “laminar” and “turbulent” arc in some 
ways analogous to those of the turbulence problem; they branch off from 
one another at a certain stability limit, which we can compare with 
Reynolds stability criterion. 


“Advances in Applied Mechanics, ed. R. v. Mises and Th. v. K&rman, Vol. I., 
Academic Press, New York, 1948. 



CHAPTER VIII 


SUPPLEMENTS TO THE THEORY OF ELASTICITY 

39. Elastic Limit 9 Proportional Limits Yield Point 9 
Plasticity 9 and Strength 

Up to this point we have assumed the solid body to be homogeneous 
and isotropic, and only permitted small deformations. In the following 
discussion we shall consider very briefly the principal deviations which 
appear under more general conditions. 

Let us consider a cylindrical steel bar which is clamped at one end 
and subject to a tensile force P acting at the other end. We shall first 
refer the tensile stress <r to the unloaded cross section of the bar F 0 , as 
is customary in engineering practice. Thus 



or the stress is proportional to the load P. 

If we plot the measured strains e as abscissas to the tensile stresses 
c calculated according to (1) as ordinates, we obtain for loads that produce 
very small deformations e a curve which is practically an exact straight 
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line (see solid curve in Fig. 68). This is valid up to a point P that is called 
the proportional limit. 

The elastic limit designates a point on the diagram, below which a 
decrease or removal of the load produces a decrease or removal of strain. 
For steel, the elastic limit lies slightly below the proportional limit. 

Beyond the proportional limit, the stress-strain line becomes curved 
and reaches a maximum, which is called the upper yield point (also flow 
or plasticity limit) S u . The curve drops now to the lower yield point S t ; 
following the point S t the curve remains in the mean parallel to the ^ 
axis, over a short distance, usually presenting a few small waves in this 
section, the behavior of a given sample depending upon the composition 
and previous treatment of the steel. 

This transition region is followed by the plastic or flow region in which 
permanent deformations occur. A small change of load causes a rapid 
change of strain, so that in this range the curve first rises slowly with little 
curvature only, turning its concave side towards the e-axis. The maximum 
ordinate B corresponds to the ultimate load or ultimate stress, but fracture 
occurs only at the point Z, where the stress-strain curve ends abruptly. 
Note in addition that 

1. the bar undergoes lateral contraction everywhere and that 

2. in the neighborhood of the place where fracture is to occur the re¬ 
duction of the cross-section is particularly large; the constriction or “neck” 
formed there becomes quite noticeable once the point B in the diagram 
is passed. If we refer the load to the (variable) smallest cross-section F , 
that is, if we put 



and plot the tensile stress so calculated against the measured strain, we 
obtain the dashed curve in the plastic region. Within the elastic region, 
the two curves obviously coincide. 

Steel is the most important example of tough materials, while cast iron 
is typical for brittle materials. There is no plastic range in the latter case 
and no constriction either. Fracture follows almost immediately at the 
end of the sharply limited elastic range. According to earlier experiments, 
Hooke's law did not seem to hold for cast iron altogether, but Griineisen* 
has shown that for sufficiently small strains proportionality exists between 
stress and strain. 

Materials that can be formed into a given shape like loam, clay, and 
lead show hardly any elastic properties, but exhibit plastic behavior 
throughout. 


‘E. GrOneisen, Bcr. d. Deutsch. Phys. Ges. 1906. 
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Similar results as in the tension test described above are obtained in 
compression, bending, and torsion tests. It should ho noted, however, that 
pure compression causes fracture only in brittle but not in tough materials. 
It is further assumed that in all these experiments the load is applied 
slowly, since the deformation depends not only upon the load, but also 
upon the duration of the application of the load. 

In connection with this last point we mention the elastic aftereffect 
Even in the elastic range the deformation connected with a particular load 
assumes its final value only after a considerable time. We speak of the 
creep of the material in question. 

In analogy to the behavior of ferro-magnetie bodies we find also an 
elastic hysteresis . As in the magnetic case, the area enclosed by the hy¬ 
steresis loop in the €, o--plane represents the input of deformation energy 
per cycle. 

In the previous discussion the load was assumed constant or slowly 
varying. Of more importance, especially in machine design, is the case of 
periodic loading, where the stress oscillates above and below a mean value. 
In such cases fracture occurs at a much lower loading than in the case of 
stationary load; one speaks of the fatigue of the material. 

When we plot the number of load cycles until fracture, z , against the 
average stress <r m as ordinate, we obtain a monotonically decreasing curve 
(so-called Wohler diagram), which approaches a horizontal asymptote 
o* ai as z increases. This indicates that the average stress must be kept 
smaller than the value of cr ct (fatigue limit) in order to prevent a fatigue 
failure with certainty. 

When the load that finally causes the fracture has been applied slowly , 
the cross section at the fracture will exhibit coarse grained structure; in 
the case of failure under oscillating load, however, a portion of the broken 
cross-section will be fine grained, possibly showing the spread of an im¬ 
perfection (see below). The remaining portion of the section has the same 
appearance as in an ordinary fracture. We may conclude from this that 
the first part contributes only little to load bearing capacity, so that 
the remainder simply fails in a fracture by overload. Moreover, we know 
that the number of cycles z depends greatly upon the quality of the surface 
of the specimen. Small invisible cracks reduce z considerably. It may be 
mentioned in this connection that Voigt's measurements of the breaking 
strength of sodium chloride crystals gave only 1/400 of the value cal¬ 
culated from the lattice theory. In this case, too, small cracks and surface 
irregularities are the cause of the discrepancy, since tests made under 
water, where the crystal surface is smoothed out in the process of dissolu¬ 
tion, gave 3/4 of the theoretical value of the breaking strength. 

Solid bodies used in engineering are mainly metals and metal alloys 



288 MECHANICS OF DEFORMABLE BODIES [VIII.40] 

composed of small crystal grains. Fine grained layers of foreign substances 
are interspersed between the crystals of the basic material. These inter¬ 
mediate layers can transfer considerable cohesive forces and give the 
solid body a certain degree of homogeneity. But in the same layers are 
also found places of lesser strength, imperfections of the structure from 
which a fracture develops. Organic materials like wood and leather, arc 
composed of chains of crystal-like cells, in which other materials are im¬ 
bedded. Glass, on the other hand, is an example of an amorphous material. 

Concerning the crystalline structure of metals we know today that 
every crystal is a spatial lattice. The elementary units of the crystal lattice 
are the atoms of the metal, which are arranged in lattice planes and, 
within these planes, in lattice lines. The lattice planes can be arranged in 
three families of parallel planes which are not necessarily orthogonal to 
each other. 

At small loads in the proportional range, the space lattice suffers a 
continuous deformation without essential changes in shape; the deforma¬ 
tion disappears as the load is removed. Within the plastic range, the 
crystal deforms with a change of shape. The lattice planes of that family 
which contains the most densely occupied lattice lines, slide in the direction 
of these lattice lines. In this process the intermediate layers arc also dis¬ 
torted. 


40. Crystal Elasticity 

The entire field of physical phenomena in anisotropic bodies has been 
expertly surveyed in “Lehrbuch der Kristallphysik” by Waldemar Voigt. 2 
In this work the most general relations are developed that are compatible 
with the symmetry properties of the crystal and with the geometrical 
characteristic of the physical phenomenon under consideration, which may 
be a scalar field, a vector field or a tensor field of second or higher order 
(cf. p. 60). In crystal elasticity we are concerned with the relation be¬ 
tween stress and strain tensor. Since both are symmetrical tensors of 
second order and have six components, the most general linear stress- 
strain relation will depend upon 6 X 6 = 36 coefficients. 

This number will reduce, however, to 

«> •+£$!-*. 

when the str ain energy TV is a function of state , as Green first postulated. 

Heubner 1910, second impression 1928. Beside dielectric and conductive properties 
such phenomena as pyroelectricity and piezoelectricity are treated; the latter lias 
gamed special interest in the meantime. Crystal optics, however, litis been considered 
beyond the scope of this work. 
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We have pointed out (p. 73) that this assumption is justified both 
in the cases of an isothermal process (problems of equilibrium) and of an 
adiabatic change (rapid oscillations). In these cases then, which alone will 
interest us in the following dW is a total differential. Replacing for the 
present our general notation a ik and t ih by a single subscript notation we 
set 3 

0*1 J &22 0 2 j 033 = f ^23 ~ 0*4 j OVll — 0*5, ^12 == (T 

( 2 ) 

= i € 22 = € 2 , 633 = 63 , 2e 2 3 = €4 j ^631 = 6 a , 26j2 = € 0 . 

Then the double sum of Eq. (9.24) becomes 

(3) dW - £ cr* de k 

fe-i 

and the general stress-strain relation appears in the form 

» 

(4) (Tje = S • 

<«1 

where the s ik are now the moduli of elasticity. 4 If (3) is to be a total 
differential, we have 

d<r k __ dai 
dei de k ’ 

which according to (4) means 

(5) s ki = s ik . 

When we write the coefficients 5 in a quadratic array of C rows, it follows 
that they are symmetrical with respect to the diagonal s n , • • • s G0 . This 
immediately leads us to the count in Eq. (1). The same is of course true 
for the elasticity constants c. 

Let us insert here the remark that the older molecular theory of 
Navicr, Cauchy, and Poisson based on the idea of central forces between 
molecules led to a further reduction of that number to 15. We know, how¬ 
ever, that this theory is too narrow in the case of the isotropic body. It 
would assign the universal value } to the Poisson ratio v in equation (9.9) 
and in this way reduce the required number of 2 elastic constants for 


aThe strains , e 6 introduced in (2) arc defined in the same way as KirchholFs 
2/* j s* , x v (cf. the tabic on p. 000). At this point the omission of the factor J which 
was introduced in our definition of the ec k with a view to the general structure of tensor 
algebra proves advantageous. 

4 This notation is due to Voigt, who uses it throughout (cf. footnote on p. G4). The 
coefficients in the strain-stress relations obtained by solving Eqs. (4) for the quantities 6 
arc denoted by c ik according to Voigt (constants of elasticity). 
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isotropic bodies to 1. Moreover, modem crystal lattice theory, which was 
already mentioned at the end of the previous article, has shown that the 
cause of this difficulty lay not so much in the molecular theory as such, 
as in its too narrow formulation: since the crystal in general consists of 
several superposed lattices which can move with respect to each other in 
the elastic deformation, the concept of pure central forces becomes in¬ 
adequate. 

The number 21 mentioned previously refers to a crystal without sym¬ 
metry, that is to a triclinic crystal. The state of symmetry of a physical 
process acting on a crystal is determined according to the following prin¬ 
ciple (Voigt, L.d.Iv., 53): The symmetry of the physical process is super¬ 
imposed on the symmetry of the crystal. Now, the elastic deformation has a 
center of symmetry since the strain in any one direction is the same as in 
the opposite direction. On the other hand, there are two possible cases of 
symmetry relations in a triclinic crystal, one with, and one without center 
of symmetry. In the latter case, however, the missing center of symmetry 
is supplied, as one might say, by the center of symmetry of the strain. 
Both sub-groups of the triclinic system therefore behave in the same way 
as far as elasticity is concerned. 

There exists a total of 32 groups of symmetry 40 which make up the 
7 crystal systems, mz. the triclinic, monoclinic, orthorhombic, tetragonal, 
trigonal, hexagonal, and cubic systems. The principle quoted before implies 
in our case that the first three systems and the last two are uniform in 
regard to their elastic constants while the tetragonal as well as the trigonal 
systems must be divided each into two subclasses with different schemes 
of elastic constants. We shall give a few examples below of these 5 + 2 X 
2 = 9 different schemes. 

The crystal axes are generally designated by a, b, c. In the triclinic 
system the axes have different lengths and arbitrary directions. In the 
monoclinic system, one of the axes is perpendicular to the other two and 
represents an axis of symmetry for rotations through 180°. If we choose 
this axis as 2 -axis of an orthogonal coordinate system x, y, z, and call the 
elastic displacements |, v , f, a rotation through 180° about the 2-axis will 
cause the changes 


W x,y,z—* -x, - y, z, £, y, f-*• -£, - n , f; 

the associated changes in the strains are according to (2) on the one hand 

^ > «3, «8 —*► «t, « a , « 3 , 


ta As is well known, they are distinguished from oach other according to their sym¬ 
metry relative to a point. The more basic classification according to the spatial symmetry 
character that leads to 230 groups need not interest us hero. 
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on the other hand 

( C ) *4 1 *S —* — 6.1 , — 6 S ; 

One verifies easily that the expressions 


64 — ~r~ + — and 
as dy 


6 

n dx de 


change their signs in the operation (a), while for example the expression 

€a = & , h 

dy dx 

keeps its sign. Since the stresses <7 behave in the same way as the strains 
«, they must follow the same commutation rules (b) and (c). Wo now 
rewrite the stress-strain relations (4), marking the terms whose signs 
change in the operation (a) by ± and indicating the remaining terms on 
the right side by • • • . In this way we obtain for k = 1, 2, 3, 6 

(d) v* = • • • ±s i4 64 ± Sj. B e 6 • • • , 
but for k = 4, 5 

( e ) = " • • ±8*464 ± S* 5 «B + ■ • • . 


±ff* = 


±S*4«4 ± S* 5 « 8 + 


For fixed k, (d) represents two equations which, on subtraction, lead to 
the following relation: 

(f) s*4«4 + s* S 6 5 = 0 for k = 1, 2,3,6. 

Similarly, the pair (e) gives on addition 

(g) Sk i«i + s*a «2 + s M € S + s* a «a = 0 for k = 4, 5. 

From (f) we conclude 

(®) 0 = S14 = Sn — S31 = Sfl4 = S 1B = Sjj = Sgs = Sga , 

and the same result follows from (g) because of the relation «,* = s ti . 

On the basis of (6) the behavior of the moduli of elasticity in the 
transition from the triclinic to the monoclinic system lias now been 
established: 

Triclinic system 

no symmetry axis «,» s 12 s„ s M s 15 s 16 

21 constants s. a s.^ s„„ 


i monoclinic 

system lias 

now 

been 

S 11 $12 

$13 

$14 

$15 

$15 

$22 

$23 

$24 

$25 

$20 


$33 

$34 

$35 

$30 



$44 

$45 

$46 


$eo Sac 

$50 
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Monoclinic system 

one digonal axis of symmetry A 2 , Su s 12 s n 0 0 s 18 

13 constants s 22 s 23 0 0 s 2 « 

0 0 S33 

S44 S45 0 

S55 0 

S 06 

In the orthorhombic system where a, b, and c are mutually orthogonal 
another digonal axis of symmetry A\ is added to A] ; the axis Al which 
is also present can be considered as a consequence of the two other axes 
and must not be taken into separate account. 

By repeating the argument that leads to equation (6) one obtains in 
the present case 

Orthorhombic system 

two digonal axes of symmetry s n a l2 s n 0 0 0 

A] and Al , 9 constants s 22 s 23 0 0 0 

S33 0 0 0 

S 44 0 0 

«#* 0 

Similarly, one has for the 
Cubic system 

three interchangeable tetragonal s u s 12 s u 0 0 0 

axes of symmetry, 3 constants s u s, 2 0 0 0 

s,j 0 0 0 

S44 0 0 

S44 0 

S44 

From the last scheme we conclude that the cubic single crystal has an 
elastic behavior different from the isotropic body. The former possesses only 
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two independent moduli of elasticity, for example, our previous fi and X. 
In order to adapt the above scheme to that of equation (9.6), we would 
have to specialize the three constants as follows: 

$11 = 2/X + X, $12 = X, $44 = 

that is, we should add the following condition which is not fulfilled in the 
cubic single crystal: 

$11 = $12 H ” 2$44 . 

From a physical point of view this is connected with the fact that the 
so called isotropic solid body has no uniform structure, but is a poly¬ 
crystal. The elastic behavior which we actually observe is simpler than 
that of the single crystal, but it is only the result of averaging the elastic 
reactions of a very large number of single crystals that are in random 
positions with respect to each other. For an example we refer to the metals 
discussed in the previous article. 

Quite different is the answer to the corresponding question in the field 
of optics. Cubic single crystals of fluorite or rock salt are frequently pre¬ 
ferred as lensc materials for optical instruments in certain ranges of the 
spectrum, where they arc superior in transmissivity to ordinary isotropic 
(amorphous) glass lenses. This is possible, because the cubic single crystal 
is optically isotropic. In the framework of Voigt’s general system the 
cause for this different behavior must be seen in the following distinction: 
in elasticity the basic relation is a tensor-tensor relation (stress-strain), in 
optics it is a vector-vector relation (electric field- dielectric displacement). 

We cannot further pursue the interesting details of crystal elasticity. 
Our principal aim was to characterize the elastic behavior of isotropic 
bodies as contrasted with that of the uniform anisotropic bodies. 

41. The Bending of Beams 

Loaded and bent beams are among the principal elements of all building 
constructions. In planning a now structure bending loads are calculated 
and must be legally approved. The theory employed for this purpose is 
simple and has been in use for 200 years; its origin dates back to Daniel 
Bernoulli. We shall discuss below how this theory can be substantially 
justified through more rigorous methods (St.-Venant), but we shall first 
follow the historical development. 

We limit ourselves to the simplest case of a straight beam subject to 
slight bending. The cross-section of the beam is arbitrary (one may think 
of a T or / section), but it is assumed as constant over the length of the 
beam. 
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Let us first disregard the weight of the beam. At one end the beam 
supports a vertical load, while the other end is clamped rigidly; thus the 
upper fibers of the beam are stretched and the lower ones compressed. 

Bernoulli assumes that each plane cross-section of the beam remains 
plane also after bending. Navier concludes from this that the normal 
stresses transmitted by a cross-section are distributed according to a linear 
law. We consider two neighboring sections originally separated by the 
distance dx (x is taken from right to left as indicated in Fig. 69a). The 



Fig. 69. Illustrating the elementary bending theory. An element of a beam 
the original state and (b) in the bent state. 


(a) in 


fibers running between the two cross-sections have the length dx + Sdx 
after bending. Due to the assumed planeness of both cross sections, the 
extension of the fibers decreases linearly from the upper face of the beam 
downward and becomes zero at some particular layer NN; Sdx now stays 

n f®f' tl ^ d0XVn t0 the lower face of the beam and represents the contraction 
of the fibers. The strains are distributed in the same linea r way. 

— ^ dx 
* dx ’ 

and so are the stresses [cf. (9.8)]: 

(!) <r = Ee. 

When <r m «x is the stress in the (upper or lower) boundary fiber and h 
its distance from NN, (cf. Fig. 69b), the linear law states that 

(2) o- = -j- y ... y — distance between fiber with stress <r and NN 

In order to determine the maximum stress <r m « , we shall investigate 
) be eq^bnum of forces acting on an isolated beam section of length x 
(ct. fig. 70); m doing so we may disregard the deflection of the beam. We 
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arc mainly concerned with the equilibrium of moments taken about an 
axis normal to the plane of Fig. 70 and containing the point N at the cross- 
section x ) but we shall also consider the equilibrium of force components 
in the horizontal x-diredion. Equilibrium of forces in the vertical ^-direc¬ 
tion will be considered later. 

M 

O 

Fig. 70. Equilibrium between the bend¬ 
ing moment M and the moment of the 
normal stresses <r. 

For the particular loading here assumed the moment of the external 
forces, usually designated as bending moment M , is 

(3) M «* Px. 



According to Eq. (2) the forces (rdf have the moment 

(4) jy*dj = 2fl, I = J y 2 df. 

The quantity I is called the moment of inertia of the cross-section . In Vol. I 
the moment of inertia of a plane mass distribution has already been in¬ 
troduced and a distinction made between polar and equatorial moments 
of inertia. Here, however, we are dealing with a plane area and not with 
a plane mass distribution, hence the dimension of I is not gem 2 but rather 
cm 4 . Since the axis through N for which I is computed lies within the 
cross-section, I is to be considered as an equatorial moment of inertia. 
When the opposite direction of the moment arrows shown in Fig. 70 is 
considered, the moment equilibrium requires according to (3) and (4) 


(5) 


_ hM 

CT max — r . 


This relation together with (2) determines the stress <r for any other point 
of the cross-section. 

The engineer is particularly interested in <r me , x since it is his task to 
keep the maximum occurring stress below the legally admissible limit , cr adm . 
He has to find the cross-section with the largest loading, that is, with the 
largest bending moment, and proportions the beam in such a way that in 
this cross-section the stress at the boundary face <r max < <r*i m . For beam 
profiles used in engineering, the values of I and I/h are tabulated in tables 
of moments of inertia and section moduli. For a circular cross-section of 
radius a we have 6 (cf. Vol. I, Problem IV. 1) 


5 Cf. Synge and Griffith, op. dt p. 220. 
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( 6 ) 



for a rectangular cross-section of width b and depth 2 h 


( 6a ) / = | bh\ 

In both cases we have anticipated that the axis y = 0 passes through 
the centroid of the area of the circle or rectangle, being parallel to b in 
the latter case. 

To show this in general we have to use the equilibrium condition for 
force components in ^-direction. The external forces do not contribute 
anything to the equilibrium equation, neither in our particular case where 
the external force P is vertical, nor in general, since otherwise the problem 
would not be one of pure bending but of combined bending and tension 
or compression. The condition is then simply 


or, because of (2), 


J ffdf = 0, 

/ y df = o. 


On the other hand, the centroid of the cross-sectional area is defined by 
the fact that the first moment 0 of the area with respect to its centroid is 
zero, equivalent to J y df = 0. The fiber passing through the consecutive 
centroids of all cross-sections of the beam is called its neutral fiber or 
neutral line. The horizontal plane containing the points y = 0, is known 
as the neutral plane. This has already been indicated by the notation 1VN. 

We now determine the shape of the neutral line in its deflected position! 
or this purpose we have to set up the differential equation of the elastic 
line, which can be derived on the basis of Fig. G9b: Here the center of 
curvature C of the elastic line NN has been indicated as the intersection 
ot the prolonged traces of the cross-sections at x and x + dx. The sides 
of the tnangle CNN are p, p, and dx where p is the radius of curvature. If 
we draw through one of the points N a parallel to the trace of the other 
cross-section we obtain a triangle similar to CNN the third side of which 
is the face of the beam. The sides of this triangle are h, h, Sdx max = e m « dx. 
xlence the following proportion holds: 

dx _ €max dx 

_ p h 


. "Retimes the term static moment is used which is not a very appropriate expres- 
sion. Likewise, second moment should be preferred to moment of inertia. 
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(7) 


1 _ M. 

P EI - 


297 


As to the choice of the sign in this equation we refer to Fig. 69b for the 
sake of brevity and omit the introduction of sign rules for p. The right 
hand side is a known function of x or, more generally, a known point 
function along line NN. (The second formulation refers to finite deflections 
where the abscissa must be replaced by the arc length s of the elastic 
line.) The left hand side of (7) is the curvature, a differential invariant 
of the curve; thus equation (7) is the differential equation required. 

For sufficiently small deflections we know that approximately 

i_iv 

P dx 2 ’ 


and consequently 

( 8 ) 


d?y _ MQ 
dx 2 EI ' 


Referring to the particular loading (3), we obtain 


(9) 


in _ 

dx 2 EI 


and after integration 

(9a) y - Jy ||- + Ax + -Bj, 


which is a cubic parabola. The integration constants A and B result from 
the conditions at the point of support: 


(9b) 


for x = l 



A = -$, 



The maximum deflection occurs at x = 0: 


(9c) 


_ IP- 
2/0 “ 3 EI 1 ' 


We consider now a beam simply supported at each end by a pair of 
uprights at distance l from each other, and loaded only by its own weight. 
The (constant) weight per unit length being p, the reactions at each 
support will be —pi/ 2, where the minus sign indicates the upward direc- 
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tion of these forces. The bending moment at any point is composed of 
the moment of the weight and the moment of one of the end reactions: 


( 10 ) 


M(x) = | x(x - Z). 


Integration of (8) then gives 


(10a) 


V ~ air {l2 V + Ax + £ }> 


a parabola of the fourth order. 

Instead of the conditions (9b) we have now 


for 

for 



B = 0, 


A = 


L 
12 - 


The largest deflection occurs, of course, at the central cross-section and 
amounts to 


(10b) 


2/max 


_ 5 P 74 

16 x 24 Er 


Of more interest for the following is the case where a cou-ple acts at 
the end of the beam instead of a single force as in Fig. 70. This could be 
physically, realized by two equal forces of opposite direction, acting in 
close proximity to each other and having such magnitude that their mo¬ 
ment has a finite value. Then M can be considered as constant and ac¬ 
cording to (8) 

(11) y = Il{f + Ax + B }- 

If the beam is clamped at the other end (x = l) we have the same condi¬ 
tions as in (9b), and it follows that A - 1, B = The deflection at 

x = 0 is then 


(Ha) 


y = lM. P 
y 2 El 


In this case the shape of the elastic axis can be more accurately described 
than by the parabola (11): according to (7) it is a circular arc, since its 
curvature is constant. 

This last case is the only one in which we are led to a clear-cut result 
y our equilibrium conditions. The third equilibrium condition which we 
have to stipulate, viz. 


(12) 


Sum of all vertical components = 0 
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is here satisfied, whereas this condition requires in general that at every 
cross-section x a vertical shear force opposes the external loads. This shear 
force results from the combined action of all shear stresses of the section 
under consideration. If wc take the beam of Fig. 70 as an example, shear 
stresses <r iV would have to occur in addition to the normal stresses , so 
that for every cross-section 

(13) f <r„ df = P. 

This, however, would imply the occurrence of angular changes y IV , causing 
the originally plane cross-section to warp. In other words, Bernoulli’s 
hypothesis, in asserting the permanent planeness of the cross-sections, 
contradicts the general fundamentals of statics. Thus it would seem that 
Navier’s law of linear variation of the normal stress which is based on Bern¬ 
oulli’s hypothesis, is also invalidated. 

Before we show a way to overcome this difficulty, we wish to determine 
the magnitude of the required shear stresses. The integral condition (13) 
is not suitable for this purpose, but we can make use of the differential 
relation (8.11). In the absence of external body forces and with a, x evi¬ 
dently vanishing if for instance a rectangular cross-section is assumed, 
this relation may be written 


dov* , n 

dx ' r dy 

Notwithstanding the previous critical remarks, the statements of equations 
(2), (5) and (3) may be considered as approximations. We have then 

( 14 ) -fy 2 - ^ ( A - tf) = |j w ~ 

The integration constant A in the last equation must equal h 2 , so that 
<r xv = 0 for y = d zh. This must be required since the value of <r xv at the 
upper or lower edge of the cross-section determines the shear stress a y9 
acting within the face of the beam; the face, however, must be completely 
free of stress. It is not difficult to determine the warping of the rectangular 
cross-section that results from the <r xv and the associated shear angle y xv . 

We now wish to point out briefly how the bending theory can be freed 
from the internal contradiction revealed above. St.-Yenant 7 accomplished 
this in 1855. First of all, it must be emphasized that the relations between 
stress and external forces used so far are not sufficient to describe the 

7 A complete representation is found in de Saint-Venant 7 s translation of Clebsch/s 
lectures: Thfioric de l’elasticit6 des corps solidos, trad, par Saint-Venant and Flamant, 
Paris, 1883. 
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elastic state completely. One must make recourse to the elastic ^^place¬ 
ments £, ri, f, as they occur in the fundamental elastic equation® (9.18). 
Then we note that nowhere in the preceding argument we have iiic'tx'tioned 
the stresses <r vv , <r tz , <r U9 . In fact, they do not enter into the consi^^'ation 
of the equilibrium of a bent beam and can therefore be set equal zero. 
If we express them in terms of £, 77, f, we obtain simple differential r^lfttions 
between these quantities by the use of which the equations ( 9 . 18 ) cum bo 
greatly simplified and finally come out as: 8 


(15) 


V _ a 2 _ a 2 __ d 2 

Jbx 2 dy 2 dz 2 by bz) bx 


From this we conclude first: the strain b£/bx of the x fibers and conse¬ 
quently also their stress a- = a zx is a linear function of the coordinates in 
the cross-section y and z. The linear distribution law for <j xx is thus a 
necessary consequence of the fundamental laws of elasticity and Bernoulli’s 
hypothesis is not required for its derivation. 

Eq. (15) shows further that the extension of the z-fibers is also a 
linear function of z; this implies together with Eq. (5) that the t> ending 
moment M should be a linear function of x , which is actually the case 
for one or several single loads or single moments (but not for the con¬ 
tinuously distributed load of the weight of the beam itself). The following 
restriction should be noticed, however: the single load ought to be applied 
in such a way that it can be balanced by the shear forces <r xv act 

across the cross-section at which the load acts; in other words, the load 
should be distributed over the cross-section in the same way as pro viously 
computed for cr xv . This is, of course, never fulfilled in reality. c may, 
however, take the following view: whether we have a lumped or tx dis¬ 
tributed load can only make a difference in the neighborhood of tlio cross- 
section under consideration, provided, of course, the loads in botlx cases 
are statically equivalent. This can be demonstrated by suitably chosen 
experiments as well as by theoretical examples and is often formulated as 
a general theorem under the name of SaintrVmant's principle. 

Thus the simple method of computing beams set forth at the be^ i ruling 
of this article that has given satisfactory results in innumerable otutseB has 
been vindicated from a more rigorous point of view. 


42. Torsion 

We first consider the simplest case of the torsion of a rod with circular 
cross-section, which, in a way, is also the most important ca,«o. We 

8 Cf. for this calculation A. Foppl, Vorl. ub. teclin. Mechanik. 4th cd. Leioxi ir 1909 
VoLIII, 73. 1 
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think of the fact that every engine shaft is subject to torsional loading: a 
torque about the axis of the shaft is produced at one end by the driving 
mechanism, at the other end ail opposite torque acts which originates in 
the mechanism that receives the power; in steady motion both torques 
have the same magnitude. This example shows the general characteristic 
of torsional loading. For a straight rod of arbitrary cross-section it consists 
in a torque that acts about the rod axis at one end; whether the other 
end is kept fixed or subject to the opposite moment makes no difference; 
an additional tensile loading, e.g., in the direction of the axis of the rod 
would mean that we deal no longer with pure torsion. 

It is easy to imagine the kind of deformation that is established by 
twisting a rod of circular cross-section whose one end is kept fixed, but 
we shall have to show that the deformation we think of is theoretically 
admissible. We assume (cf. Fig. 71) that every cross-section of the rod is 


Fig. 71. The torsion of a rod of circular cross-section. The 
base is rigidly clamped, a torsional moment M acts on the 
free end. 


rotated through a certain angle <p which is proportional to the ^-coordinate. 
This means 

(1) <p = ax, a = Const. 

The originally straight generatrices of the rod are transformed into cir¬ 
cular helices; the components of the displacement vector s are according 
to (1) in cylindrical polar coordinates r, <p, x 

(2) s r — 0, = arx, s x = 0. 

In order to obtain the strains we have simply to introduce the quantities 
(2) in Eqs. (4.26) and (4.28) for , Sq 2 , Sq 3 , putting, because of ds 1 = 
dr 2 + r 3 dip a + dx a , 



9i — 


02 = r, 
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This leads to 
(3) 


€ r r 0 


e rtp = 0, 2$ 0X = <yr, e xr = 0. 


The associated stresses a are now found according to Eqs. (9.7), which 
are relations between tensors and therefore valid in arbitrary orthogonal 
coordinates: 



Grr — G v <p — G xx — G X r — G r p — 0 
<r X v = T = / tear. 


In agreement with common engineering usage the notation r is here applied 
to the only shear stress that acts in the cross-section x = const. 

In the state of stress described by (4) we have again a linear stress 
distribution law as we had it in bending; in fact, we can write (4) in the 
form 


(4a) 


r 

T — — Tm ax 

a 


where 


T max = JJLaa. 


In this simplest case of torsion the planeness of the cross-sections is strictly 
preserved, as already anticipated in the assumption s x = 0 in (2). We 
have previously seen that this is not true in bending; in torsion it is only 
correct if the cross-section is circular, as we shall see. 

We now prove that our system of stresses is in agreement with the 
boundary conditions of the problem. This is obviously true for the curved 
surface of the rod, r = a, which must be free of stress. There ought to be 

Grr ~ Grip === G rx — 0, 

which, according to (4), is in fact fulfilled. Across the base the condition 
of van i s h i n g stress must be replaced by the condition of vanishing dis¬ 
placements. This is satisfied by (2), if x = 0. For the free end cross- 
section we should at least stipulate as a necessary condition that 

(5) M = j rr df, 

where M is the moment of the forces P that produce the torsion (cf. Fig. 
71). By (4a) this may be rewritten in the following form: 

(5a) M = ^jr*df = ^J s = m J», /, = | a‘, 

where J v stands for the polar moment of inertia of the cross-section which 
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in the case of a circular area is twice the equatorial moment of inertia 
given in (41.6). 

Strictly speaking, this is not a sufficient condition. The external moment 
M should not only be equal to the total moment of the shear forces about 
the axis of the rod, but the distribution of M over the cross-section should 
be point by point identical with the distribution of rdf. The couple M = 
Pd as it appears in the figure obviously does not satisfy this condition. 
This difficulty is again taken care of by the Saint-Venant principle (see 
p. 300), according to which the local disturbance of equilibrium produced 
by the dissimilarity between the actual and the theoretical load is limited 
to the proximity of the end face and does not influence the elastic equilib¬ 
rium anywhere else in the rod. 

To be on the safe side we would have to show that the differential 
equations of elasticity, which the displacements must obey, are satisfied 
by our special solution (2). These relations written in Cartesian displace¬ 
ment components are given by Eqs. (9.18); in their place we should have 
to use Eqs. (9.20) which refer to general orthogonal coordinates. A glance 
at the quantities 0 and P,- that appear in these equations shows that in 
our case 

0 = 0, Pi = —ar, P 2 = 0, P 3 = 2oex. 

This is easily checked with the aid of Eqs. (9.20a), and it follows imme¬ 
diately that Eqs. (9.20) are satisfied (F is of course equal to zero). 

We have now to study in greater detail Eq. (5a) which determines the 
only remaining unknown in our problem, viz. the angular torsion per 
unit of rod length. We may as well determine the total torsion angle of 
the rod which becomes according to (1) 


(Pi = al, 

From (5a) wc obtain 

( 6 ) 


where l = length of rod. 


Ml 



This equation is quite evident as regards the proportionality with the 
torsion moment M and the length l and also as to the inverse propor¬ 
tionality with the torsion modulus u. More important is what Eq. (6) 
says about the dependence on the dimensions of the cross-section. This 
expresses itself in the factor J v of the denominator. Note, however, that 
the dependence on the polar moment /„ that occurs here does not hold 
for arbitrary cross-scctions, like the moment I in the bending problem; 
if the cross-section is not a circle this dependence is by no means expressible 
through the polar moment J v . This applies e.g. to the elliptic cross- 
section as will be seen below. 
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For cross-sections of unspecified shape we have no preferred coordinate 
system, such as the cylindrical polar coordinates in the previous case, 
and we must take recourse to Cartesian coordinates and displacements 
x ) y , z; £, rj, f, the equilibrium conditions now being given by Eq. (9.18) 
with F = 0. 

In general we shall now have to admit the possibility of warping of 
the cross-section. Taking the axis of the rod as z-axis, there is then no 
longer £ = 0 [corresponding to the previous s x = 0 in (2)]. As a consequence 
of the prismatic shape of the rod we may, however, assume that the 
warping is independent of the location of the cross-section, that is to say, 
the warping function £ is independent of the ^-coordinate: 

(7) £ = $(y, z), H = °. 

We further assume that the deformation, as in the case of the circular 
cross-section, is free of dilatation. This would mean 0 = 0; let us, however, 
introduce the more restricted conditions 


( 8 ) 


§1 = K = o 
dy dz 9 


and finally assume that, similarly to e rtp = 0 in Eq. (3), 

These various assumptions will have to be justified in the course of our 
investigation. 

By (7) and (8), the differential equations (9.18) take the following 
simple form 

^- + ^-0 
dy 3 + dz 2 0 


( 10 ) 


dju . djq _ 
dx 3 dz 1 ~~ 


t 
dx 3 



The first of these equations states that the warping function £ introduced 
in (7) satisfies the iwo-dimensional potential equation. 


(11) 


V 2 $> = 0, 
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The two remaining equations (10) can be fulfilled together with (8) if 
rj and £ are taken as bilinear functions as follows: 


( 12 ) 


n = b u + biX + bi? + b 3 xz, 
£ = Co + c x x + c 2 y + c 3 xy. 


According to (9), the following relation must hold for the constants b and 
c identically in x: 

b 3 b 3 x + c 3 + c%x — 0; 


or 


(13) 

b 2 — c 2 j 

— — C3 • 

As in Fig. 71 

,, the base of the rod 

is kept fixed, in the sense that lateral 

displacements are excluded. For x 

= 0 we have therefore identically in y 

and z 




bo “t - b 2 z = 0, 

Co + c 2 y = 0, 

or 



(13a) 

b 0 = c 0 = 

b 2 ~ c 2 = 0. 


If we finally wish to retain the right angle between z-axis and end face, 
we have for x = 0 


(18b) g-*” 0 - 

Because of (13) and (13a, b) the Eqs. ( 12 ) take the form 

(14) v = -axz, f = +axy 

where a has been written instead of c 3 . 

The clastic differential equations and the boundary conditions at the 
end face arc certainly satisfied by the assumptions about £, 77 , f, expressed 
in ( 7 ), ( 11 ), and (14), but the question remains whether the boundary 
conditions for the aimed surface of the rod can be satisfied in this way. If 
n denotes the normal at a point P of the curved surface and s the direc¬ 
tion tangential to the contour of the cross-section at P, the conditions are 

(15) cr na — 0 and 0 . 

The first of these equations can certainly be satisfied: We may draw the 
2 /-axis which so far has not been fixed parallel to n so that the 2 -axis 
becomes parallel to s and c ni coincides with <x vt at the point P. But since 
e vt = 0 by (9), it follows that vanishes also at P. This argument can 
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obviously be applied to each point P of the curved surface. As to the 
second condition (15), we base our argument, on the general tensor relation 
(8.5) which becomes in our case 

(!6) = P\c vx + 7kt« = 2m03i 6« + 7i«.») 



Here 0 , and 71 are the cosines of angles between the n direction and the 
y and z directions respectively. If s is oriented in such a way that the 
sense of rotation s —► n coincides with y —* z, we have 

ctz 

Pi = cos (n, y) = — cos (s, e) = — ^ , 

(17) 

Ti = cos (n, z) = + cos (s, y) = + ^ . 

Using (16), (17), (7), and (14) the second condition (15) can be written 
in the following form: 

(18) 0 = ~ (If " “) * + (fr +«») dy - 

This equation must be satisfied at each point of the contour. It can be 
simplified by introducing the conjugate of the potential function $ (corre¬ 
sponding to the stream function in hydrodynamics), which is connected 
with by the Cauchy-Riemann equations (19.5). In our present co¬ 
ordinates ( 2 /, z instead of x, y) we have therefore 

(18a) d$ = M _ W 

K J dy dz ’ dz dy ' 

Eq. (18) thus transforms into 

(f^ -**)& + (f^ - ay) dy = 0, 
or 


d* =a(ydy+zdz)= | + z 2 ) 

or, integrated, 

(19) ^ | (y 2 + z 2 ) C • • ■ (boundary condition). 
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The conjugate potential 1 5 r satisfies also the differential Eq. (11): 

(19a) V 2 * = 0. 

By (19) and (19a) the potential function ^ is uniquely determined being 
the (always existing) solution of a simple potential problem. We have 
therefore proved that our boundary condition (18) can be fulfilled. At the 
same time the special assumptions made in (8), (9), and (12) have been 
justified. 

Let us now consider once more the circular cross-section. The contour 
is given by y a + z a = a a , the origin coinciding with the center of the circle. 
Eq. (19) becomes therefore 


& — const. 

along the contour and, according to (19a), also in the interior. From 
(18a) we have then 

$> = Const and by (7) £ = Const. 

which means: the cross-sections remain plane. Conversely, if, for a certain 
shape of the cross-section, £ vanishes along the rod, we have $ = 0 by 
(7) and therefore SP = const by (18a). From (19) the contour is obtained 
in the form y* + z 2 = const: The cross-section is circular. 

Take now as a less trivial example the elliptical cross-section, the 
contour of which may be given as 

( 2 °) i + 

Since the general solution of (19a) is 

^ = Re /(?/ + iz), (Re = real part of) 
we shall assume / as the second power of the argument y + iz so that 
(21) ¥ = A(y* - z\ 

Along the contour we have according to (19) 

Atf -*’)=! +z 2 ) + C. 

On substituting s 2 from (20), an identity in y results from which A follows 
as 

a tt 2 — fr a 
“2 a a + b 2 ‘ 


(21a) 
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From (18a) and (21) we can now calculate 


by 


2 7 2 

a — b 


b$ 

dz 


a 2 - l 2 


o 2 + 6 Z dz - 01 a 2 + ti 

and obtain the shear stresses according to (7) and (14): 

* m = 2>Xixa = '"‘{dy + 5s) = ~ fM ia 2 + b 2 + 1 ) s = -2/t 5 




aa 


( 22 ) 


- 9m,. - m(^ + 2) ~ ^(a 2 + b 2 O 2 ' " 2m d‘ 


2 + & 2 
atb 2 


+ b‘ 


2 y- 


The shear stress r resulting from a xv and <r xz is at any point of the 
cross-section parallel to the tangent that passes through the intersection 
point of the contour with the prolonged radius vector. Along the radius 
vector, r follows a linear law. The moment of the shear stresses about 
the s-axis results from (22) in the form of the following formula which is 
a generalization of our previous formula (5): 


(23) M = Jj (y<r x . - zcr TV ) dy dz = fj Qdy 2 + aV) dy dz. 


If the integration is carried out one obtains instead of the factor J v , 
which appears in (5a) as the coefficient of na, the expression 


(24) 


TT 


fl 3 fr 3 

a 2 + 6 2 ’ 


which is not equal to the polar moment of inertia of the area of an ellipse 
(cf. problem VIII.4). 

The simultaneous consideration of the potential function $ and the 
stream function ^ suggests a hydrodynamic analogy which has proved 
useful in the approximate solution of more complicated problems such 
as the torsion of an /-beam. 


43. Torsion and Bending of a Helical Spring 

Imagine a coil consisting of a single layer of thin wire wound on a 
circular cylinder. On removing the mandrel, we obtain a helical spring 
which we fasten at one end in some way, loading the other end with 
a disk, the weight of which is supposed to bo small enough so that the 
resulting pitch of the spring is small compared to the radius of the cylinder. 
If we now put additional weight on the disk so as to have a small load 
acting along the axis of the spring, this will result in a slightly increased 
pitch and a corresponding lengthening of the spring. This kind of loading 
is accompanied by a torsion of the wire. If, on the other hand, a couple 
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acts on the disk (e.g., when the disk is turned in its own plane) the pitch 
remains essentially unchanged and the spring yields to the torque by a 
slight diminution of the cylinder radius. In this case the wire is bent. 

Both facts seem paradoxical at first, but can be easily clarified: In 
torsion the individual cross-sections of the wire are loaded by a torque 
about the polar axis while in bending the moment acts about an equatorial 
axis, that is an axis in the plane of the cross-section. With this in mind 
let us examine in Figs. 72a and 72b what happens in the planes that pass 
in either case through the cylinder axis and the cross-sections marked in 
the respective figures. The load P acting along the cy lin der axis in Fig. 
72a has the moment PR about the center of the cross-section; we call it 


Fig. 72a, b. A helical spring subject (a) 
to torsion (force 1 P, vertical displacement 
y) and (6) to bending (moment QR, rota¬ 
tional displacement x). 



a b 


the torsional moment M T since its axial vector is normal to the cross- 
section. In Fig. 72b the couple QR acts upon the disk whose diameter 
has been assumed as 2 R so that the two single forces of the couple can be 
denoted by Q/2. This moment has the character of a bending moment M s 
since its axial vector coincides with the cylinder axis and can be trans¬ 
ferred parallel to itself to the center of the marked cross-section. We 
denote its position by NN indicating in this way that it coincides with 
the trace of the neutral layer in the bent cross-section. In the loading 
according to Fig. 72a there will be shear stresses in the plane of the cross- 
section; they increase proportionally to the distance from the wire axis 
and will be denoted by r as in the previous article. We have therefore 

(1) f rrdf = M t . 

In the loading according to Fig. 72b normal stresses <r act upon the cross- 
section. They are proportional to the distance y from the equatorial axis 
NN. Again we have 

(2) J ycdf = M b . 
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Eqs. (1) and (2) may be evaluated according to (42.4a) and (42.5a), or 
(41.5): 

(3) J p = M T respectively 1 = M B . 

Apart from the maximum stresses r max and <r max we should like to know 
the displacement of the spring in vertical direction y and horizontal 
direction x for the two respective kinds of loading. For this purpose we 
should have to know the shape of the elastic line of an originally curved 
rod in torsion and bending. There is, however, a simpler way to answer 
our question when use is made of the energy principle: one calculates the 
work of deformation expended in the torsion or bending of the spring 
and compares it with the work of the external forces P or Q. This, by the 
way, is a welcome opportunity to come back to the topic of energy of 
deformation which is highly important in engineering applications. 0 

So far we have only derived the general expression (9.26b) for the 
energy of deformation. In the case of pure shear, where 


r 

<Tl2 — 0- 2 i — T, € 12 — € 2 i — 2 ^ > 

or in the case of pure extension and compression (bending), where 

<r 


(TH — (T, €n — jjj , 


(9.26b) reduces to 

1 1 r 2 

(4) W = 2 ( cr i2€ia ”1" 02i€ 2 i) = 2 p 
or to 

w _ 1 _ 1 f! 

(5) W - 2 * 11*11 - 2 E > 


respectively. These expressions refer to the unit volume and must be 
applied in the case of locally variable stresses to each single volume element 
df ds } where df is the area element of the cross section and ds the length 
element of the axis of the rod. Thus we obtain from (4) in the case of 
torsion 

(6) dW = h — df ds, r = - w from (42.4a). 

2 n a 

fl In all statically indeterminate systems, in particular in the theory of trusses, Casti- 
gliano’s theorems about the minimum of the energy of deformation play an important 
role, and so does Maxwell's theorem of the reciprocity of the displacements . 
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Integration over the cross-section yields 

and, by (3), 


(6b) 


Jdw-M f*. 


2nJv 


The entire torsional energy W T follows by integration over the length l 
of the rod (in our case the length of the spring): 


( 7 ) 


W r = 


mu p 2 m 


2 !ij v 2y.J„ 

Likewise one obtains in the case of bending from (5) 

1 <r 2 

(8) dW = ^ jgdf ds, a- = ^ a mai according to (41.2), 
and by integration over the cross-section 


(8a) 



2 E a 2 



^max 

2 Ea 2 


Ids. 


The entire bending energy contained in the spring is obtained from (8a) 
and (3) as 


( 9 ) 


W _ MM Wl 

0 2 El ~ 2EI • 


Expressions (7) and (9) represent the energy intake of the spring in an 
elastic deformation in which the spring passes through a sequence of 
states of equilibrium. It must be compared with the mechanical work 
performed along the paths y (or x) when the load P (or the couple QR) 
increases gradually from zero to its final value. The work is therefore 

(10) W T = ^, respectively W 0 = 2 — = % . 

Comparison with (7) and (9) gives 


(ID 


R 2 l n 

y -u-, p ’ 


x = 


fin 

EI 


Q. 


Thus the use of the energy principle leads indeed to a vciy simple de¬ 
termination of the displacements x and y. Note that Eqs. (11) can also 
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be obtained from the first principle of Castigliano in the following way: 10 

(lla) W(P, Q) = W r + W B , V = %, * = %• 

From these equations we can easily pass to the free oscillations of the 
spring when we replace P and Q by the inertia forces 


P= -M ^ 
df ’ 


Q = -jlfrrf ! 


Here the masses M and M red have to be given the appropriate physical 
meaning. M is essentially the mass M 0 of the disk that oscillates up and 
down, but since the mass m of the spring partakes also in the oscillation, 
(its lower portion more strongly than its upper one) a fraction of this mass 
must be added as a correction to the mass of the disk. According to Lord 
Rayleigh this fraction is i, hence M is to be interpreted as M 0 + m/3. 
On the other hand, the inertia force governing the oscillations about the 
cylinder axis is —0 d 2 (p/dt 2 j where <p = x/R is the angular displacement 
of the disk according to the meaning of x in Fig. 72b. Again 0 is essentially 
the moment of inertia 0 O of the disk augmented by $ of the moment of 
inertia of the coil mR 2 . Consequently M red is to be defined as 

MredR 2 = 0 = 0Q -j- “ mR 2 . 

The equations of the free torsional and bending oscillations are ac¬ 
cording to (12) and (11) 

^ „ _ n d * x . EI 
(13) df + MR 2 l y ~ 0> df + Mr«R?l x ~ 0 

and the associated circular frequencies 

(14 > “'-S 


x = 0 


EI 

MredB 2 i 


In general they are different from each other. 11 If they are equal, the two 

10 The rule (lla) presupposes that y, x and P, Q are linearly connected so that 
Q) is a quadratic expression in P and Q as in (7) and (9). In the general case one 
would have to replace W by the “modified’’ expression for the energy U(P, Q) = yP + 
xQ — W(x, y ). Cf. about this transformation Vol. I. 42.7 and E. L. Ince, Ordinary 
Differential Equations, Dover Publ., New York, 1944, Chapter 2.5 (Legendre’s trans¬ 
formation). 

u This can be enforced in an actual experiment by loading the spring with an addi¬ 
tional weight that acts along its axis and has a small momont of inertia about it (cf. 
Vol. I, Fig. 37). Thus the mass M that takes part in the torsional oscillation is in¬ 
creased and the frequency wj» reduced. Mrad and remain essentially unchanged, 
however. 
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oscillations arc in resonance and the behavior of the spring becomes very 
sensitive to small changes of the parameters involved. Then the present 
theory is no longer sufficient: we have to take into account that the two 
modes of oscillation are coupled through the finite pitch of the spring 
which so far has been neglected. 

For finite pitch h the slope a of the helix is given by 


sin a = 


2tR * 


This is also the angle of inclination that the cross-section of the wire 
forms with the vertical. The two loading moments PR and QR may then 
be decomposed as follows: 



normal to the cross-section 

parallel to the cross-section 

PR 

cos a-PR 

— sin a-PR 

QR 

sin a-QR 

cos a-QR 


The contributions to the torsional moment are on the left side, those to 
the bending moment on the right side, therefore 


M T = cos a.PR + sin aQR, 
The total bending energy becomes 

W = W T + W b = M * 1 


+ 


M b = cos aQR — sin aPR. 
Mil 


(15a) 


2(xJ v T 2EI 


— ( (cos aP + sin aQf (cos aQ — sin aP) 2 \ 

2 \ nj v + ei r 

and the displacements can bo determined according to the rule (11a): 


V = 


dW tfl 
dP pJ p 


+ (— sin a cos aQ + sin 2 a P), 


(cos 2 aP + sin a cos aQ) 


x = 


dW RH 
dQ 


(sin a cos aP + sin 2 aQ) 


+ 777 (cos 2 aQ — sin a cos aP ). 

Jiil 


(15b) 
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These equations now replace Eqs. (11). Upon replacing the inertia forces 
(12) by P and Q, one obtains the following system of equations which 
describes the coupled oscillations of the spring : 

(16) ^2 '+ u 2 r (y — kx) = 0, + «i(* — hy) = 0 

where C Ot j COjB , k } and! h are 

(16a) cA = ^(l + ,sin a a ), col = (1 + , cos’«), 


(16b) 


— V S ^ 11 a CQS a h — V S ^ 11 a CQS a 

“ 1 + v sin 2 a’ * 1 + v cos 3 a 


and v is Poisson’s ratio. The coupling coefficients k and h vanish if a = 0 
so that the frequencies u T and reassume the previous values (14) and 
Eqs. (16) become identical with Eqs. (13). 12 

The further discussion of Eq. (16) is no longer a problem of theory of 
elasticity. For the case of resonance, co r = co s , the behavior of the spring 
has already been described in Vol. I 20: the energy passes back and forth 
between the originally excited mode and the mode that is excited conse¬ 
quential to it, to the extent that the two modes are alternately extin¬ 
guished. The beat period N expressed in time units of single oscillations 
can be very accurately determined by counting the number of oscillations 
in a beat. It becomes a maximum in the case of resonance. The large 
number N max and the small angle a permit a precise determination 13 of 
Poisson’s ratio v, as shown by the author. 

The resonance phenomena discussed here have first been described 
and explained by Wilberforce, 14 but his determination of Poisson’s ratio is 
founded on the relations (14) rather than on the more elegant resonance 
method. 


44. The Elastic Energy Content of a Rectangular Parallelepiped 

In 14 we have studied elastic waves in an infinitely extended isotropic 
solid; in the following two articles we shall discuss the elastic oscillations 
in finite bodies, dealing first with a rectangular parallelepiped with sides 
a, 6, c. Let us assume that the faces which are situated at x = 0, a; y = 0, 6; 

12 In comparing the values of co B in (16a) and (14), use relation J P = 21 for circular 
cross-sections and relation (9.11), E = 2fi(l + v), which has already been used in the 
transition from (15) to (16). 

18 Wiillner-Festschrift, Teubnor, Leipzig 1905, p. 162. 

“Phil. Mag. 38 (1894) 386. 
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z = 0, c, are free, in which case we must stipulate that the corresponding 
normal and shear stresses vanish. The oscillations possible under these con¬ 
ditions are called the proper oscillations of the body; they are executed 
without any exchange of energy with the surroundings. 

The problem as it has just been outlined presents great mathematical 
difficulties. 16 A particular case of the general problem, the vibrations of 
a rectangular plate, has withstood all attempts at a rigorous solution 
although Chladni’s beautiful figures have been known for 150 years and 
are still a challenge for the best mathematicians. The most successful 
step so far was taken by Ritz; 10 it does not, however, give a direct solution 
of the differential equations with their boundary conditions, but estab¬ 
lishes a minimum principle by which a stepwise approximation of the 
solution becomes feasible. 

It is, however, possible to prevent the exchange of energy with the 
surroundings by other sets of boundary conditions. Consider the work 
performed per unit of z-surface in the displacement with components 
£> V, f: 

(1) = cr M £ + (r xv r) + 

It is not only zero if 

(2) <r X3) = <j xy = a XM = 0 (surface free of stress) 
or if 

(2a) £ = v = f = 0 (surface kept immovable), 

but also if for example 

(3) £ = 0, (r xv = (r XM = 0 
or 

(3a) <t xx = 0, rj = f = 0. 

The assumption of mixed boundary conditions as in (3) or (3a) makes an 
elementary treatment of our problem possible as C. Somigliana 17 showed 
in 1902 for the case of static loading; they are, on the other hand, equiva- 

1B Thc special case of the cube which is usually studied in similar problems of electro¬ 
magnetic radiation is essentially not simpler than the more general case considered here. 
One can see that from tho final result of Eq. (23), which refers only to the size of the 
body V, but not to its shape. 

10 W. Ritz, Theorie dor Trunsversalschwingungen cinor quadratischen Platte mit 
freien liiLndorn, Ann. Physik 28 (1900) 737. The circular plate can be directly inte¬ 
grated, as was shown by Kirchlioff. 

17 See the comprehensive article of O. Tedone in Encykl. d. Mathem. Wiss. Vol. IV, 
4, Art. 25, No. 2. 
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lent to the uniform conditions (2) or (2a) as regards the physical applica¬ 
tions which we have in mind. 

We therefore base our calculation on the boundary conditions (3) 
and the corresponding conditions for y and z-surfaces, obtained from (3) 
by rotating the letters. Since the first Eq. (3) implies 


& _ $ 2 _ dy 

dy dz Mzv ~ dx ’ 2 x1 ~ 

the boundary conditions can be written: 


K 

dx ’ 


(4) 


v = 0 , 


^ = ^ = 0 
dy dy 


for 


V - 


r = o, 


di = dv = () 

dz dz 


for 


z = 


Our differential equations are the Eqs. (14.1b) which because of F = 0 
now read 

3 2 £ _ 2 , n , v 30 

p d? ~ mV * + (X + > 


(5) 


djn V7 2 _I_ (\ _1_ ^ dQ 
— mV i? + (X + n) — , 


dt 


d 2 r _ _i_ f\ i \ 30 

p a< 2 - f + (x + Tz • 


Eqs. (4) can be satisfied by the following set of expressions for £, rj, f: 

«. a • Clttx bry Ctz ~ iut 

£ = Asm —cos nr* cos — e . 

ft n /i ' 


(G) 


n Qtx . f)7ry Cwz —iut 

n = B cos — sin —r 2 - cos — e , 

n r'l n ‘ 


j. n awx fary . Ctz 
£ = C cos — cos sin — < 
a b c 


— i« t 
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where a, 6, c are arbitrary integer numbers. A, B, C are constants whose 
ratios are to be determined; also the circular frequency « must be found. 

On introducing the expressions (6) in (5), there appear, in each of the 
three terms of the equations (5), the same trigonometrical factors as in 
£, t;, £. One has for instance 


d% 2 . . 

= — pu A sm 


cos ••• cos ••• e~ iat , 


V 2 { = -A 



b_ 
b 2 


c a \ 2 • 

■p hr srn • • • 


cos 


cos 


t 

) 


SQ ( A ^ I D ®6 I fl ®2 • _ iM , 

= -\ A 7 + B 7Tb + C Mr SU1 ••• cos cos *-' e • 

On omission of these factors, the differential equations (5) give the fol¬ 
lowing linear system of equations for A, B, C 

A ( a + f) + B ? b + c %’ 0 ’ 

(7) a |£ + b ( 0 + m) + c ,5j, 0i 

+ B l + c ( a + -7) = °- 


Here 0 is defined by 

(7a) (X + /x)Q = ns — , s = % + j 2 + “2 • 

tt a o c 

The linear equations (7) have solutions different from zero only, if the 
determinant 


( 8 ) 


A = 


o 4- — 


ba 
ba ’ 


ca 

ca 


do 

cb ’ 


at 

ac 

ab 

1 ac 

6b 

be 


’ be 


c c 

c 


= 0 


On expanding (8) in powers of one sees easily that the factors of Q° 
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and J2 1 vanish while those of Q 3 and G 3 are s and 1. Eq. (8) can thus be 
rewritten in the form 


( 9 ) 


G 3 + sG 2 = G a (G + s) = 0, 


an equation that has the double root Gi = fi 2 = 0 and the simple root 
Qs = — s. From (7a) we obtain the corresponding frequency values 


( 10 ) 


2 2 
G?i = 0> 2 



2 
CO 3 


2 X 2jU 

7r -$, 

p 


The ratios A : B : C associated with these values of w are found from (7) 
so that the set (6) has now been determined except for a common amplitude 
factor. Further arbitrary elements are the numbers a, 6, c. 

What is the physical meaning of this arbitrariness? By the numbers 
a, b, c the sides a, 6, c are subdivided into segments which must be in¬ 
terpreted as wave lengths: 


( 11 ) 




Xc 


c 

C ■ 


They just fit the boundaries of the parallelepiped. The associated wave num¬ 
bers are 


(11a) = ^ = 2 tt~, 

X 0 a 7 



With a view to Eqs. (6) and to Eqs. (11) we can write 


( 12 ) 


S = Asinwf e" 4 "', „ = f = 0, 

A 0 


if we consider a particular solution depending on x only. Eq. (12) repre¬ 
sents a standing wave which has the boundaries x = 0 and x = a = aX„ 
as nodal surfaces. Altogether, the Eqs. (6) represent the entirety of stand¬ 
ing waves that can be accommodated by the parallelepiped. Unlike the 
example (12), however, they are in general not plane waves but are com¬ 
posed of waves in the three directions of the edges according to the partic¬ 
ular rule set by Eqs. (6). 

The structure of Eqs. (10) teaches further that the waves are partly 
of transverse, partly of longitudinal nature. According to Eqs. (14.6) and 
(14.3) we have 


Ctr&as 



/x + % 

C!° n « = ^ - , 


where now c tr<m , and Ci„ n , stand for the previous notations b and a for 
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the sound velocities. If we further introduce a wave number k r , resulting 
from the three wave numbers k a , k b , k a , by 

K = Vk: + hi + ft* , 

we obtain from ( 11 a) and (7a) 

(13) K = 2x ^7 + 7 + ? " V*. 

Eqs. ( 10 ) are then simply 

(14) = CO 2 = g Ctrana /b r , CO 3 = ^ Cion* /b r • 

The fact that the transverse waves are counted twice points to the physical 
possibility of polarization in two mutually orthogonal directions. 

We have thus found a system of infinitely many elastic waves which 
can be excited in an adiabatically insulated parallelepiped. The system is 
complete , that is, the only standing waves that obey our boundary condi¬ 
tions are those of the system (6). The proof of completeness consists in 
showing that an arbitrarily given initial state can be expanded in terms 
of the functions ( 6 ) for t = 0. 18 

Let us now determine the number z of all waves whose frequency is 
smaller than a given v = w/ 2 tt, which can be done by geometrical reasoning. 
We first count the longitudinal waves. 

By marking in the rectangular system k a , k b , k c all points that belong 
to integer values a, b, c, we obtain a three-dimensional orthorhombic 
lattice, whose elementary cell has according to ( 11 a) the sides 

2 tt 2 tt 2 x 

a 1 b ’ c 

Consider now the lattice points inside the spherical surface k „ = const, 
which corresponds to the frequency v . According to (14) the radius of the 
sphere k v = 4^/cion* - Because of a, b, c ^ 0, we are only interested in 
the lattice points that lie in the positive octant, whose volume is 

4xr k* r 4:ir f 2 ttv V 
3 8 3 \Clon*/ 


“Cf. for such a proof and for a generalization to anisotropic bodies: R. Ortvay, 
Ann. Physik. 42 (1913), 745. A treatment of the problem from the point of view of 
group theory was presented by H. Wiorzojcwski in his Breslau thesis suggested by 
E.Fues: Elastische Eigenschwingungcn von Kristallon bei gemischten Randbedingungen, 
Z. f. Kristallographie, Vol. 101, 1939. 
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On dividing by the volume of the elementary cell 

(15) , 

abc ? 

we obtain the number of elementary cells or the number of lattice points 
in the spherical octant which, at the same time, is the number of longi¬ 
tudinal waves with frequencies below v: 

HA'i - 4?r abcv 

3 ion* = — -3— . 

O C long 

In exactly the same way one has for either state of polarization of the 
transversal waves 


(16a) 

O Ctrans 

thus the total number of vibrational states below v becomes 


(^®k) 3 ~ 3 w + 2jtrgna = ^ abcv z {- ^" + V 

The number g just obtained is accurate except for an error which is due 
to the fact that the spherical surface and the boundaries of the enclosed 
elementary cells do not coincide. The error is of the order of magnitude 
1/abc [cf. (15)] and thus negligible for a large parallelepiped. By differ¬ 
entiating (16b) with respect to v we can now determine the number of 
vibrational states between v and v -f- dv\ 


(17) di — 4:7r v(~z — + dv 

\Ctrana Clong/ 

where V is the volume abc of the parallelepiped. 

We are now ready to attack the problem which we formulated at 
the outset. We want to calculate the energy content of the adidbatically 
insulated solid body, which, according to the definition in the older literature, 
is identical with the vibrational energy of its molecules . It is preferable, 
however, to follow Debye 19 who defines the energy content as that of 

W P. Debye, Ann. Physik., 39 (1912) 789. In this fundamental paper Debye calcu¬ 
lates the proper vibrations of a sufficiently large sphere , the surface of which is considered 
free of stresses , that is, he uses the boundary conditions corresponding to our equations 
(2). As the circular shape is the only case in which the plate problem can be directly 
integrated (cf. footnote, p. 315), so the sphere is the only elastic three-dimensional 
problem whose integration leads in the case of “uniform boundary conditions” to 
known functions (Bessel functions). But even in this case the solution is very involved 
and becomes only possible by the use of asymptotic approximations of Bessel functions 
for large argument and index that are due to Debye. The simplification that can be 
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the energy of the elastic vibrations of the body. The molecules are strongly 
coupled, hence it is impossible to excite oscillations of individ ual mole¬ 
cules; on the other hand, the waves considered in (6) are independent 
from each other and satisfy individually the differential equations of the 
elastic body. 

Each of these vibrational states may therefore be quantized indi¬ 
vidually according to the quantum rules first established by Planck in 
the discovery of his radiation law: 

( n = integer number 
h = Planck’s constant 

The quantum rales arc here applied without further explanation; they will 
be discussed in Vol. V. Also the refinement of the rales duo to modem 
quantum mechanics according to which the integer number n in (18) 
should be replaced by n + ^ is here disregarded as irrelevant for our 
purpose. 

In addition, wo require for the following the Boltzmann factor which 
was introduced in (7.15c), though without proof. In the present case the 
Boltzmann factor has this physical meaning: Given N oscillating Bystems 
in thermodynamical equilibrium at the temperature T, the number JV„ of 
those systems whose energy equals «„ is then 

(19) W.= Aezp(—A). Act, « = «xp (- 

the constant A can bo determined, when the total number N of all oscil¬ 
lating systems is written as the sum of the N n : 

(20) N= £JV B = A(1 + a + « 2 + -..) =-4-. 

In our case, N is to be identified with the (large!) number di from (17). 
We then obtain for A 

(20a) A = (1 - a )di 


achieved by “mixod boundary conditions” was first stated by the author in a course on 
quantum theory in 1912 and then left to Mr. Ortvay for further development and pub¬ 
lication (cf. the preceding footnote). It should bo noticed that Debye had to take the 
radius of the sphere sufficiently large to enforce independence of the distribution of the 
eigenfunctions from the shape of the body. For the same reason the dimensions of the 
parallelepiped in the present case must be sufficiently large as was already assumed in 
the text preceding Eq. (17) in order to make the “surface error” negligibly small. 
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Let us denote by dU that fraction of the total energy U which is con¬ 
tained in these di oscillations. According to (19) and (20a), one has 

(21) dU = 2 N n «n = Ahv 23 = (1 ~ ot)hv di 23 • 

n-0 


The series occurring here can be summed easily (by differentiating the 
geometrical series in (20) with respect to a), and equals a/ (1 — a) 2 . Eq. 
(21) yields together with the definition of a in (19) 


( 22 ) 


dU = hv z ~ di 
1 — a 



di. 


The denominator in this formula will reoccur in Planck’s radiation law 
and, in a more general way, in the discussion of the Bose statistics in 
Vol. V. 

We now substitute for dj according to (17) and integrate over v from 
v — 0 up to an upper limit v„ : 


(23) 


U = 4arVh\-g—~ + 

\Ctrans 


+)r 

Clone/ Jq 



Our first task is the determination of the limit v„ , which we find according 
to Debye by identifying the total number of oscillations with fre¬ 
quencies smaller than v„ with the number of degrees of freedom of the body. 
Since a single mass point has three degrees of freedom the number in 
question equals three times the number of molecules. If in particular the 
body is one mole of a uniform substance, the number of molecules, ac¬ 
cording to p. 53, is Loscbmidt’s number L. The number j, thus equals 
3 L. From Eq. (16b) we then obtain for the determination of the upper 
limit v, the relation 

(24) 3L = + jA, 

O \Ctrana C long/ 


where the molar volume F mo i has been written instead of abc. This equa¬ 
tion that defines v, may also be used to simplify (23) which now takes 
the form 
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(26) 



_ ^2 _ ® 
~ kT ~ T ’ 



we obtain finally 

(27) 


Umol — 9Lfc 


r r y 3 dy 
e 3 io e” - r 


The quantity 0 here introduced is known as Debye’s characteristic tem¬ 
perature) for hard materials such as diamond and quartz it is approxi¬ 
mately 100° K, for soft metals it amounts only to a few degrees. By and 
large, Eq. (27) is a good representation of the large number of data col¬ 
lected by Nemst and his co-workers. One can, of course, not expect that 
such details as depend on the specific structure of the crystal or the mole¬ 
cule should be covered by the general theory here developed. 

We examine now Eq. (27) in the case of T » 0. This makes the upper 
limit x «1, and the same is true for the integration variable y. Expanding 
the denominator 

e v - 1 = y(l 4-1 •••), 


we obtain for the integral in (27) with sufficient accuracy 



From this we infer 


(28) U mol = 3 RT, 

where the gas constant per mole, B, has been written for kL according 
to Eq. (7.15b). 

Relation (28) contains the law of Dulong-Petit, since 

(29) Cmoi = = 3E £* 6 cal, 


where c m „i denotes the specific heat per mole of the substance. Eq. (29) 
should be universally valid for all solids as an asymptotic law for high 
temperatures, provided one can disregard the relative vibrations of the 
components of the individual molecule. This restriction is necessary, since 
in counting the degrees of freedom wo have assumed rigid molecules and 
disregarded the possible internal degrees of freedom. In fact, the rule of 
Dulong and Petit is particularly well satisfied for monatomic metals where 
the restriction is irrelevant. (In this case, c mo i is the gram atomic heat 
capacity). 



324 


MECHANICS OF DEFORMABLE BODIES 


_ [VIII.44] 

The converse case, T <K 6, presents greater physical interest. The 
integral in (27) has now a very large upper limit (x 1) and can be ap¬ 
proximated by 

(30) f dy - f y 3 e-\l + «- + e" 2 ' + • • •) dy. 

J o 1 — e J o 

Upon interchanging the order of summation and integration and intro¬ 
ducing z = ny in the n th integral, one obtains instead of (30) 

(30a) E A fz*e-'dz = 3! £4 = 3!^. 

n Jo ~ x n 90 

(The summation, formula w -4 = tt 4 /90 will be derived in Vol. VI in 
the chapter on Fourier series.) 

With the use of the results (30) and (30a), Eq. (27) can be rewritten as 


Umol — 


3tt 4 fir 4 

5 e 3 ’ 


and differentiation with respect to T yields 


- ¥*(§)'• 


This is Debye's third 'power law for the molar specific heat of a solid body at 
low temperature. 

Fig. 73 represents the general dependence of the specific heat on the 
temperature, as it is obtained by differentiation of Debye’s equation (27); 
it also shows the two asymptotic laws for large Z 7 , i.e. the horizontal 
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straight line of the Dulong-Petit law, and for small T the ^-parabola of 
Debye. The latter law is a useful approximation only for extremely small 
values of T. Furthermore, there is a general deviation from this law in 
the proximity of absolute zero for metallic substances, which is caused by 
the degrees of freedom of the conduction electrons in this temperature 
region. 

We do not want to leave this topic without mentioning the results 
that are obtained in the corresponding electromagnetic problem. In that 
case we are concerned with the energy confined within a cavity con¬ 
taining electromagnetic radiation but entirely devoid of ma tter. The 
free oscillations of such a cavity can be described and counted in a fashion 
similar to the case of the elastic parallelepiped. (Actually, the electro¬ 
magnetic case is much simpler.) Methods to deal with this problem have 
been developed by Lord Rayleigh and Jeans, including the procedure of 
counting lattice points. These investigations have served as a pattern for 
the elastic theory developed in this article. In the electromagnetic case 
the result is equivalent to our Eq. (23) with the following simplifications: 

1. Longitudinal waves do not occur in the electromagnetic field, so 
that the term l/c 3 l0 n« does not occur. 

2. Transverse waves travel with the velocity of light c; hence the term 
2/c 3 trana is simply 2/c 3 . 

3. The number of degrees of freedom of the electromagnetic field is, 
as far as we know, unlimited (at least, it is not restricted by a molecular 
structure); v 0 becomes thus infinitely large. 

4. The energy content per unit of volume (energy density) is obtained,, 
if V = 1 in (23). In this case, one usually writes u instead of U and obtains 
from (23) 


(33) 



Using again the substitution (20), and the formulas (30) and (30a), one 
has 


(34) 


_ 8tt//V (kTY 8t r°fc 4 
~ c a 15 \h ) “ 15c 3 h? 


This is the law for the black body or cavity radiation in the definitive 
form due to Planck. The T x -radiation law of Stefan and Boltzmann has the 
same physical origin as Debye’s T x -law for the energy content of a solid and 
Debye’s T z 4aw for the specific heat of a solid near absolute zero , 
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45. The Surface Waves of the Elastic Half-Space. 

We consider a homogeneous elastic solid having a plane boundary 
y = 0 and extending to infinity throughout the half-space y > 0, and 
want to study the simplest types of waves that can be propagated in the 
half-space. Along the boundary plane it is assumed that 

(1) <Tyy — <T yX ~ (Tyg — 0j 

then y = 0 is a stress-free boundary, as it would be if vacuum (or air) 
were on the other side. 


A. Reflection of a Plane Transverse Spatial Wave 

In the discussion of three-dimensional waves in 14 we distinguished 
between transverse and longitudinal waves; in the first case, the dis¬ 
placement vector is solenoidal (free of sources and s inks ) and in the second 
case irrotational (cf. 20). Also the terms torsional and compressions! 
waves are in use (cf. 14). The present discussion is restricted to the simplest 
case, that is, to plane waves of either sort. 

Let us first consider a plane transverse wave whose direction of propa¬ 
gation forms the angle of incidence a with the positive y-axis and is 
“polarized” in the x, y-plane. This means that of the three displacements 
only £ and v are different from zero. In complex notation such a wave is 
given in the following way: 

£i| cos a| 

(2) r = r A exp [ik(x sin a — y cos a)] 

VO sin a) 

where the time-dependent factor e~ iat has been omitted for brevity [cf. 
the remarks to Eq. (13.15) and (13.15a)]; k is the wave number, and the 
subscript i characterizes the wave as incident. By Eq. (2) the condition 
of vanishing divergence is automatically fulfilled: 


0 


_ . dyt _ 

dx dy 


0 . 


Also, the planes of constant phase 

(3) x sin a — y cos a = Const, 

are normal to the direction of propagation defined by the angle a, as they 
have to be, and the displacement vector lies in this plane. The signs of 
the trigonometric functions in (2) follow from Fig. 74 and appear in the 
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first section of the following table, which gives the cosines of direction of 

the propagation and of the displacement vector relative to the positive 
x and y axes. 


Fig. 74. A longitudinal wave is created in 
the reflexion of a transverse wave polarized 
in the plane of incidence. 


y7?7////j 

^77777777777777777. 

} 

Ik 

/ 

\ reft, tong 

incid. trans. < 

\ 

f reft.trans. 


dir. of prop, 
dir. of displ. 


sin a 
cos a 


—cos a 
sin as 


sin a cos a 

cos a —sin a 


sinaz 
sin at 


cos ai 
cos a i 


incid. transv. refl. transv. refl. longit. 

The differential equations of elasticity, which in the case of a transverse 
wave (because of 0 = 0) have the simple form 

djl_ 

— = #iv v, 


( 4 ) 


" U = “VX 


p df 


are likewise satisfied by the set (2) provided that k for a given w is de¬ 
termined from the well known equation 


(b is the notation used for c traUB in 14). 

The set (2) as it stands docs not, of course, satisfy the boundary 
conditions (1). One might think that this can be achieved by superim¬ 
posing a reflected transversal wave £ r , t) r 


( 6 ) 


£r cos a 

Vr) —sinaj 


\B exp [ik(x sin a + y cos a)]. 


(the signs of the trigonometric functions now chosen as in the second 
section of the preceding table). This, however, cannot be done as we Rhn.ll 
see now. 

The quantities k and a in (G) must be identical with the corresponding 
quantities in (2). This follows for k from the differential equations (4), 
and for a as in elementary optics from the boundary conditions. For, the 
combination of an incident and a reflected wave 


( 7 ) 


V = Vi + V, 


£ = i< + £•. 
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is subject to the boundary conditions 

0 = o„ = 2 ,u„ = 2 m P- = -2fiik(A + B) sin a cos a e ikx ‘ ina 
ay 

( 8 ) 

0 = a xv = 2jLt6 vx = H” — —yak^A — J3)(cos 2 a — sin" a)e ,fcx8intt 

The third condition c vg = 0 is automatically fulfilled. But the two pre¬ 
ceding conditions contradict each other , since the one requires A = —B and 
the other A = B. Choosing another angle of reflexion (a r ^ a») would 
make the contradiction even worse, since it would introduce an infinity 
of contradictory conditions instead of two, viz. a different one for every 
single x-value. 

There is only one way to avoid the dilemma: assume that in the process 
of reflexion of a transverse wave there is generated a longitudinal wave 
in addition to the reflected transverse wave, so as to make available a 
further amplitude constant C. With a view to the third section of the 
table we put 


h sin oLi 


rjiJ COS Oil 


ikiixainai+voOBCti) 


where k t is now different from the previous k. The elastic differential 
equations (14.1b) require in the present case, because of the term with 
grad 0, that 


CO 2 i/X “f“ X 

■j 2" C Iona — a , 

tCi p 


where a = Ci 0 n K is the notation already used in 14; the prescribed w is of 
course the same as in (5). From (5) and (10) we have 


where we have put 


= a = ( 2 + m) 


But the angle of reflexion a x is now different from the previous angle of 
incidence a. In fact, the reflected longitudinal wave obeys a law of the same 
structure as the refracted transversal wave in elementary optics, namely 

(12) sin a = n sin a t . 
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Let us call this the refraction formula, although it refers in the present case 
to a reflexion rather than to a refraction, and designate the coefficient n 
as an index of refraction in the same sense. 

In order to prove (12), we first calculate from (9) 

9 = ¥*■ + IT = ikiCe iklx, ' nttl 
dx dy 

for y = 0. In setting up the new boundary conditions the right member 
of the first equation (8) must be augmented by 

(12a) 2 M ^ + \0 = ik t (2n cos 2 «, + \)Ce itlx * ina ‘, 

and the second Eq. (8) by 

(12b) ju(f^ + |^) = ifc,2 m sin «, cos a, . 

The modified Eqs. (8) should now establish conditions for the A, B, C 
that are independent of x. This is possible only in the case that the same 
exponential function of x occurs in (8) and (12). The law of refraction (12) 
must therefore be valid. 

Eqs. (8) modified according to (12) yield now the linear homogeneous 
system 

— 2 ixk sin a cos a (A + B) + k t (2fi cos 2 + X)C = 0 

(13) 

— m&( cos 2 a — sin 2 a) {A — B) + /cj2^ sin a t cos a t C = 0 

which determines in a unique way the ratios B/A and C/A, that is, the 
reflected fractions of tho incident amplitude A; the latter may, of course, 
be arbitrarily prescribed. One obtains from (13) 

C_ _ nsin 4 a __ 

A cos 2 2a + n 2 sin 2a sin 2a t ’ 

(14) 

B_ cos 2 2o! — ra 2 sin 2a sin 2 

A cos 2 2a + fi 2 sin 2 a sin,2a, ' 

This solves the problem of the reflexion of a transverse wave polarized 
in the plane of incidonco. If the incident transverse wavo is polarized 
normal to the plane of incidence, no longitudinal component occurs in 
addition to the regularly reflected wavo. When, on the other hand, on 
incident longitudinal wave is reflected there appears beside tho regularly 
reflected longitudinal wave a transverse wave which is polarized in tho 
plane of incidence. This will bo taken up in problem VIII.5. 
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In the present discussion we are not so much interested in the elastic 
but in the optical interpretation of the mathematical fo rma l ism . As is 
well known, the central idea of 19th century optics is an elastic ether that 
carries the optical phenomena; this is true for the period of development 
that leads from Fresnel and Fraunhofer to F. Neumann and ends with 
H. Hertz. We shall now briefly indicate why the endeavors of these men 
to build an elastic theory of light resulted in insurmountable contradictions. 

Once the polarizability of light had been recognized, the only waves 
admissible in optics had to be transverse. It is true that Rontgen, under 
the influence of one of Helmholtz’s last papers, was considering the possi¬ 
bility that his newly discovered X-rays might be longitudinal waves. 
However, experiments on polarization of X-rays, first carried out by 
Barkla, precluded this possibility. 

Now we have seen that even the simplest process of reflexion is 
elastically impossible without the occurrence of longitudinal waves. 
Starting with purely transverse waves, we have found that longitudinal 
waves —essentially foreign to optics—are generated in the process of 
reflexion. 

The root of this dilemma is in the last analysis an arithmetical one. 
To see that, let us consider the more general case of reflexion and re¬ 
fraction that occurs in the transition of a wave from a medium 1 into a 
medium 2. Here we have altogether six elastic boundary conditions: three 
equations for the stresses and three equations that express the continuity 
of the displacements £, i?, f. For an incident transverse light wave, how¬ 
ever, we have only four unknowns at our disposal, viz. two pairs of ampli¬ 
tude ratios for the two modes of polarization in the reflected and the 
refracted wave. This is a contradiction that can not be resolved. 

When we now replace the elastic ether by the quasi-elastic ether of 
15, a different set of conditions appears. The stress is no longer a sym¬ 
metric but an antisymmetric tensor which can be represented by a vector. 
The quantities cr i{ are zero and the number of stress conditions to be 
fulfilled is reduced from 3 to 2; the same is true for the displacement 
conditions. We then arrive at boundary conditions that are identical with 
those of the electromagnetic theory of light, and the intrinsic diffi culties of 
the elastic theory of light are most beautifully resolved. 

B. Elastic Surface Waves 

In dealing with this problem we follow closely the treatment of the 
analogous hydrodynamic problem in Chapter V. We therefore consider 
plane waves that progress in the positive s-direction with prescribed 
circular frequency «; the wave number k is to be determined. When speak- 
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ing of plane waves, we mean that the excitation is independent of the 
third coordinate z. The wave is composed of a longitudinal and a trans¬ 
versal component. 

The longitudinal component is again irrotational as in hydrodynamics, 
and can be derived from a potential $. Accordingly we put 


(15) 


h = ~ 


a# 

dx ’ 


3 $ 

* = "¥ 


it = o, 


but in the present case $ does not satisfy the condition of incompressibility 
V 2 # = 0 as in hydrodynamics; 4> obeys, however, the relation 

(16) p - (2 m + X) V 2 $, 


which follows from the elastic differential equations for £ and ij. We try 

(17) $ = e Hkx ~“ n u(y) 

and obtain from (1G) for the unknown function u the equation 

— puu = (2p + \)(^—k 2 u + 

or 


(18) 4~5 = p 2 tt, where 

^ i 2/i + X 

a =-. 

P 

Let us assume that p is real and take the positive sign of the square root 
in the determination of p. Of the two particular integrals of (18) 

u = o~ m and u = e +vv 

the second must be excluded because of its behavior at y = ». Thus (17) 
becomes (if the time-dependent term is omitted as usual) 


4> = Ae <hx ~ n , 

which yields by (15): 

It = -ikAe ikx ~ pv , 


(19) 


Vt = +pAe <k - px 
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The transverse component of the wave to which we now turn is free 
of divergence. We may therefore introduce a function ’4 r in analogy to the 
hydrodynamic stream function and put 


( 20 ) 


> a* . a* 

€ * = “ ^ * 971 = + a! 


The function S P satisfies the same differential equations as £, and tj, , viz: 


( 21 ) = 

Again we try 

(22) * = Be iax ~ u,) v(y) 

and obtain from ( 21 ) the following differential equation for v: 

(23) = & 

With the only admissible solution 



(where q is supposed to be real and positive) we have from ( 20 ) and ( 22 ) 


(24) 


£. = qBe 


Vl = ikBe ikx ~ av 


) 


where again the time-dependent term has been omitted. By superposition 
of (19) and (24) we obtain for the total displacement, | and j?, expressions 
in which two constants are to be determined: the wave number k and 
the amplitude ratio A/B. They are to be found from the two boundary 
conditions ( 1 ) <r„„ = <r y , = 0 ; the third condition ( 1 ) is automatically 
fulfilled because of the planeness of the wave. If one calculates the strains 
<=„„, t„ and 0 from the displacements £, 17 , and the stresses <r yy , <r„ from 
the strains, the first two boundary conditions ( 1 ) can be written in the 
form 


— 2 /x(p 2 A + ikqB) + \(fc 2 — p 2 )A = 0 
2ikpA - (a* + k 2 )B = 0. 
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If one substitutes for p and q by (18) and (23) and expresses the elastic 
constants X and /x by the wave velocities a and b, one obtains 



The determinant of this homogeneous system must vanish, hence 



which is a cubic equation for k 2 [the term containing k 8 cancels if (26) is 
squared]. The ratio A/B follows from (25), once (26) has been solved. 

We wish to discuss (20) in some detail only in the limiting case a—> oo, 
that is, in the case of an almost incompressible medium. Eq. (26) is then 
transformed into 

(27) (1 - a) 2 = Vl ~ 2x, x = 2^5 • 

Here we are interested in the root close to x = §. Putting a; = § — fi, 
we obtain by expansion of (27) 

( 28 ) (| + s) = 25, ^ + | 5 +-25, « = ^ • 


Hence the root x of (27) is approximately 



where u>/k is the velocity of propagation of the surface waves. It is slightly 
smaller than the velocity b of the transversal three-dimensional waves. 
According to our assumption, the velocity a of the longitudinal three- 
dimensional waves is much larger. 

We finally ask for the depth at which the disturbance due to the 
surface waves is no longer noticeable. This question is answered by the 
exponential factors e~ u " in (24) and e~ vv in (19). Characterizing the at¬ 
tenuation in y-direction by the depth at which the amplitude decreases 
to 1/e of its surface value, we obtain the depths y = 1/q resp. y — 1/p. 
From (23) and (29) we find for the first of those quantities 

1 _ 1_1_ Vl2 _ Vl2 

q k yi - 2x k 2ar ’ 


(30) 
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where l is the wave length; for the second we have from (18) with a — 


(30a) 


1 = 1 = ± 

p lc 2r ' 


The depth of penetration is in either case only a fraction of the wave 
length l with which the wave progresses along the x-axis; l is, of course, 
the same for the two components of the wave since the boundary condi¬ 
tions require the same coordination of the two components everywhere 
along the surface. The penetrations of the two components are never¬ 
theless different. 

The results (30) and (30a) show that we deal here with an elastic 
process that is restricted to the proximity of the surface and is made 
possible only by the discontinuity of the elasticity constants at the surface. 
The particular value of the velocity of the surface waves should be in¬ 
terpreted in the same sensei The elastic reaction at the surface is milder, 
since yielding is easier than in the interior, whence the smaller velocity 
of the surface waves in comparison with the spatial waves. (The smaller 
velocity of the spatial transverse waves as compared with the spatial 
longitudinal waves can be understood along similar lines; in the second 
case the material is subject to compressive loading which raises stronger 
reactive forces than the shear loading that permits yielding in the trans¬ 
verse direction.) 

In 1886, when the problem of elastic surface waves was first treated, 
Lord Rayleigh voiced the belief that they might play an important part 
in earthquakes. In the subsequent development of seismology, which is 
due in a large measure to the theoretical and experimental efforts of E. 
Wiechert, Lord Rayleigh's conjecture was fully confirmed. The relative 
importance of the two-dimensional waves that spread along the surface 
of the earth increases with increasing distance from the center of the 
disturbance in comparison with the spatial waves, the energy of which 
disperses in three dimensions through the interior of the earth. Hence the 
surface waves form the principal part of the observable seismic effect. 
Furthermore they are also temporally separate from the spatial waves, 
since they arrive at the point of observation somewhat later than the 
transverse spatial waves, partly because of their smaller velocity, partly 
because of their longer path (arc versus cord). The longitudinal spatial 
waves arrive at the seismograph still earlier than the transverse spatial 
waves, and form the first part of the primary wave . 

The seismic signals bring us information not only about the average 
elastic behavior of the interior of the earth but also about its possible 
discontinuities. One knows that the analysis of these signals together with 
other geophysical and astronomical data led Wiechert to the idea of a 
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“solid" core of the earth that consists essentially of iron and is surrounded 
by lighter layers of sulfides and silicates. This theory is based not only on 
propagation processes but also on processes of reflexion along successive 
discontinuity surfaces in the interior of the earth, the simplest form of 
which has been studied in section A of this article. 



PROBLEMS 


Chapter I 

1.1. The definition of curl A. by a linear vector function compared with 
its definition by a differential operator. Show that the two definitions of the 
curl 

B = curl A in (2.6) 
and 

2(A - A 0 ) = B X r in (2.7a) 

are equivalent, provided that r is considered infinitesimally small as in 
1.—It will be noticed that the field vector A of Eq. (2.7a) of the text 
vanishes for r = 0 since it corresponds to the rotatory part v x of the general 
motion in 1. To avoid this restriction, we have written A — A 0 instead 
of A, so that Ao is the value of the new field vector at r = 0. Of course, 
Ao corresponds to a velocity v 0 associated by s 0 = vAf with the translatory 
part So of the general motion. 

1.2. The vector character of curl A. Investigate the vector character of 
the curl by applying the transformation formulas (2.2) to the differential 
definition 

B = curl A 

(Note that the components of A and the “differential operators” 3/ 32 ,- 
must be transformed.) 

1.3. A table of the most important vector analytic operations in polar 
coordinates. Set up the expression for grad, div, curl, V 2 and D in cy¬ 
lindrical and spherical coordinates. 

1.4. The symbol V 2 A. Calculate the expression 

grad div A — curl curl A 

in cylindrical coordinates and compare the result with what is obtained 
when the V 2 operator calculated in 1.3 is formally applied to the com¬ 
ponents A r , A r , A, . The two results are identical only in the case of 
the “Cartesian” component A, [cf. the remarks following Eq. (3.10).] 

1.5. Concerning the so-called second boundary value problem of potential 
theory. Show that a potential problem in which dU/dn instead of U is 
prescribed along the boundary of the region has a unique solution except 
for an additional constant. 
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1.6. The geometrical meaning of the tensor invariants. True geometrical 
properties of a geometrical object arc those tlvat do not change in an 
orthogonal transformation; conversely, an orthogonal invariant must 
always allow a geometrical interpretation. The geometrical correlative 
associated with the tensor concept is the tensor quadric which, for con¬ 
venience, may be assumed as an ellipsoid; hence it must be possible to 
interpret the three tensor invariants (4.10) as geometrical quantities 
connected with that ellipsoid. 

Interpret the three tensor invariants as geometrical properties of the 
tensor ellipsoid. 

1.7. Condition that a given pattern of field lines belongs to a potential field. 
If the field vector F is everywhere given, the condition for the existence 
of a potential U is curl F = 0 according to Eq. (3.7), but if the field lines 
are given, we know only the ratios F„ : F y : F, , and a scalar multiplier X 
is left undetermined. Is it possible to choose X in such a way that F has 
a potential? Show that this can not be done unless 

F„ X curl F 0 , 

which is therefore a necessary condition. Here F 0 is any vector that 
satisfies the given ratio condition, e.g. a unit vector that is everywhere 
parallel to the field lines. 


Chapter II 

II. 1 . The altitude of the polytmpic atmosphere, a) Determine the altitude 
h of the polytropic atmosphere for the following values of the polytropic 
exponent: n = 1.4 (adiabatic case), n = 1 . 2, and n = 1 (isothermal case), 
b) Find the pressure as a function of the distance from the surface of 
the earth, the surface being considered spherical .rather than plane as in 7. 
Show that under this condition the pressure in the isothermal atmosphere 
does not vanish at any finite distance from the earth nor, contrary to 
what one might expect, at infinity. 

11.2. Separation of a gas mixture in a centrifugal field. Determine the 
speed of revolution required to produce a pressure difference equivalent 
to a water column of 40cm height between the axis and the circumference 
of a rotating drum that has a diameter of 60cm and contains normal air 
at 0°C (21% 0 % and 79% N a by volume), and find the composition of the 
air at the circumference of the drum. 

11.3. a) The two-dimensional analogue to the flow in a capillary tube. A 
fluid flows between two parallel plates at a distance 2h from each other, 
the straight streamlines being parallel to the 2 -axis as in Fig. 19. Deter¬ 
mine the velocity profile in the x,?/-plane and the pressure loss n between 
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two cross-sections in the distance Z. Determine also the force required to 
keep the plates at rest against the reactive forces of the flow. 

b) River in laminar flow (of. Fig. 19a and the remarks on p. 120 about 
the experimental realization). Show that the velocity profile is identical 
with the lower half of the velocity profile in part (a) of this problem. 
(Assume both river depth and angle of inclination a of the bottom con¬ 
stant, and consider the boundary condition at y = 0.) Here the external 
force of gravity replaces the driving pressure of case (a). 

11.4. Straight and cylindrical Couette-flow. According to (16.14) the 
so-called Couette-flow in straight streamlines (cf. Fig. 19b) is characterized 
by the velocity law 

(1) u = \ v = w = 0. 

The equilibrium conditions (10.8a, b) are fulfilled if p = const; no driving 
pressure is required since the upper plate is kept in motion by the force 
uU/h. 

Likewise in the case of the Couette flow proper, which takes place 
between two coaxial cylinders of radii r e and r t - , no driving pressure, but 
only the moments M e and are required, the one to maintain the motion 

of the external cylinder and the other to keep the internal, cylinder at 
rest. Set up and integrate the differential equations of the flow and com¬ 
pare the result with Eq. (1) in the limiting case u ~»oo. Calculate also 
the moments M e and and note that they are not equal. 

11.5. The problem of Boussinesq. An elastic body bounded by a hori¬ 
zontal plane, but otherwise infinite, is subject to a vertical force P applied 
at a single point this plane, all other points of which are free of stress. 
Calculate the state of stress in the body, and in particular the hoop stresses, 
that is to say, the principal stresses which are tangential to the circles 
about the direction of P. 


Chapter III 

III.l. The convective terms of the hydrodynamic equations in polar co¬ 
ordinates. Show that there is a difference between the correct calculation 
of the convective terms according to (11.6) and the result obtained from 
the “misinterpreted” symbol (v grad). Take cylindrical coordinates as an 
example, where one might be tempted to give the following meaning to 
the symbol (v grad) 


V r 


dr ’ 


d 


r dtp 


v M 


dz * 
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Verify that such a difference occurs in the r- and ^-component but not in 
the ^-component. Relate the missing terms to the centripetal and the 
Coriolis accelerations. 

111.2. Similarity coneid&rations in pipe flow. Let the connection be¬ 
tween the pressure gradient per unit of length H/Z and the average velocity 
v be given by 

(i) 3 _ Ct» n . 

For the laminar state we have n = 1, for the turbulent state n = 1.722 
according to Reynolds, and n = 1.75 according to Hagen (cf. the schematic 
representation in Fig. 18). 

The quantity C can depend on the density, the kinematic viscosity v, 
and the radius of the pipe a. 

a) Following Kdrmdn [Physik. Z.12, (1911) 283], assume C proportional 
to a product of powers of these quantities and find the exponents by 
dimensional reasoning. 

b) It must also be possible to represent the relation (1) by the dimen¬ 
sionless quantities R and S and the quotient l/a in the general form 

<2) 

In particular, if the function f is again assumed as a product of powers 
and the exponent of l/a is taken as 1, one obtains instead of (2) 

(3) ,<? = X--/i‘, 

a 

where X is a dimensionless constant; S can bo easily expressed by the ex¬ 
ponent n occurring in (1). 

c) Show finally that the relation S = XR~ l/ * in (10.13) is in accordance 
with Hagen’s value n = 1.75. 

111.3. The free surface of a fluid in the 'presence of external forces. Using 
the principle of virtual work, find the differential equation that determines 
the shape of the free surface of a liquid subject to capillary forces and 
external (body) forces that have a potential. The fact that the total 
volume of the liquid mass does not change in the displacement will have 
to be used. 

IH.4. Rise of a liquid in a capillary tube. The result of the foregoing 
problem can bo applied to find the elevation (or depression) of a wetting 
(or non wetting) liquid in a narrow capillary tube. Consider for this 
purpose the surface of the liquid inside the tube as spherical; outside the 
tube the surface may be considered everywhere as plane with sufficient 
accuracy. 
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Chapter IV 

IV. 1. Calculations in bipolar coordinates. The bipolar coordinates p and 
<p have been defined by Eqs. (19.10a, b). Show that the line element in 
these coordinates has the form 

(1) ds 2 = ffW + V), 9= C()s h p - cos <p • 

Set up the expression for V 2 and the equation of the vibrating membrane 
(17.8) in these coordinates. Note that the latter is not separable in p and 
<p, that is, there is no solution of the form 

(2) u = 

IY.2. The field of flow about two vortices of equal strength and opposite 
orientation. Eq. (19.10), which is equivalent to Eq. (19.11), yields the 
velocity field 

v = — grad $ = A grad <p, v„ = 0, v 9 — — 

<7 

where the value of g is to be taken from Eq. (1) of the foregoing problem. 
Show by a geometrical argument that this representation of v is equivalent 
to Eq. (19.14). 

IY.3. Calculations in elliptic coordinates. Set up the line element ds and 
the operator V 2 in elliptic coordinates £, rj. The equation of the vibrating 
membrane becomes separable in these coordinates, that is, a trial solution 
of the form (2) in problem IV. 1 

u = 

makes the integration possible. 

IV.4. Transition from bipolar to toroidal and “spindle” coordinates . By 
rotating the plane of the bipolar coordinates p and <p about the axis p = 0 
(cf. Fig. 26) one obtains a system of toroidal coordinates; by rotation 
about the axis = 0 another spatial coordinate system results for which 
the name “spindle” coordinates seems appropriate. Find the line element 
in these coordinates, set up the operator V 2 , and discuss the question of 
separability. 


Chapters V and VI 

V.l. The kinetic energy of water waves. As a supplement to the topic 
of 26, p. 189, compute for gravity waves in deep water the kinetic energy 
contained in a column of cross-section Ax-Ay = X.l, bounded by the 
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bottom and the free surface; compare this with the amount of potential 
energy contained in the same column. 

Carry out the computations of p. 189 and p. 190 for moderately deep 
water and show that the value of S/E agrees with the value of U/N in 
Eq. (26.13). 

VI.l. The drift current. Winds blowing along the surface of the ocean 
generate water currents known as drift currents. The surface layer which 
is exposed to the immediate action of the wind imparts its motion to the 
adjacent layers by the friction pressures. Consider the ocean infinitely 
extended and its density and viscosity everywhere constant; introduce a 
coordinate system £, ??, f rigidly connected with a surface point of the 
earth, the £ and ij axes being tangential to the meridian and the parallel, 
respectively, and the f axis coinciding with the outward surface normal, 
so that £, v, ? form a right hand system and the £ axis points south (cf. 
Fig. 49, Vol. I). The Navier-Stokes equations must now be augmented by 
the Coriolis terms of Yol. I. 30.2 or 30.5. 1 For an unlimited and homo¬ 
geneous ocean the components v ( and i\ as well as p are independent of 
£ and % the component v s can be neglected. 

Investigate the steady state that results if one flSBiimftg the wind 
velocity vector constant in the £, 57-system. 

YI.2. Instability of a plane discontinuity surface separating two flow 
fields with different velocities. In 30 and 32, pp. 216, 232, it was pointed out 
that discontinuity surfaces are unstable since they curl into vortices under 
the influence of friction. However, this instability is also present without 
friction ; this is to be shown for the simplest case of a plane discontinuity 
surface y = 0, the fluid being the same on both sides. 

Assume the fluid flows in ^-direction with the constant velocities Ui 
and U 3 for y > 0 and for y < 0 respectively. The problem is thus re¬ 
stricted to two-dimensions and remains so if a disturbance of the surface 
is introduced in form of a sinusoidal cylinder with generatrices parallel 
to the z-axis. External forces may be neglected. 

Use the velocity potentials 

$1 = — Ui«| $ 2 = —U a x I (principal motion) 

\y > 0 r y < 0 

<Pi J <Pi ) (disturbance) 

and apply Bernoulli’s theorem in the form (11.15) valid for non-steady 
flow. The discussion of the equations of motion so obtained shows that 
the principal motion is unstable for all wave lengths of the disturbance, 
and, since every disturbance can be compounded from sinusoidal com- 


1 Gf. Synge and Griffith, op. dt., See. 12.3. 
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ponents according to the Fourier integral theorem, the flow is unstable for 
any disturbance. 

According to Helmholtz (Uber atmospharische Bewegungen, Akad. 
Ber. Berlin, 1898 and 1899) the formation of high cirrocumulus clouds is 
connected with the unstability of the boundary between two air currents 
of equal directions but different velocities. The clouds are generated by 
the condensation of water vapor in form of droplets or ice crystals in 
regions of diminished pressure.—The instability of the discontinuity sur¬ 
face to be shown here for incompressible fluids occurs doubtlessly in com¬ 
pressible fluids, too, as long as all velocities are small compared to the 
sound velocity (cf. appendix to 13). 

VI.3. Stability of a horizontal water surface for varying wind velocities . 
Proceeding as in the foregoing problem, investigate the stability of a 
water surface at rest under the influence of an air current moving parallel 
to it. The density of the air must not be neglected as was done in Chap. 
V., although it is small relative to water (0.00129:1). Gravity must be 
considered in this problem. 


Chapter VII 

VII. 1. The shape of the free surface of a rotating liquid derived according 
to Lagrange 7 s equations. The free surface of an incompressible fluid rotating 
with constant angular velocity was determined in 6 p. 44 by the methods 
of statics and is now to be found by the use of Lagrange’s equations. The 
axis of the drum is vertical as before. 

VII.2. Transition from Euler’s to Lagrange’s equations in the one- 
dimensional compressible case. For the special case of a one-dimensional 
flow of a compressible fluid in the absence of external forces, derive La¬ 
grange’s form of the hydrodynamic equations directly from Euler’s equa¬ 
tions and the law of conservation of mass. 

VII.3. Simplified determination of the linear differential equations for 
Riemann’s shock wave problem according to Hadamard. The one-dimensional 
Lagrange equation derived in the preceding problem permits us, according 
to J. Hadamard (Legons sur la propagation des ondes, Paris, 1903), to 
shorten the transition to the linear differential equation of second order 
in 37. Assume that the compressible fluid has initially constant density 
and use the Legendre transformation of Vol. I. Eq. (42.8), cf. also footnote 
10 on p. 312. 

VII.4. Stokes’ formula for a rotating sphere. In analogy to the translatory 
motion of a sphere analyzed in 35, investigate the uniform rotation of a 
sphere of radius a. Assume again laminar motion and an incompressible 
fluid, and show that the moment M = is required to maintain 

uniform rotation with angular velocity. 
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Chapter VIII 

VTII. 1 . The bending of a beam on two supports under a single load. A 
beam of length l = a b rests with its ends A and B freely on two sup¬ 
ports of equal height; a vertical force P acts at a distance a fr om A. Make 
a diagram of the shear force and the bending moment along the beam and 
determine the elastic line. 

VIII.2. The vibrations of a rod. a) A vertically suspended prismatic rod 
is rigidly clamped at the upper end and carries at the lower end a mass 
M that is large compared with the mass of the rod m. The system is free to 
oscillate in the direction of the axis of the rod. Determine the circular 
frequency of the longitudinal oscillations neglecting m as small relative to 
M, and the elasticity of the body M as unimportant relative to that of 
the rod. 

b) The system a) is now allowed to oscillate about the axis of the 
rod. In calculating the frequency of the torsional oscillations the weight 
of M that acts in the axis of the rod may be disregarded, since it is bal¬ 
anced by tensile stresses that are constant in time. The appropriate 
assumption is now that the moment of inertia 0 corresponding to the 
mass M is large compared to that of the rod. 

c) We finally consider a horizontal rod that is either rigidly clamped at 
one end and loaded at the other end by a mass M, or supported at both 
ends A and B as in prob. VIII. 1 and loaded at a distance a from A (re¬ 
spectively b from B) by a mass M. The equilibrium of the rod is disturbed 
by a vertical impulse. Determine the circular frequency of the oscillations 
normal to the axis of the rod (bending oscillations), if again M y>m. 

VIII.3. Rod subject to an impulsive, load. Assume that the mass M of 
the rod of prob. VIII. 2a is not a steady load, but was put in contact 
with the rod at t = 0, and that at that instant the velocity of M was . 
Calculate the maximum displacement of the mass M and the maximum 
stress <r ina , at the end cross-soction of the rod in general and show in 
particular: 

a) for v„ = 0, <7 max is twice its static value. 

b) for large values of v n , cr moi increases with the kinetic energy of M 
at the instant of contact, and depends on the individual dimensions of the 
rod only through its volume. 

VIII.4. A supplement to the torsion problem for an elliptic rod. Deter¬ 
mine the torsional moment M and the angle of torsion <p t for a rod with 
elliptic cross-section by carrying out the integrations in (42.23), and com¬ 
pare the factor that expresses the influence of the geometry of the rod 
with the polar moment of inertia of the area of the ellipse. 

VIII.5. The reflexion of a plane transverse and plane longitudinal wave 
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within an elastic solid having a plane boundary . As a supplement to 45 
show that a transverse wave oscillating perpendicularly to the plane of 
incidence is reflected regularly at a plane surface that is free of forces, and 
no longitudinal wave is generated simultaneously. Show on the other 
hand, that a plane longitudinal wave generates, in addition to the regularly 
reflected longitudinal wave, a transverse wave that oscillates in the plane 
of incidence. 



ANSWERS AND COMMENTS 


1.1. a) Differentiate the z-component of 

2(A - A 0 ) = B X r 

partially with respect to y, the ^-component partially with respect to z 
and subtract the results. On disregarding all terms that vanish simul¬ 
taneously with r, the usual expression for the ^component of 

B = curl A 


is obtained. 

b) Note that the omitted terms have the form 
(r grad)B„ — x div B. 

This points to the connection with the general formula 

curl (a X b) = (b grad) a — (a grad) b + a div b — b div a, 

valid for arbitrary vectors a, b but restricted to Cartesian components. 

1.2. From (2.2) one has 

*< = 2 “»•*** > x k = 2 i atiiA t 

* t i 

and finds by differentiation 

d _ v~> dXf , d _ d dA[ _ _ 

dx'i ~ V dx'- dx h ~ V dx h ’ dx' m ~ " ■ ’ dxi 

The difference of the derivatives dA'Jdx[ — dA'i/dx' m gives the 1, 2, 3 
components of curl' A', when the pair (l, m) takes the values (2,3), (3,1), 
(1,2). Each derivative consists of 9 terms. When the difference iB formed, 
6 of the 18 terms cancel. The remaining 12 terms can be arranged in 6 
pairs according to the 0 different dA t /dx k and finally rearranged in 3 
terms containing the throe differences dAJdxt — dAi/dx k . Hence each 
component of the transformed curl is a linear function of the components 
of the original curl; the coefficients are the cofactors of the elements of 
the transformation determinant as in (2.5). This points again to the axial 
vector character of the curl. 

The treatment of this problem in Eqs. (2.10)-(2.15) of the text deserves 
preference. 

1.3. It is, of course, possible to obtain the required expressions from 
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their definitions in Cartesian coordinates by applying the corresponding 
orthogonal transformations of coordinates, but this is a highly cumber¬ 
some procedure. A more efficient way is to specialize the general formulas 
(2.24), (2.25), (2.26), (3.9a), (3.9b) for the required type of coordinates. 
The results of this computation are collected for later use in the following 
table, which contains also the answers to problems 1.4 and III.l for 
cylindrical and spherical coordinates. As for the correct meaning of the 
symbols V a A and (A grad)A, the reader is again referred to Eqs. (3.10a) 
and (11.6). 

It should be noticed that the sign of the curl depends on the orientation 
of the coordinate system. We have here assumed that the three coordinates 
in the sequence r, <p, z (and in the sequence r, t?, <p) form dexteral systems. 
Only under this condition the use of formula (2.26) is legitimate. In the 
case of spherical coordinates the usual definition of t? is such that t? in¬ 
creases from north to south. If this is adopted, <p runs contrary to the 
geographical longitude coordinate. If, however, <p is required to coincide 
with the geographical longitude, then the sign of the curl components 
would be reversed in accordance with Eq. (2.16), since the curl is an axial 
vector. The same thing happens when the order r, <p is changed into 
r, <p, d. 

Cylindrical coordinates: 

r, <p, z, ds 2 = dr 2 + r 2 dtp 2 + dz 2 


Q\ — 1> ffa — P, fifa — 1 

gradc/ = f, i»JL t §Z 

dr r d<p 9 dz 


div A = i | (rA r ) + - ^ ^ 

r dr v ' r dtp ‘ dz 


curl r A 


1 dA x _ dA, 
r dip dz 


curL A = 


dA r 

dz 


6A W 

dr 


curl, A = 


l dfyAy) __ 1 dA r 
r dr r d(p 
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_ 1 A f 91f\ , 1 d 2 U , d 2 U 
r dr \ dr J r 2 d<p 2 dz 2 


cfu 1 dU 1 tfu.jfu 

dr 2 + r ar + / a*, 2 + 3s 2 


DC/ = W + 1 /•O'’ 
\ ar 


r \d<p 


(auV 

+ \dz) ’ 


(A grad)A = -I 


r 

A r A* 


V 2 A = 


A-grad A r — 

A-grad A v + 
I^A-grad A, 


yy2 A A r 2 dA, 

V ‘ Ar r 2 r 2 3<p 


Y7 2 A — —- l£ 4- — 

V r 2 + r 2 d<p 


l V 2 A, 

Spherical coordinates: 

r, a, ds 2 = dr 2 + r 2 da 2 + r 2 sin 2 a dp 2 
!7i = 1, ffa = r, g x = r sin a 

l eu i. a(/ 


, ,,, dU 

^ at dr ’ r aa ’ r sin a 

divA -?s^')+,-s#s<*‘ w * ) + 


1 dA, 


rsina a. 


curl, A = 1 ( afrmfrlf) _ Mi') 

r sm a \ aa a ^) 

curia A = —7-— - - ^-*1 

r am $ cty> r dr 
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V ’ D - rki {l (’•' sh * ID +1 (’*>■* w )+ i (a^ 

i a / 2 atA . l a (. .du\ , l a 2 u 

r 2 3r \ dr) ' r 2 sin d dd \ SH1 dd ) r 2 sin 2 d ap 2 


a 2 u , 2dU . i a 2 t/ . i . a au , l 

~d?~ + r l^ + ?'W + ^ ct&& ~ + 


, l d*u 
dd + r 2 sin 2 d a/ 


nrr = -u 1 + * (& 

\dr ) ' r 2 \dd / r 2 sin 2 a \3<» / 

v Ar _ + sinaaa^ m,, + shT5”a^] 
(A grad)A = V 2 A, + 2 ? [% - - ff ^f] 


V 2 4 P + -? 


_2_[" dAr 

sin# L dip 


+ ctga : 


dip 2 sin a. 


1.4. The r-component of curl curl A is according to the preceding table 


10 d 

curl r curl A = - — curl, A — — curL A 
r dip dz 


= L1 dA * 1 0 2 A r d 2 A r d 2 A z 

r 2 dr V dip r 2 dip 2 dz 2 dr dz 7 


and, likewise, 


grad, div A = ^ + A + I _ I iAjt + pL . 

dr dr r r dr dip r 2 dip dr dz 


We obtain therefore for the difference 

grad, div A — curl, curl A = 


A, 2 dA„ 
r 2 r 2 a*j 


The terms fully written on the right hand side are those that are missed 
if the expression V 2 A, is calculated by a schematical application of the 
V a -e3pression in cylindrical coordinates. One finds in the same way 

_ Aj_ 2 dAr 
r 2 + r 2 dip ’ 


grad, div A — curl, curl A = • ■ 
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1.5. For the difference U - U a - £7, of two solutions 17, and U a 
the Laplacian V U vanishes in the interior, and the normal derivative 
dU/dn vanishes on the boundary. From Green's theorem (3.16a) it follows 
that U = const as in the first boundary value problem so that U a = 
Ui + const. To conclude that U a = 17, is, of course, no longer possible. 

1.6. Let the strain ellipsoid with the semi-axes a, b, c be given by the 
equation 

(!) e it XiX k = 1, 

referred to a system *, , x a , x 3 which is connected with the system of 
principal axes by some rotation. 

a) 6 = 0' : For x a = x 3 = 0 we obtain e„ = 1 /x\ where | x x | is the 
radius vector from 0 to the point at which the a 5 ,-axis cuts the ellipsoid. 
The lengths | x 2 | and | x a | being correspondingly defined, we obtain for G 


( 2 ) 


e = — + — + — . 
—2 1 —2 * —2 
X x X 2 xi 


The invariance of G permits the following geometric interpretation. If an 
ellipsoid is cut by an orthogonal triad whose apex coincides with the center 
of the ellipsoid, the sum, of the reciprocal squares of the intercepts is inde¬ 
pendent of the position of the triad; in particular, it is equal to 


9 ' = ^ ? • 
a b c 


b) A = A' : The plane as 3 = 0 intersects the ellipsoid (1) in the ellipse 

*n®i "I - %ei a XxX 2 -f - 622^2 = 1, 

whose principal semi-axes are 1/ Vxi and 1/ -\/\ a , X, and X 2 being the 
roots of the equation 


(3) 


*11 


X, «,2 


*21) *22 X 


= 0. 


The area of the ellipse is 

(4) F 3 = 

From (3) and (4) wo conclude 




nx _ _ 2 _ 7T 

A l Au — €j 1 €22 €12 — , 

F 3 
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and, therefore, (F 2 , F 3 are defined correspondingly) 

( 5) A = + ~k + j*)' 

Hence , if an ellipsoid is cut by an orthogonal trihedron whose apex coincides 
with the center of the ellipsoid , the sum of the reciprocal squares of the areas 
cut out by the trihedron is independent of its position ; in particular it is 
eqml to 


A' = 


_1 

6V 


c a 


2„2 + ^ 2„2 + 27 2 

a b 


c) D = D': The volume of an ellipsoid with the semi-axes a, b , c is 
given by 


( 6 ) 



When the determinant (4.7) is set up in principal coordinates, it reduces 
to the product of the terms 1/a 2 , 1 /b 2 , 1/c 2 in the main diagonal so that 


(7) 


D' = 


1 

_212 2 — 
a b c 



On the other hand, by an orthogonal transformation D' is transformed 
into D [cf. (4.7)]. We have therefore once more 


( 8 ) 


D = 


16rr 2 

9F 2 * 


The invariance of D has its geometrical equivalent in the independence of the 
volume V from the coordinate system. 

1.7. The relation F = XF 0 implies 

curl F = \ curl F 0 + grad X X F 0 . 

By scalar multiplication with F 0 and application of the vector formula 

A-(B X C) = B-(C X A), 


one obtains an equation from which one concludes that F 0 ± curl F 0 , 
provided curl F = 0. 

If U is a potential function that belongs to the pattern of field lines 
given by F 0 so that XF 0 = grad U, then any function V of U is also a 
potential and the associated multiplier X' = XdV/dU. Thus the problem 
under consideration has an infinity of solutions, if it has a solution at all. 

II. 1. a) With the values of p 0 and p 0 of p. 99 one obtains from (7.9b) 
the values of h for n = 1.4, 1.2 and 1, given on p. 52. The last value is in 
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accordance with the fact that the exponential function in (7.14) vanishes 
only for 2 = 00. 

In the adiabatic case (u = 1.4) the lapse rate of the temperature can 
be determined from Eq. (7.11). If we assume a ground temperature of 
0°C = 273°K, the lapse rate is just about 1°C per 100m. This same adiar- 
batic lapse rate for dry air is also found in the descending air current of 
a foehn" between two points of the same stream line, while in vertical 
direction, that is, in the transition to a different streamline, only half this 
value is found (corresponding to the average temperature gradient in the 
atmosphere). 

b) We substitute in the second equation (7.7) 



where 0 — constant of Newton’s law of gravitation, M = mass of the 
earth, r = distance from the center of the earth. The constant in (7.7) is 
determined by the condition: p = p 0 for r = R, R being the radius of the 
earth. In this way one obtains from (Ga) and (7) 


( 1 ) 





At the surface of the earth we have 


( 2 ) 


GM 

Z2 a ~ g - 


The limit of the atmosphere is obtained if wo lot p — 0; with r — R -\- h 
we obtain from (1) 


(3) 


I _ 5_ 1 Po 

n p„ 


gh 


_ FI _ 

R + h ’ 


in accordance with (7.91)), provided h « R and n > . 1 . 

I or the isothermal ease, n = l, the two results no longer agree. If we 
substitute G = R\j/M in (1) and pass to the limit n —* 1 we obtain 


(4) V - ft, exi) - • glt(\ - , r > R. 


In this case there is no upper limit of the atmosphere that would he dt's- 
finablc by p «= 0: ior r —>«» wo, have the paradoxical result of a small hut 
finite pressure value 


“This is a not uncoinmori ni(it(H)rological phononumon in this European Alps, it-H 
characteristic feature being the sliding down of air masses along mountain Hlopcss. 
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(5) 


p = p 0 exp 



II.2. The partial pressures of N 2 and 0 2 are originally (to = 0) 
(1) Poi = Po ^ . Poj = Po , with p 0 = 1033 X 981 


From (7.18) we have the partial pressures at the circumference r 


( 2 ) 


Pi = Poi exp (j 1 r -j^J • • • Ml = 32, 
p 2 = p 02 exp (g 2 ^) • • • Ma = 28. 


The pressure difference (pi + p 2 ) — Po is prescribed as 40 X 981 gr cm 
sec -2 and equals by (1) and (2) 


Pi + Po ~ Po = Poi 



The arguments of the exponentials being small, we obtain a good approxi¬ 
mation by expanding the exponentials and retaining the linear terms. 
With R = 8.31 X 10 7 erg/grad and T = 273° K, this leads to 

40 = 1033(21 X 32 + 79 X 28) - - x m ■ 

whence w = 260 sec -1 and n = 30 u/ir = 2480 rpm. The pressure (or 
density) ratio at the circumference is found as 

2 2 

i i HiL5L 

£i _ £i _ 2«i . 2 RT m 21 1.043 

p 2 p 2 Pm . MarV 79 1.038’ 

i + 2 nr 


or only 0.5% larger than at the center, hence the centrifuge is not an 
efficient means to separate mixtures of gases or isotopes. Even the ultra¬ 
centrifuge mentioned on p. 55 separates only aggregates of colloids or, 
at best, the giant molecules of protein mixtures. 

II.3. a) In close analogy with Eqs. (10.11) to (10.17) one obtains 


a) 



n = ai = Spijjz, 


that is, a parabolic velocity profile as in Fig. 14 and a pressure loss pro¬ 
portional to the first power of the average velocity and to the minus 
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second power of the half width h, which corresponds to the radius in 
Eq. (10.17). The reactive force acting on the upper or lower plate in the 
direction of the flow is 3pu m /h per unit of area. 

b) The component of gravity in the direction of the a;-axis of Pig. 19a 
equals 

(2) F t = pg sin a; 

the component directed toward the bottom y = —h need not concern us 
here. At the free surface the pressure equals the atmospheric pressure 
(p = 0); no pressure gradient in a;-direction is required since its role is 
taken over by the body force (2). The differential equation (10.8a) reads 
under these conditions 

d 2 u 

—'M dy* = pg smQ! ' 

The boundary conditions at y = 0 require both p = 0 and = 
—pdu/dy = 0, but these conditions are satisfied in (a) because of the 
symmetry of the flow relative to the plane y = 0. The velocity profile in 
the present case is therefore identical with the lower half of the profile in 
a), the constant A being modified as required. 

II.4. We refer to the formulas for cylindrical coordinates developed in 
the answer to problem 1.3 and put 

v — v r , v r = v, = 0. 

The condition of incompressibility 


requires that v be independent of <p, so that v = v(r). The same is true 
for the pressure p. 

The expression for V a t>, which wo find again in the table 1.3, yields 
the differential equation 

d\ , 1 dv _ v _ 
d? + r dr ? ~ (K 

The general solution is a linear combination of the particular integrals 
v = r and v = 1/r; the coefficients follow from the boundary conditions 

v - 0 for r = r< , v = U for r — r, . 

In this way we obtain the solution 
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which becomes identical with the solution (16.14) for the straight Couette 
flow if we pass to the limit infinity with r* and use the notations r. = 
r { + h and r = r t - + y. 

The reactive moments (per unit of length of the cylinder axis) are 
given by 

r 2 -4- r 2 2 r\ 

M e = 2r/*l7r. , Mi = 2 ^Ur. -j—s . 

Their difference per unit of circumferential length of the external cylinder 
equals »U) the dimension of this quantity is that of a torque per unit of 
area. It is in fact equal to the torque per unit of area which acts in the 
case of the straight Couette flow upon the two boundary plates (stress 
iiU/h X arm h ). 

II.5. This problem shows in a typical way how the fundamental 
equations of elasticity are applied. The solution requires a somewhat 
lengthy calculation, the single phases of which we shall clearly indicate. 
It is left to the reader to supply the connecting steps. 

Let the direction of the force P coincide with the 2 -axis and its point 
of application be the origin of a system of cylindrical coordinates r, <p, z. 
On denoting the components of the displacement vector by 

P = yjt + V 2 , 0, f, 

the dilatation 9 is obtained according to the table 1.3 in the form 

u) e = ri (rp) + i 


since the problem is symmetrical about the z-axis. 

a) The differential equation for 9 is found from (9.18) similarly as in 
(14.2): 

(2) V 2 0 = 0. 

Solutions that have the required symmetry are to be chosen from tho 
following (cf. p. 248): 


(3) 


__ 1_ 3.1 JM 

" R ’ 3z R ’ dz 2 R ’ ' ‘ ‘ 


R 2 - r 2 + z 2 . 


We select the second solution and put therefore 

(4) Q = ~ A JzR = A R 3 ' 

b) The differential equation for the Cartesian component £ is ac¬ 
cording to (9.18) and the table 1.3 
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( 5) + /1 3z a \ 

W dr* + rdr + dz* ~ M A \W* ~ tf)‘ 

A particular solution of this equation is 


( 6 ) 


i = b 


It* 


B = - 


M + X A 


to which we may add solutions of the form (3). Choosing the first solution 
(3), we assume f in the more general form 


( 7 ) 


_ C fx + X A z a 
f a m 2 is: 3 


c) The differential equation for p follows easily from Eq. (1), viz. 

I 8 

r 


(«) L A ( r ) „ 0 _ ££ _ . Z_ r Z n. -f x , 2 / 3 Z S \ 

W W 0 dz - A R* + + - 7 - ^ R* \ l ~ 2R*)‘ 

This may be transformed into 


( 9 ) 


dr 


(rp) 


--(^A + C >! i + a± 


X A 


3 a 1 

2 3 drli' 


and can be integrated to give 
(10) 

where f(z) is the integration constant. For r — 0 and all positive values 
of z we must require rp = 0; since then It = z, we have 


/(*) 


(j _|_ 3/x + X A 


and E<i. (10) yields 


— 4. ~1- X A z^ 

rB m 2 rlt* ' 


(it) „_( c + 2»±iA)i-(c + &iiA) 

d) The boundary conditions at the surface z = 0 are for r > 0 
(^) 0*»r = 0j = 0, <r„ ” 0. 

The first condition requires that 


( 13 ) | + |- 0 . 

The second condition is automatically fulfilled for reasons of symmetry, 
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not only at the surface 3 = 0, but everywhere inside the elastic body (see 
below under/). The third condition is equivalent to 


it 

dz 


= 0 


since 0 = 0 for z = 0 and r > 0; according to (7) it is also automatically 
fulfilled. We now substitute in (13) according to (7) and (11) for z = 0 


it _ _ C 
dr r 2 ’ 




and obtain 


(14) 


2/j + X A 

P 2 • 


e) The state of deformation can thus be described by the following 
relations 


(15) 


© - Ajp, 


A 1 2 p ~f~ X 1_ . p X z 2 \ 
2\ p R + p R 3 / 


P = 



2ju + X z_ , p X 3 8 \ 

P R + p W) 


It follows that 


(16) 


<r «» = 2/xf + X© = A( m + X)^. 


Only the integration constant A remains to be determined; this must 
be done by relating it to the external force P. If the body is cut in two 
at an arbitrary depth z 0 along the plane z = z 0 , the following condition 
of equilibrium must hold: 


(17) 


P = 



a„r dr 


when z = z 0 . 


On substituting for <r„ according to (16) and observing that 


f“ rdr 
r-0 R s 


1 " 1 
3 R s 3z 3 ’ 


one obtains 

(18) P=-2irA(p + \). 

f) Of the three shear stresses <r, v , a vt , <x„ the first two obviously 
vanish everywhere within the elastic body. This implies that the normal 
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stress iTff belonging to any point of the surface <p — const is a 'principal 
stress usually called the hoop stress. The associated stress trajectories are 
circles about the axis given by the forces P. In every torus or hoop of 
infinitesimal cross-section whose axis is a circular stress trajectory, there 
acts a definite stress a vp that is characteristic of the hoop. The asms, hoop 
stresses occur in pipes and boilers subject to internal pressure, and their 
magnitude is the determining factor for the safety of the construction. 
In the present case the action of the external force P on the “hoops”, of 
which the semi infinite body can be thought to consist, may be com¬ 
pared with that of an internal pressure. Since p denotes the increment of 
the hoop radius, the change of its length is 2irp and its extension 2itp/2tt = 
p/r. It follows therefore that 


(19) «„ = * , <r„ = 2pe vp + X© = 2p £ + \A 4 , 

T Xb 

or, because of (15), 

= p (/* — (2** + X) -| + (p + X) Jaj + \A Js . 

This may be rewritten in the following form 

(2°) "tK 1 “ 2 g + j| 1 )’ 

The expression stays finite for r = 0 since the factor in parentheses 
vanishes. 

The justification for the use of the particular solutions (4) and (7) 
must be seen in the fact that they can be made to fit all continuity re¬ 
quirements and boundary conditions of the problem. The vanishing of 
the displacements and stresses at infinity should also be counted among 
the boundary conditions. It can be verified directly from Eqs. (15), (16), 
and (20). 

The assumption of a load concentrated at one point is physically not 
justifiable, but greatly simplifies the mathematics of the problem. The 
general case of a prescribed load distribution along the surface s = 0 can 
be easily constructed from the foregoing formulas by integration. 

Boussincsq published his solution in 1879 and gave a complete repre¬ 
sentation of it in his book “Applications des potentiols directes, inverses, 
logarithmiques” Paris 1885. 

III.l. The misinterpretation of the operator (v grad) would lead to 
the following expression for the r component 


0 ) 


(v gnul)*v — v r ~~ + ^ + v. 


bv r 

bz 
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Instead of this one obtains by (11.6) 


dv T , dv. 


dv 

-+■ v, r - 1 — v- curl, v + v, curl, v. 
dr 


With the values for curl, A and curl, A according to table 1.3, the last 
equation yields after cancellation of two pairs of terms 


( 2 ) 


dv r . V r dv r . dv r 


_£ 


The last term is the centripetal acceleration [missing in ( 1 )]. The corre¬ 
sponding computation for the (^-component of (v grad) v gives the addi¬ 
tional term 


When we here interpret to as the amount of the axial vector « parallel to 
the 2 -axis that represents the angular velocity associated with the linear 
velocity v r , then the term v r <o = (to X v), becomes one half of a Coriolis 
acceleration [of. Vol. I Eq. (29.4a)]. One finds, however, that the two results 
are identical in the case of the 2 -component. The formulas have already 
been tabulated in 1.3 for cylindrical and spherical coordinates. 

III.2 a) We put in Eq. ( 1 ) of the problem 

C = ApVa 7 , 


where the a, f), y are to be determined and A is dimensionless. On sub¬ 
stituting the dimensions of v, p, U/l and v, the following dimensional 
identity is obtained 

^ 3 a + 20H- 7 +n -0—» 

gr cm see = gr cm sec , 

which yields a = 1, j3 = 2 — n, and 7 = n — 3, whence 

C = Apv 2 - n a n ~ 3 . 

b) On substituting in Eq. (3) of the problem the expressions (16.9) 
and (16.8) for S and R, one obtains 

^ = X l - H. 

pv a \ v J 

v must occur here in the n th power since this relation should be equivalent* 
to Eq. ( 1 ) of the problem. It follows that 5 = n — 2 and therefore 

n - \ P - v*R n ~ 2 . 
a 
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c) On using Hagen's value n = 1.75 in this equation, one obtains 

n = Xp - 

a 

which agrees with the first form of Eq. (1C. 13), the exponent k having 
Blasius's value of £. 

111.3. Let the virtual displacement of the liquid be a motion of the 
surface elements dF in the direction of their normals by 8n . Since the 
volume is conserved both positive and negative displacements 8n (out¬ 
ward and inward displacements) must occur. The virtual work is com¬ 
posed of the work of the capillary forces and that of the external forces; 
the first contribution follows from (17.11) by multiplication with 8n and 
integration over the surface, and the second contribution equals / UdndF 
where U is the potential energy per unit of volume. 

The constancy of the volume r as a whole requires that the variation 
8t vanish: 

(1) St = j 8n dF = 0. 

This restriction on 8n can be taken care of by a Lagrangian multiplier X, 
that is, by adding the term \8t to the left side of the virtual work and 
setting the total equal to zero. 

The displacements 8n being now arbitrary, one obtains 

(2) 3 '(i+/i) + I/ + , ' = 0 - 

If the mean curvature ia here replaced by the appropriate expressions from 
differential geometry, one has in (2) a partial differential equation for the 
determination of the shape of the surface. The hitherto unknown multi¬ 
plier X is fixed by requiring the surface to pass through a given point with 
given mean curvature (cf. the next problem). 

111.4. Let the a-axis coincide with the axis of the vertical capillary 
tube and count 2 positive upward from the external liquid level. Then 

(1) U = pgz. 

For a wetting liquid the radius of the concave spherical surface is negative. 
Eq. (2) of the preceding problem then gives 

(2) -r|+ pflz + X - 0. 

Since for the external surface z = 0 and the radius R = <», the multiplier 
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X must be set equal to zero. The radius of the sphere R can be expressed 
by the radius of the tube r if the angle of contact is known: 

(3) R = r/ cos#. 

Defining the elevation h by a suitably chosen mean value of the 2 -ordinates 
of the meniscus, one obtains from (2) and (3) 


(4) 


2T 

h = — cost? 
pgr 


where the value of cos t? for wetting liquids is nearly 1. For non-wetting 
liquids R is positive and the right member in Eq. (4) takes therefore a 
minus sign; h denotes now the capillary depression. 

IV. 1. From (19.10a, b) one calculates z = x + iy as a function of p + i<p 
and obtains by differentiation the differential dx + idy in terms of dp + 
id(p. The square of the line element ds 2 is found as the absolute value of 
dx + idy which leads directly to relation (1). 

The fact that the factors of dp 2 and d<p 2 [denoted by g\ and gl in (2.22)] 
are here equal means that the network of the two families of curves p — 
const, and <p = const consists of infinitesimal squares (provided the in¬ 
crements dp and dtp are equal). In other words, the bipolar coordinates 
are isometric in the sense of p. 139. Note that the same can be achieved 
with polar coordinates in the plane if one replaces z = re x 9 by z = e p+t<p f 
where p = log r. 

In setting up the operator V 2 the three dimensional scheme (3.9b) 
must be specialized for two coordinates p x = p, p a = v which amounts 
to putting 



In the case of the potential equation V 2 U = 0 the additional factor 1/g 2 
is immaterial, but its presence destroys the separability in the case of 
the wave equation . With the assumption of a periodic time dependence 
U = ue~ l<at the wave equation V 2 U + k 2 U = 0 reads 


d 2 u dju 
dp 2 + dp 


+ k 2 g 2 u = 0, 



On substituting here the trial solution (2) and dividing by fj 2 , one is led 
to a contradiction if one differentiates once more with respect to p or <p. 
IV.2. We start from Eq. (19.11) which yields 


v = A grad <p. 
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For an arbitrary function of the bipolar coordinates f(j>, <p) we have 

If in particular f — <p, then v„ = 0 and v v — l/g, as already mentioned 
in the text of the problem. With A = n/v as in Eq. (19.8a) we have there¬ 
fore 


( 1 ) 


v I = v * = «^ cos ^ 1 p ~ cos «*)• 


This should be compared with the value of | v | that follows from 
(19.14) 


( 2 ) 


1 v | 


t §1 — kz 
if r x r a 


The vector (ip 2 /r 2 ) has the amount 1/r, (1/V 2 ) and is perpendicular 
to the radius vector from z = + c (z = — c) to the field point. The angle 
subtended by the two radius vectors Ti , r„ is therefore <p = <p x — <p t . 
Vectorial addition then yields 



Relations (1) and (2) are equivalent when 


l 

c 



which is in fact the case, as one secs by applying the law of cosines to 
the triangle whose corners are z = =tc and the field point. 

IV.3. From the definition of elliptic coordinates in (19.15) wc derive 
similarly as in problem IV. 1 


ds 2 = + dtf), 


9 = 


_c 

V2 


yj cosh 2( — COS 2lJ. 


The equation of the vibrating membrane has the same form as in IV. 1, 
but the meaning of g is different: 
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Substitution of the trial solution and division by leads to 

(2) + cosh 2 * = -’^ + ^Y cos2r l == ' K ‘ 

Now the quantity X (the “separation parameter”) is independent of £ and 
ti; to show this differentiate (2) with respect to rj or £. (In other words, X 
is a function of £ alone according to the first, and of v alone according to 
the second member of Eq. ( 2 ) and is therefore constant.) The partial 
differential equation ( 2 ) then yields two ordinary differential equations 

(3) fi = ( X ~ COsh 2 ^)/> > /*' = ( _X + COS 2 ij)/a . 

The solutions of (3) are called Mathieu’s functions. 

IY.4a. Toroidal coordinates first occur in a posthumous paper of 
Riemann “About the potential of a torus”, Ges. Werke XXIY, p. 431. 
We introduce the notations p, <p, P and restrict the ranges as follows: 

( 1 ) 0 ^ p < oo, 0 g <p < 2 r, 0 ^ p < 2ir. 

The geometrical meaning of p and <p follows from Fig. 26, the right half 
of which need only be considered (p positive). The angle p is the angle 
of rotation about the axis p = 0 (azimuth); the surfaces P = const are 
half planes containing this axis. In the rotation the circles p = const yield 
a system of coaxial tori about the axis p = 0 , and the circular arcs <p = 
const yield spherical segments. 

Let us now change the notation of the complex variable z of Eq. 
(19.10a) into z = x + iy; then by (19.10a, b) 

__ c sinh p _ _ c sin <p 

W x — cosh p — cos <p ’ y cosh p — cos <p ' 

If we introduce a spatial Cartesian system x, y, z such that the z-axis 
coincides with p = 0 , the origin with the center of Fig. 26, and the positive 
ai-axis has the azimuth \p = 0, the following relations hold between the 
coordinates x, y, z and the coordinates x, y, \p of the same point: 

(3) x = x cos y = xsin \p, z = y. 

The square of the line element follows now by differentiation (cf. prob. 
IV.l), 

( 4 ) ds 2 = dx 2 + dy 2 + dz 2 = g 2 (dp 2 + dip 2 ) + gl dp 2 , 

where 

_c__- _ csinh p 

(5) g — gi — Qi — p _ cog p y 0* * cosh p — cos <p * 
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The Laplacian operator follows by (3.91>): 



One assumes U in the form 

(7) U = Vcosh p - cos v V( P , v)e im *, 

and obtains the following fonn of V 2 U after several steps 
c 2 V 2 £/ = (cosh p — cos <p) r,/ ' 2 


( 8 ) 




e 2 v , .. dv L a 2 F^ 

■5 + coth p ——|—^-5 + 


(l-s-5 w~) r } 


imfy 


dp ' - - dp ' d<p~ 

When we are interested in the potential equation V 2 {7 = 0, the resulting 
differential equation for V can be separated by setting 

(9) V = J(p)e in \ 


The ordinary differential equation that results for / is 
(10) t" + ooth pf + (j - - 0, 


the solutions of which arc generalized spherical harmonics. 

In the case of the wave equation, however, the differential equation 
for V, obtained from (7), is 


( 11 ) 


d*v , dV . a 2 y 
l? + orth ' , V + V 


/] m s _fcV_\ 

\4 sinh 2 p (cosh p — cos <p) n/t> ) ^ ~ 


0. 


It is not separable in the coordinates p and <p. 

IY.4b. If the diagram in Fig. 2(i is made to rotate about the axis 
<p = 0 rather than p = 0, the circles p = const generate spheres and the 
circular arcs <p — const generate “spindles” (the latter name is appropriate 
only for the surfaces <p < r/2). The third coordinate is the angle of rota¬ 
tion ^ about the axis, hence the surfaces ^ = const arc half-planes as 
before. The ranges for the coordinates arc now 


(!') — » < p < + », 0 ^ ^ < ir, ()^^< 2i r. 


Introduce again Cartesian coordinates x, y, z, so that the z-axis co¬ 
incides with the axis of rotation and the origin with the center of Fig. 20. 
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With * and y having the same meaning as before, we have now instead 
of (3) 

(3') X = y cos V') y = y sin z - x. 

By differentiation, a line element of the same form and also with the same 
value of g as in (4) is obtained, but the value of g 3 is now 

_ __ c sin y? 

(®0 9» — V ~ cosh p — cos <p ' 

The expression (6) for V 2 C7, which is still correct, yields when the form 
(7) of U and the present value of g 3 are used 

c 4 V 2 U = (cosh p — cos <p) s/2 


(S') 


fd'V , , dV,?V 

+ c ° t ^ v 



When we are interested in the potential equation V U — 0, the resulting 
differential equation for V becomes separable if one puts 

(90 V - /(?K P . 


The equation for/is 

(ioo f" + cot */' ~ ~ « a + " °> 


which can be solved by generalized spherical harmonics like (10). 

The wave equation V 2 (7 + k 2 U = 0, however, is also not separable 
in these coordinates. 

y.l. The kinetic energy to be computed is given by 


( 1 ) 


—1/>/> {(2MSM2J)- 


On substituting for # according to (26.6) one obtains without difficulty 
(2) - pk*A 2 JT" e" 2 *' dy = | xAV 2 ‘\ 


This agrees with the expression (26.7a) for , since the amplitude A, 
which occurs in the expression for rj [cf. Eq. (26.6)], is considered as a 
first order infinitesimal, and e~ 2kv may therefore be replaced by 1. Since 
j? kin is zero if the fluid is at rest, the expression (2) is at the same time 
the difference in kinetic energy between states of motion and rest for the 
spatial domain in question. 
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In the second part of the problem 

$ = C cos (kx — cot) cosh k(h — y) J 
and one has by (24.3) and (24.8) 


this yields 


V = 



sin (kx — cot) cosh kh; 


S = | 2 kh + 2 kh), E Via = | *C a sinh 2fc/i. 

YI.l. The Navier-Stokes equations (10.8a, b) augmented by the 
Coriolis term read 

(1) 2pv X w + n V 2 v — gmd p + F = 0. 

With the simplification indicated in the problem text the £ and v com- 
ponents of Eq. (1) yield for a point on the northern hemisphere 

j2 

2a> sin <pv, + v —A. — 0, 

( 2 ) 

j2 

-2co sin (pv ( + v = 0, 

where <p is the geographical latitude. (Note that the gravity vector F is 
perpendicular to £ and v-) Since v t = () and the vertical component of the 
Coriolis acceleration is negligibly small in comparison with g, the f- 

component of Itq. (1) gives simply the hydrostatic pressure gradient in 
£ direction 


With the simplifications introduced, the condition of incompressibility is 
automatically fulfilled. 1 he two Eqs. (2) can be conveniently written as 
one complex equation, similarly as in the theory of Foucault’s pendulum 
(cf. Vol. I. 31.5). We put 


and obtain instead of (2) 


V — v ( + in. 


( 3 ) 


<fV 

bf 


2iX 2 V = 0, 


X 2 


CO . 

- sm <p. 

V 
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The integration yields 

(4) V = Ae Ui+iK . 

if due regard is given to the orientation of f. The constant A must be de¬ 
termined from the excitation due to the wind pressure, whose components 
have to balance the friction pressures and everywhere on the surface 
f = 0. If one introduces a complex friction pressure P by 

r» , ■ (dvt .du\ dV 

P = Pn + , 

where has again been neglected, one obtains from (4) for f — 0 

(5) — P 0 = juA\(l 4- i). 

This is the value of the wind pressure on the surface f = 0 in complex 
notation; it must be considered as a known vector. We introduce the 
notations 

p 0 = |P 0 | e ", Vo= -j£A > f= _ g) 

and obtain the velocities v ( and v„ when we take A from (5), substitute it 
in (4), and separate real and imaginary parts: 

V ( = Vae~ X ‘ cos ^ - 3^, 

( 6 ) 

v, = — sin | — i )• 

This result permits the following interpretation: The drift current on the 
surface makes an angle of —45° with the wind direction. The velocity of the 
current | v | attenuates with increasing depth and changes its direction in 
such a way that at the depth 


( 7 ) 


IT 

Z * ~ \ ~ 


4 


sm (p 


the current is opposite to the surface current. At that depth | v | is equal to 
v„ • e~* (Ekman’s friction-depth). 

For a justification of our simplifying assumptions and for further 
discussion see: V. W. Ekman, “Dynamische Gesetze der Meeresstro- 
mungen” in the Innsbruck lectures quoted on p. 242. The fact tha t the 
actual motion is properly a turbulent one can be accounted for by giving 
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M a larger value than usual; this takes care of the increased internal friction 
due to turbulence. 

VI.2. When higher powers of <p x and <p 2 are neglected and the constant 
terms U x /2 and Ul/2 of Bernoulli's equation are absorbed in the constants 
Ci and C 2 , the following equations are obtained from (11.15) for the dis¬ 
turbance potentials (p x and <p 2 




y > o, 


Ji _ ^ , rr d<p 2 n . r, 

p ~Jt + "•»< °- 

Since the pressure on both sides of the discontinuity surface (y = 0) 
must be the same, one obtains 


( 1 ) 


§£x jl rr _ fa* _i_ rr v ^» , 

at +Ul te-~di +U 2 te +c 


d<p 2 


y = o, 


and the constant c — C x — C 3 must be zero because of the assumed 
periodicity of <p y and <p 3 . 

We write the sinusoidal disturbance of the surface in the convenient 
complex form 


(2) v = Ac' kx , k = — , A — function of t 


The ^/-velocity —dipi/dy of a particle close to the discontinuity surface is, 
except for second order terms, given by 

in _ dy , Tr <to 

dt dt 1 dx ’ 

We obtain therefore 


( 3 ) 

and, correspondingly, 


is. jl jt in _ §vi 

dt + U% dx ~ dy 


( 4 ) 


ail , rr <2V _ dipji 

at. " r Ui dx ~ dy 


Since the problem is two-dimensional, we put 


( 5 ) 


<P i 


= A x c mi ' iv \ 


A , 


ft = A./ Hr - ia) 


functions of t 
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Note that (5) fulfills the condition of incompressibility and <p x (<p 2 ) stays 
finite for y = + a> {y = — » ). The problem has a solution only if the 
wave number k in (6) has the same value as in (2). 

Upon substituting (2) and (5) in Eqs. (1), (3), and (4) the amplitudes 
A, A ! , A a are found to obey the following linear syBtem of differential 
equations 

(6) ^ + ikU 1 A 1 = ^ + ikU 2 A 2 

(7) ^ + iklhA = kAi 

(8) ^ + ikU 2 A = —kA 2 . 

The solution can be set up in the form 

(9) A = ae a \ A x = A 2 = 

If one substitutes for A x and A 2 according to (9), one can compute a x 
and a 2 from (7) and (8), and obtains a quadratic equation for a by intro¬ 
ducing these values into (6). The two roots are 

(10) a = | [±(U X - U 2 ) - i(U x + U 2 )]. 

Unless Ui equals U 2 , one of the two roots has a positive real part which 
implies a continual increase of the amplitudes A, A x , A 2 . At any wave 
number k there are thus sinusoidal initial disturbances that will grow in 
the course of time. 

VI.3. In the first pair of equations of VI.2, replace U x by U (wind 
velocity) and set U 2 = 0 (water at rest), add the action of gravity —grj 
(tj positive upward), and introduce the two densities p x and p 2 instead of 
p. With 5 = pi/p 2 and c = 0 as before, these equations yield 

O') 

Eqs. (2) and (5) of VI.2 remain unchanged, and so do (3) and (4) except 
for the specified values of U x and U 2 . One then has the same form of a 
solution as (9) for the differential equations that correspond to Eqs. (6), 
(7), (8) in VI.2, and expresses again a x and a 2 by a. In this way one obtains 
for a the quadratic equation 

(10') «(« + ikU) 2 + a * - gk( 1 - s). 
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One of the two roots has a positive real part if 

(110 CT">f— 

fc s 

Now, ■\/g/k is, according to (23.16), the phase velocity V of the deep 
water waves if the inertia of the air is neglected (the value of V is only 
insignificantly smaller if the inertia of the air is considered, as can be 
shown by suitably expanding the calculations of 23); hence the condition 
of instability (11') can be written as 

v>v tF^T- 

In order to excite disturbances of wave length X, the wind velocity U 
must be considerably larger than the phase velocity V associated with 
this wave length. The plane water surface is therefore stable with regard 
to this wave length for all wind velocities 


U < 


V 

•v/0.0013 


287. 


If in addition to gravity capillarity is considered, the stabilizing tendency 
of gravity is strengthened and the plane water surface is seen to be abso¬ 
lutely stable for all wave lengths as long as 

U < 28 7„, in ; 7 mln = 23.2 cm/sec. 

The phase velocity 7 m i n belongs to the wave length X mlll = 1.73 cm as 
calculated on p. 184. A wind velocity smaller than 28 X 23.2 cm/sec ~ 
6.5m/ sec (wind strength 2-3 Beaufort) would not be able to disturb the plane 
surface of the water. This result assumes perfect homogeneity of the wind, 
which in reality is always turbulent. 

VII. 1. Let a, b, c be the coordinates of a fluid clement at the time t = 0; 
in cylindrical coordinates r, <p, s 


( 1 ) 


a = x 0 = r cos <p , 
b ~ y« =r sin <p, 


C = Z n . 

Because of the uniform rotation the coordinates of the same clement at 
the time t are obtained if we replace <p by <p + «f, where « = angular 
velocity. Ilcnce 
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( 2 ) 


x = a cos at — b sin at, 
y = b cos at + a sin at, 


z = c. 


It is easy to verify that the condition of incompressibility (34.3) is fulfilled. 
Lagrange's equations (34.1) give in the present case (gravity being the 
only external force, and the 2 -axis being counted positive downward as 
in Fig. 7) 


d 2 x . d 2 y . - 1 dp n 

cos ut + sin ^ + -£ = 0, 


( 3 ) 


“ |f sin ut + S cosut + p|f = °> 


d « 3 




If the accelerations in (3) are computed according to (2), one obtains for 
p the system of differential equations 


( 4 ) 


1 2 
~ P fa = 0>a ’ 


1 dp _ 


36 


= «■&, 


i dp 


The value of p obtained by integration of the system (4) is identical 
with Eq. (6.10) if (2) is taken into account. 

To carry out the same calculation for a compressible gas is quite in¬ 
structive; the continuity equation gives in this case dp/dt — 0 and the 
equation of motion becomes <P = gz + rV/ 2, which becomes identical 
with Eq. (7.19) by applying (7.18) (the orientation of the z-axis is now 
different). 

VII.2. One starts from the one-dimensional Euler equation (13.1) (no 
external force) 


( 1 ) 


du 1 dp 

dt ~ p dx 


and introduces t and a as independent variables, where a = x 0 is the initial 
coordinate of a volume element whose coordinate at any later time is 
x(t). The mass contained in this volume element equals 
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Conservation of mass demands 


( 2 ) 

It follows that 

( 3 ) 


dx 



which is identical with Eq. (34.3b). 

According to the remarks preceding Eq. (34.1), wo can express the 
material acceleration in (l) by 


( 4 ) 


u 


dx 

dt 03 


du _ cfz _ 
dt ~ dt 2 ’ 


the pressure gradient may bo written 


02 _ Q&dv _ §2 /dx 
dx da dx da/ da ' 


Substitution of these derivatives in (1) yields 


<fx dx = _ 1 §2 
dt'‘ da p da 4 


This agrees with (34.1) if and only if one takes into account the modi¬ 
fication of Lagrange’s equations for compressible fluids stated in (34.3a). 

VII.3. If the compressible fluid has initially the constant density p 0 one 
concludes from Eq. (2) of answer VII.2 by differentiation with respect to 
the independent variable a 


( 1 ) 



0 , 


or 


( 2 ) 


l dp = _lo^x 
p da u da! 1 ’ 


where we have used Iladamard’s abbreviation 

dx 


( 3 ) 


CO 


da ' 


If now a p,p-rclation p = <p(p) is assumed one obtains, using (2), 
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Eq. (6) of the preceding answer then takes the form 


( 5 ) 


d 2 x 


, d 2 x 


df ~ ^ da 2 ’ 




The quantity Q is a function of to alone since, by Eq. (2) of the preceding 
answer, p is inversely proportional to w. This suggests the introduction 
of a) as an independent variable. A second independent variable, suited for 
our purpose, is 


( 6 ) 



By (3) and (6), one finds 

(7) dx = a da + udt. 

If one introduces in accordance with the rule of Legendre’s transformation 
the dependent variable 

(8) z(u, w) = ut + <m — x{t, a ) 
and forms its total differential, then one finds 

( 9 ) dz = tdu + a du. 

From (8) and (9) one has 


( 10 ) 

( 11 ) 


d‘x 

d 2 x 

da 2 ~ "* ’ 

«? 

d 2 z 

<fz_ 

3 

<3 

II 

ft 

du 2 


and from (5) and (10) follows 

(12) u t = . 


Using a well known transformation rule we conclude from (12) 
(13) o„ = Qtu. 


Because of (11) this is a linear differential equation of second order for z 
since the coefficient Q depends only on the independent variable co. Writing 
(13) in the variable s, we have 


(14) 


du 2 


= Q — 
U du 2 


9 


which is the basis of Hadamard’s discussion of Riemann’s shock waves. 
The fact that Eq. (14) is not identical with (37.11) is of course due to 
the different meanings of the new dependent and independent variables. 
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VII.4. Introduce spherical coordinates r, <p, so that r = 0 coincides 
with the center of the sphere and 0 = 0 with the axis of rotation; let the 
constant angular velocity bo 0 - to. Assume that the fluid moves in circular 
streamlines about the axis in the sense of increasing <p, and show that this 
very simple assumption is permissible.—’The first two of the velocity 

components v r , v<, , v v = v vanish and, because of the assumed incom- 
possibility, 



while dv/d& and dv/dr are different from zero. Eq. (35.0) is again our 
starting point; developing the expressions for curl curl with the aid of 
answer 1.3 we obtain 

(!) curl r curl v = curl,, curl v = 0 


(2) curl, curl v = - - --M _ 1 1 _ L_ a (sin dv) 

r dr~ r d&r sin 0 d& 


From (35.0) and (1) we conclude first 


grad, p = grad, p = 0, 

and since for reasons of symmetry grad, p = 0, wo have altogether 

V = const. 

From (2), the differential equation for v is obtained: 


U\ i 2 1 (d% ci v „ \ 

W *» + r Hr + ? W + “*♦» ~ 5? i) ~ 

On substituting v = one obtains the two equations 

(5) /" + * r - £ f = 0, + cot 0 g' + (x - = 0, 


X being the parameter of separation. A solution* of this equation that 
vanishes at infinity and remains finite for all values 0 < & < tt is 


(6) 


/ = |7 = 


X = 2. 


3 A more general solution is 

f mmm rpii i (I ~~ $) , X = vi(yi -f- 

wlu‘r<^ !\ ih begemIni’s associated function of (In* first kind, cf. VoL VI, Chap. IV. 
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The velocity law is obtained as 


(7) v = u sin # 

T 

where the factor C was chosen so as to make v = wa sin # on the surface 
of the sphere. Thus, since we can fulfill the boundary conditions, the 
special choice X = 2 in ( 6 ) is justified, and it is seen that the more general 
solutions mentioned in the footnote would be unsuited for our problem. 

In order to pass from (7) to the friction pressures, one calculates simi¬ 
larly as on p. 36 from (4.26) and (4.28) with = 8q 2 = 0, dq s = v = 
co sin &a*/r 2 : 


€rr ^0 d ^9 9 9 ~~ 


0 


• 1 dv 1 m . / a 8 a s \ 

*" - an 5 ~ ■ 7) ” 

Hence all friction pressures vanish except 


3 . „ a 3 

— 2 co sin # ^3 


( 8 ) 


Vnp = — 2 /xe r „ = 3/xco -3 sin 


The moment can now be computed: 

(9) = 2x0® J p rp sin 2 1 } d& = 67r/xcoa® J sin 3 # d# = 87rptcoa 3 

in agreement with (35.21). The moment required for the maintenance of 
uniform rotation is opposite to the moment of the friction pressures and 
acts therefore in the positive ^-direction as expected. 

Kirchhoff treats the same problem in a more elegant though less concise 
manner using Cartesian coordinates, cf. footnote on p. 251. 

VIII. 1 . We denote the reactions at the points A and B by these same 
letters and have 


A.pi, B-P f. 

These reactions determine the shear force introduced in the context of 
Eq. (41.12) in the regions I (between A and P) and II (between P and B) as 

(1) Sj = A, Sn = —B, respectively 

Note that the positive ^-direction is from A to B and that both shears 
S ir and refer to positive ^surfaces in the sense of Fig. 6 . The shear 
force is constant throughout either one of the regions I and II, but jumps 
at the load point by the amount P; this discontinuity is, of course, due 
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to the unrealistic assumption of a concentrated load. In a cross-section at 
a distance x from A (region I) the bending moment equals 

(2) M.J as Ax = Pj x. 

V 

For the region II, in a cross-section at a distance £ from B, the bendine 
moment is 


( 3 ) 


M n = ££ = 


Mu refers to a positive ^-surface which evidently is equivalent to a 
negative x-surface. A graph of M consists therefore of two straight lines 
that intersect at x = a (or £ = b). At this point, M = = Pa6/1 

according to both (2) and (3). 

The deflection of y\ is found for the region I from 


( 4 ) 

and for the region II from 


d 2 y r P b 

dx* EJ l x > 


( 5 ) 


d 2 Vn _ P a 
d£ EJ l * 


The constants occurring in the solutions of (4) and (5) must be deter¬ 
mined from the following boundary and continuity conditions: 

a) The deflection y t must vanish at A, and y u at B. 

b) At the point of application of the load both curves must join con 
tinuously and with common tangent. These conditions yield 


( 6 ) 


Jl EJ (U Wl> 
„ - 

Vn ~ EJ 6 1 \ab 2 



Ihe deflection at the loud point is found from both equations as 


( 7 ) 


V 2/max 


P_ a 3 6 2 
EJ 3 1 ' 


The slicar forces (1) and the bending moments (2) and (3) are always 
interconnected by the relation 
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If the beam is loaded by several vertical forces at given points, shear 
force, bending moment, and deflection can be easily obtained by super¬ 
position of the corresponding expressions for single loads. 

YIII.2. a) Let F be the cross-section of the rod, and count the dis¬ 
placement £ of M (which is also that of the lower end cross-section) positive 
downward. M is subject to the downward action of gravity and the clastic 
force of the rod <j -F = FE-£/l that acts upward. The equation for the 
displacement £ reads 

(1) M'i = Mg - fc£, k-™, 
and gives, when integrated, 

(2) £ = + A cos u Q t + B sin « 0 t, 

OJq 

where 



the constants A and B are to be found from the given initial conditions. 
One sees that £ oscillates about the constant value £ 0 = g/oh which is 
nothing else but the static extension obtained from (1) for £ = 0. 
b) With the notations J P = polar moment of inertia of the cross-section 
of the rod (assumed as circular), jjl = torsion modulus, = angle of torsion 
of the mass M about the axis of the rod, we have by (42.6) 


( 5 ) 

and 

( 6 ) 


Q<p = 



<P, 



c) The motion of M can be described in good approximation as a vertical 
displacement (it is exactly that for a rod on two supports if a = b = 1/2), 
hence Eq. (1) may be used again, but £ means now the transverse dis¬ 
placement of M . 

The “spring constant” h is 


for the rod clamped at one end: fc = 3 El/t 

for the rod supported at both ends: h = 3 Ell/a/b 2 

where I is the equatorial moment of inertia of the cross-section. This leads 
to the frequencies 
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( 7 ) 



( 8 ) 


«„ 



J EIl_ 
Mcfb* 


respectively. 
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In a more accurate theory of extonsional, torsional, and bending oscilla¬ 
tions the mass of the rod itself would have to be considered; this would 
lead to partial differential equations of second order in place of the ordinary 
equations (1) and (5). In addition to the fundamental oscillation of fre¬ 
quency u, which was determined in the foregoing, one would obtain an 
infinite sequence of harmonic oscillations according to the infinitely many 
degrees of freedom of the elastic rod that are now active. 

VIII.3. For t = 0, one has £ = 0, £ = v 0 ; then, according to Eq. (2) 
of the preceding answer, one obtains 


(1) £ — (1 ~ oos «()<) -f- — Hin «,,f, 

hence 


( 2 ) 



The maximum tension is found according to Hooke’s law as 


( 3 ) 

Assume now 


^ smux 


a) v„ = 0, 
then 


t = o 

Snmjc — "2 

W(, 

b) for largo 


2 yMl 
~HF" ’ 



= h\ = [Mti _ iMvtk 

«„ \ liF ’ ~ • 


Both results verify the statements a) and I.) made in the text of the 
problem. 

Vllf. l. The equations 


V = « <■■<>« I<; S = I) sill M, 0 < U < 2x; 

constitute a parametric representation of the elliptic circumference of the 
cross-section; a family of similar concentric ellipse's is given by 

y = a\ cos u, z = l>\ sin u, 0 < X < 1. 
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The parameters X and u occurring here are suitable coordinates for the 


calculation of the integral (42.23) 
y, z —*• X, u is 

d\ 

D = 

dz 

ax 

One obtains therefore 


The Jacobian of the transformation 

ag 

du 

= ab\. 
dz 
du 


M — \WL 


it a 3 b z 
o a + b 2 ’ 


<Pi = al = 


Ml a 2 + 6 s 

n ira 3 b a ' 


On the other hand, the polar moment of inertia J v of the area of the 
ellipse is conveniently calculated by adding the two equatorial moments 
of inertia I, and I,, which, in turn, can be obtained from the equatorial 
moment of inertia of a circular area of radius a, I — a 2 ?r/4, by “homo¬ 
geneous compression”. This means that I v and I, take up the factors /> 3 /n* 
and b/a respectively. The resulting polar moment of inertia is 

Jp = (? + a) J = i ab ^+ 


It is different from the geometrical factor occurring in M and <pi , viz. 



the two factors being identical only for a circular cross-section where a =* b. 

VIII.5. Let the plane of incidence be the #,7/-planc as in 45. Polariza¬ 
tion perpendicular to this plane means that of the three displacements 
fc Vj only f is excited. According to the table on p. 327 a transverse wave 
incident at the angle oli and reflected at the angle ct 2 , is given by 

= A exp [ik(x sin a x - y cos «,)]» 
f r = B exp [ik(x sin a 2 + y cos ot 2 )]. 

Since the frequency w of both waves is the same this is also true for the 
wave number k, cf. (45.5). The three conditions (45.1) (boundary y = 0 
free of forces) reduce to one condition 
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which can be fulfilled, without assuming an additional longitudinal wave, 
simply by setting 

(1) = a 2 and B = A. 

This is a regular reflexion with constant amplitude. 

If on the other hand, a longitudinal wave strikes at the an gla a, and 
is reflected at the angle a* , we have to deal with the two components 
|, v given by 

N b \ 

f * sin oi\ 

® ' = ’A exp [ik(x sin a, — y cos a,)], 

Vi) ~ cos aj 

j Sin OL 2 1 

® [ = I s GX P [ik(x sin a 2 -f y cos a s )]. 

VrJ cos a 2 J 

Since to is again the same for both waves [it is given by (45.10)], the wave 
number is the same too. 

Of the three conditions (45.1) only 9 „ = 0 is now identically f ulfille d 
The two others 

W = 0, <r„„ = 0 

call again for regular reflexion, that is, a 2 = «, = a, but they cannot be 
satisfied by adjusting the one available constant B/A. Again a reflected 
transverse wave polarized parallel to the plane of incidence must be added; 
this wave can be written according to the central column of the table on 
p. 327 in the following form 

$< cosa,l 

(5) " = \c exp [ik,(x sin oc, + y cos a,)], 

ViJ — sin «,J 

The two angles a, and a are connected by the “law of refraction” (45.12) 

. . k l \\‘/» 

sm « = n sm a, , n = — = ^2 + -J . 

One computes from (2), (3), and (5) the total displacements. 

{ ~ H" + it , V 83 Vi *h Vr + Vi 

and finds from the two equations (4) two conditions for the two ratios 
A :B :C [ef. the similar equations (45.13) and (45.14)]. 
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THE COMPONENTS OF THE THREE-DIMENSIONAL 
STRAIN TENSOR IN ORTHOGONAL CURVILINEAR 
COORDINATES 


The formulas (4.26) and (4.28) for the strains e it - and € ih simplify con¬ 
siderably if instead of the displacements dqj which have the dimensions 
of a length, the associated variations of the coordinates 8p are introduced; 
the latter do not, in general, have uniform dimensions; e.g. in the case 
of polar coordinates, the quantities 8p are (in part) angular changes. 
On substituting in (4.26) and (4.28) for the 8p h according to Eq. (4.19) 
SQk = Qk^pk and carrying out the differentiations dbQi/dVi one obtains 


directly 


(1) 

*ii 

(2) 

2 e ik 


d&Pi 

&Pi 


Qi tya 


9k dp k g< dp< 


The second term in the right member of Eq. (1) symbolizes the sum 
of the terms that are obtained by putting a = 1, 2, • • • , n, in accordance 
with the following summation convention introduced by Einstein: a Greek 1 
character that occurs twice in one term is to be considered as a summation 
index. Since we operate in three-dimensional space, the second term on the 
right side of Eq. (1) stands for 


a-l Qi dp a 

To simplify the notation further we shall denote the variation of the co¬ 
ordinate, 8pi , by £ . This we do in accordance with the general conventions 
of tensor calculus, where superscripts indicate contravariant and sub¬ 
scripts covariant components of a vector. With these changes Eq. (1) 
reads 


(la) 




= Ml , 

dpi g< dp a 




i • 


ifiy restricting the indices of summation or dummy indices to Greek hitters one 
avoids confusing «« or the later occurring £*'.< with the first scalar or spur of the corre¬ 
sponding tensors. Without this or a similar restriction the notations of tensor calculus 
are likely to mislead the student, however concise or convenient they may be. 
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The subscript that occurs here in the symbol is used to denote the 
covariant derivative of the contravariant vector £* with respect to the co¬ 
ordinate Pi (note that the position of the subscript indicating the differ¬ 
entiation is shifted to the right; in this way a definite order of the indices 
is established). Vector components are called contmvarianf if they trans¬ 
form in the same way as the coordinate differentials dpi ; covariant vector 
components transform conversely to the differentials in the sense that 
the matrix of the transformation £' —> £. is the inverse of the matrix of 
the transformation dp { —> dp\ . The differential quotients of a scalar 
point function with respect to the coordinates form examples of covariant 
vector components (gradient of a scalar). The same is not true for the 
differential quotients of a vector like d% % /dp { . The latter quantity must 
be augmented by the sum over a that appears in (la) in order to become 
a covariant derivative. 

Wo shall first verify that the factor that; goes with in (ta) is a special 
case of what is generally called a OhristofTel symbol 3 (of the second kind). 

The general definition of this symbol (for arbitrary coordinates x x x^) is 


( 3 ) 


{/O', <rj = 


1 e\( Qjlrt \ £?/7»x 

2 9 W; + dx~ 




’f/juA 

r 


where f/ ffX are the covariant components of the metric tensor. In the case 
of orthogonal coordinates to which we restrict ourselves in the following, 
we have 

5 ■ 

f/ifc = 5(lt(li(/k | (I — ~" ~" 

!/.(/* 

(for the definition of 5,* «f. p. 10). It in now easy to verify that in this 
case 


(3a) 




J, »g L 

d< <)p,< ’ 


■The terms contravnriant and covariant were introduced by Kinsteiu to replace 
the terms mjrvdicnl and coni ray rvdient (respectively) which had been list'd before. It 
will be noticed that for reasons of consistency the c.oordinates and tlu'ir differentials 
should also he written with superscripts, that is, pi and dpi should be replac.t'd by p i 
and dp' respectively; this notation luus actually been adopted by some authors. -The 
differential operation (•*'.< is covariant, in the sense defined before, but. wt v shall not prove 
that here, nor shall we prove formula (*1) or the rule concerning the raising or lowering 
of indices. Kor these matters the reader is referred to the very eareful although con¬ 
densed representation hy A. S. Aldington in his Mathematical Theory of Hcdalivity, 
Cambridge, Jt)28 and to The absolute differential Calculus by T. bevi-Civita, (engl. 
transl. London, 1027). Our Kqs. (tfb) and (4) are derived in 21), Kq. (1) of Kddingtords 
book. 


3 Insteud of \pv, <r| one often finds 



; note also Kinstein’s symbol V 


<r 
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which permits us t.o write instead of (la) 

(3b) = |j^ + {oei, 

We supplement this by tho general expression for the covariant derivative 


«) + or. 

In the present case {ak, i) is only different from zero for « — i and a ~ k, 
therefore 

(5) e* = Ml + JL Mi t* - Si. t k 

W dprgtdpj g* dpi * ' 

One might think that the last expression represents the strain «,* |ICq. (2)J, 
but this cannot be correct, since it is not symmetrical in the indices t and 
k. To satisfy the symmetry condition we have to consider the covariant 
vector & and its contravariant derivative The latter is obtained by 
lowering the superscript i and raising the subscript ft in £'.* . In the case 
of an orthogonal line clement these operations require only a multiplication 
by g* and division by gl. In this way we obtain from (5) 

t\ h — Si M—l Si §£• t*' _J_ *L9a t k 

0k dp k gi&Pk g* dp *' ‘ 

We finally interchange i and k, which is entirely a matter of notation, and 
obtain, 

(0) = £jj Ml + Sk <1(1* _ 1 ?9< >< 

* 0<dp< + gUp<* g t dp k f • 

The last two terms in (6) are opposite in sign to the corresponding terms 
in (5), hence we obtain by adding (5) and (G) 

t* _i_ s'* _ M_ t Sa Ml 
* + dp* + fir* dp t 

or, after multiplication with g t /g h , 

(7) & (£* + t:*) = 8i Ml + Sa Ml 

g* k ^ Kk) g* dp* ^ g<dp { ‘ 

The right member of this equation agrees with the right member of (2) 
if one returns to the original notation Sp { = £*', Sp h = $*. In the notat ion 
of tensor calculus the strains are thus given by the representation 

2 ei * = J* (ft* + &'), 

9k 
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which includes the representation (la) when i = k: 

(&>) «« = & 

Note that the last two equations are in complete analogy with the original 
representation (1.11) in rectangular coordinates. This is in accordance with 
the general aim of tensor calculus in which one tries to introduce symbols 
and operational rules of such a nature that the equations written in curvi¬ 
linear coordinates correspond as closely as possible to those written in 
Cartesian coordinates. 


APPENDIX II 


THE CONVECTIVE TERMS OF THE ACCELERATION 
VECTOR IN TENSOR NOTATION 


From the contravariant displacement vector Sp { = £ (Appendix I) we 
pass now to the contravariant velocity vector 5 p< = »*; the general form 
of the contravariant vector of the material acceleration is 


( 1 ) 


dv‘ 

dt 



) 


where the Greek index again indicates the summation with respect to a. 
This formula corresponds to the elementary vector equation 

( 2 ) f = ~ + (v grad)v; 


but ( 2 ) is only correct in Cartesian coordinates, while ( 1 ) is correct for 
any form of the line element and yields automatically the additional 
inertia terms that wore computed in Problem III.l in an indirect way 
for the case of cylindrical coordinates. 

Lot us take up this example once more to examine the structure of the 
convective terms wV,, for i = 1, 2, 3. With — r, p 2 = ip, p 3 = z and 
Qi — 1 , ih = r, g a — 1 we have 


(3) 


■ = A = ’ 


d<p v 


v '~dt~f 


3 dz 
V =dt = V ’ 


According to Iiqs. (3a, b) of Appendix I we calculate the first line and 
according to Eq. (5) the second and the third lines of the following table: 
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1 dv r 
Vml “ dr 


2 d v v . v r 

or.. =-=- J-- 


d<p r r 


.,1 dv r 2 d , v 0 




^ ” Cte ’ 


2 # 

^ ~ dz r ’ 


Multiplication of the terms of the l 8t (2 d , 3 d ) column with those terms of 
(3) that have the same index a, and summation over a yield the l Ht (2 d , 3 d ) 
component of the convective acceleration: 


V ^ + V *£. + - tor _ £ 
dr * rd<p ‘ dz r 


CV “ = \}{ 9 ' 


ar 62 + T 7 


,, dv, dv. bv, . ± 

1 V '^ +v ^ + v ‘^+*- 

In the second line the common denominator of all terms, 1/r, has been 
factored out in preparation for the final equation of motion in Appendix IV. 

Note again the “inertia terms” that have been placed in the fourth 
column: 


they are identical with those of Prob. TTT 1 

While only the first three terms are correctly obtained by applying the 
pseudo-vectorial operation (v grad)v (cf. also the table on p. 347 where 
these terms have been indicated in the form A. grad A r , etc.), the present 
computation yields all four terms at once without discr imina tion The 
correspondence between the “additional” terms on the one hand, the 
centripetal and half of the Coriolis acceleration on the other hand was 
already pointed out. 

If the same calculation is made in spherical coordinates r, <p where 
9i — 1, 92 = r, =* r sin &, one obtains instead of (3), (4), (5) 

(3a) a'=| = a r , u 2 = & = = & = 

™ dt r ‘ dt r sin & 1 
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(4a) 


„1 _ §2* „2 <jVj» ■ Vr S _ &’«, , 1>r , COS dVp 

’’ dr ’ ‘ 2 rd& r ’ ' 3 r sin & d>r r sin # 


i dv r 5 , 

»-a “ rr ~ » ®-i = 




rf, = — ^ 


1 r sin # dr 7 

1 &V r . . .» dv* COS & :i dV a 

y. 3 = t -am y* , t>: ; « = - v* , t’! a = —:—. 

dp * r ~ r sm # da 


(5a) 


tfV.* = 1 


I'l) vt 


▼ •grad p , - - - ^ 
r r 

, , COS a i/i\ 

▼ •gnul ?>* + —■■-. 

r r sm J 

_!_. L .„ . EdSe . £2£*Ei£*l 

/>• sin # \ k 1 ^ + r + r sin # / ’ 


With 3/r and 1/r sin factored out (in the second and third line), the 
result shows the presence of the terms corresponding to the elementary- 
vector formula v (gnul v). Let us again consider the additional “inertia 
terms”: in the first, line we find the ordinary centripetal accelerations 
—v\/r and —t>“/r. The full value of the latter term that corresponds to 
the motion along the parallel of radius r sin d- is —v\/r sin &, but the 
component in ^-direction is obtained by multiplying with sin # so that 
this factor cancels. In the second line wo find the other component, which 
has the factor cos#. We further recognize in the middle term of the second 
lino and also in the last two terms of the third line one half of a Coriolis 
acceleration. We need not attempt to visualize these terms in a direct 
kinematic, way, nor do we need the geometrical arguments that single out 
the components, since we trust the validity of the general formulations of 
tensor calculus. -It is, of course, possible to obtain the same result by 
vector analytic methods (ef. the fable on p. 318) 


APPENDIX III 

THE TENSOR OF FRICTION PRESSURES 
AND ITS DIVERGENCE 

The connection between the tensor of the friction pressure and the 
rate of strain is given by IOq. (10.2), j> llt — , when we restrict our 
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argument to incompressible fluids. To obtain i ik , wc differentiate Eq. (8) 
of Appendix I with respect to t and obtain 


(!) « = + v k ). 

Qk 

This equation expresses the friction pressure in terms of general tensor 
analysis (Eqs. (4) and (4a) of Appendix II can again be used for the 
particular cases of cyl. and sph. coordinates). In the equations of motion, 
however, the friction pressures do not occur individually, hut as argu¬ 
ments of the “vector divergence” [cf. Eq. (10.5)]. In Cartesian coordinates, 
the latter could be transformed into the pseudo-vector —p V“v of JOq. 
(10.8) (see problem 1.4 for the correct form of V 8 v in cylindrical co¬ 
ordinates). In order to carry out the corresponding computation in terms 
of general tensor calculus, we have to replace V a v by the differentiation 
and subsequent contraction of the tensor v\ k + v k of Eq. (1), in other 
words, we have to carry out the operation 


The dummy index a indicates here the summation as well as contra- 
variant differentiation. The second term in (2) vanishes, however, when 
the summation is carried out as a consequence of the assumed incom¬ 
pressibility. The i tb component of the vector so obtained (wo denote it in 
the following simply by Div* p) is therefore 

(3) Div* p = w\' a a . 


This calculation requires the contravariant differentiation of a tensor 4 
rather than a vector, which is dealt with in Eddington’s book, loo. eit,. §80. 
In the case of cylindrical coordinates one obtains on the basis of Ko. (4) 
Appendix II 


(4) 


v\ 


• a 
a 


1 J. L §0r\ , I §V , 6\ _ V, 

r dr \ dr) r a dip 2 + dz 2 r 2 


dv 

' 2 dip 


The first three terms of the right member represent the ordinary U- 
placian of Prob. 1.3, p. 346f applied to v, and may be denoted by S/' 2 v ,; 


♦Tiro formula in question is 




.Pidt _ 

Dxi ~ dxi 


and, of course, = g l \\ kk . 


{hi, P}v’.p + [pi, i}v*. k , 
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the last two terms are due to the fact that v, is not a scalar but a vector 
component. These terms and the corresponding terms in vt' a a agree with, 
those of Prob. IA as expected. In the “Cartesian” component v x .' a a no such 
terms occur. Applying the same V 8 -operator to the other components we can 
write the result as 


= V\ — % 
r 


, fas, 

V dip’ 


-H 




(5) 


= vv. 


Note that in the second equation 1/r has been factored out as in Ap¬ 
pendix II. 

In the case of spherical coordinates one obtains in the same way instead 
of (4) 




, 1 d\ 


(4a) 


r Sr ( r ‘i) + M ( ,in J m) 


The first line is again the Laplacian VV in the form valid for the present 
coordinates. The additional terms in the second line can be reduced if the 
condition of incompressibility is used. Giving V a »# amd V 2 v v the ap¬ 
propriate moaning and factoring out 1/r and 1/r sin d as in Appendix II, 
Eq. (5a), we obtain 


(5a) 


V\a* 

= W + 

2 9,. 

?i W ' 





2 • a 
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mil I 

1 / 

o 3t>r 

v» 
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e& 
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„ cos 
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APPENDIX IV 

THE EQUATIONS OF MOTION OF A VISCOUS 
INCOMPRESSIBLE FLUID IN CYLINDRICAL 
AND SPHERICAL COORDINATES 

The general form of the Navier-Stokes equations for arbitrary co¬ 
ordinates is: 

(1) p (ir + + (? + w - o. 

The individual tenns correspond exactly to the vector equation (1(5.1), 
provided we write the external force F as the negative gradient of the 
potential energy V and collect the latter together with the pressure in 
one term. The notation (p + V)' in (1) means contravariant differentiation 
with respect to the z th coordinate. 

Eq. (1) presents an opportunity to point out a homogeneity law of 
tensor calculus that refers to the degree in which the individual indices 
occur. One sees that all terms of Eq. (1) are of degree +1 in the index i 
and of degree 0 in the index a, provided we count the occurrence of a 
certain index positive, if it is a superscript and negative if it is a subscript. 
It is this circumstance that requires the last term in (1) to be a contra¬ 
variant differentiation, and is responsible for the factor l/g t (hat will 
occur later, when we pass over to the ordinary gradient operation. (Remem¬ 
ber here that the derivative of a scalar with respect to a;,- is in itself a 
covariant vector, as pointed out in Appendix I.) It should be kept in 
mind that v' is the rate of change of the i th coordinate, but not of the 
corresponding component of the path; likewise dv*/dt is the local accelera¬ 
tion of the coordinate which differs from the corresponding acceleration 
along the path by the factor 1/g, . The condition of incompimsibility, 
div v = 0, appeara now in the form v". a = 0; it has already been used in 
setting up the friction term in (1), cf. the simplification of Eq. (2) in 
Appendix III. 

Eq. (1) is perfectly general and does not presume an orthogonal system 
of coordinates; the simplicity is lost, however, when Eq. (1) is spelled out 
for any particular system of non-Cartesian coordinates. Even if wo assume 
an orthogonal line element, we should have to introduce the quantities 
g< on which the Christoffel symbols depend that are implicitly present in 
(1). Thus it is hardly worthwhile to develop Eq. (1) in terms of general 
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orthogonal coordinates, and we shall give only the results for our two 
special cases: 


Cylindrical coordinates. 

We substitute expressions (5) of Appendix II for the convective terms 
and expressions (4) of Appendix III for the friction terms, and multiply 
the second component of Eq. (l) with the factor r that appears in the 
denominators of the second line of III.4 and 11.5. The first and third 
terms in the second component of Eq. (1), viz. 


— _ Si v s. 
dt ~ dt r 


and 


(P + Vf 


1 gfe + V) 

r 2 dtp 


are then transformed into the ordinary acceleration and the ordinary <p 
component of the gradient 


dt 1 r d<p ’ 

Using again the appropriate (scalar) V 2 operating on the components of ▼ 
and the notation v * grad wo obtain 

P^ + T-grad v r - v f) 


( 2 ) 


+ v ^ m(l K + *“*) 


-^-^ + 2 r ^ + 2fe±JQ-o. 

p(f^ + v-grad »>,) - = o. 

This must bo supplemented by the condition of incompressibility v ,, =s 0, 
viz. 


(3) 


1 A 
r <)i 




Av f 
r flip 



0 . 


The corresponding calculation in spherical coordinates uses (11.5a) and 
(III.4a). Wc again have to multiply with Urn denominators factored out 




390 


APPENDIX 


in the second and third lines of these equations and obtain with the 
symbols V 2 and v • grad , the meaning of which is now different, the 
following relation: 


o(~- + v-grad Vr 



- m(v V + | K>) + Kv % ~ - 


(2a) 


(Bvt , , V r Vt 

py— + v-grad v t + — 

( v7 2 <ii _l ^ r ^ Vr *** 

- p.[W» + - 2gin2t , 


cos fl a 2 „ \ 
r sin d / 

_ cos fl , d(y + TQ 

sin 2 d<p\) r d& 


= 0, 



. j i 

+ v-grad v r -f -jf 


+ 


cos ff 
r sin# / 


/'„! , 2 r & , cost? dv A _ ^_~|\ _j_ a (P + Y1 _ o. 

V l, '’ + r ! 8mt>L9fi + smtf a? 2 sin #_|/ " r r sin # dp , 


We add the condition of incompressibility v a . a = 0, viz. 


(3a) r 41 (r\) + ^ ^ (sin * »,) + 


_1_ dv^ _ 


rsuit? dp 


= 0. 


The appearance of these equations is rather unsymmctric, although we 
have tried to write the inertia terms that accompany the V 2 expressions 
as uniformly as possible. The only perfectly symmetric form that can 
compete with the form of the Stokes-Navier equations in Cartesian co¬ 
ordinates is Eq. (1) itself.—It cannot be denied that the calculation of 
the foregoing results by tensor methods is rather involved; the elementary , 
vector methods of Prob. 1.4 and III.l yield the same results more quickly. 
In more general cases, however, such as the oblique four-dimensional co¬ 
ordinates indispensable in the general theory of relativity, there is no 
other method available but that of tensor calculus. 
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